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Advanced model checking

Motivation

e Bisimulation, simulation and trace equivalence are strong

— each transition s — s’ must be matched by a transition of a related state
— for comparing models at different abstraction levels, this is too fine
— consider e.g., modeling an abstract action by a sequence of concrete actions

e Idea: allow for sequences of “invisible” actions

— each transition s — s’ must be matched by a path fragment of a related state
— matching means: ending in a state related to s’, and all previous states invisible

e Abstraction of such internal computations yields coarser quotients

— but: what kind of properties are preserved?
— but: can such quotients still be obtained efficiently?
— but: how to treat infinite internal computations?
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Advanced model checking

Motivating example

Let TS,.,,. model the concrete program fragment

1=, 2 = 1;
while 7 > 1 do

zi=z%11:=1—1;
od

X =z,
that computes the factorial of y iteratively.

Let TS, be the transition system of the (abstract) program x := !

Clearly, TS, and TS, are in some sense equivalent
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Stuttering equivalence

e s — s’ in transition system TS is a stutter step if L(s) = L(s)

— stutter steps do not affect the state labels of successive states

e Paths 7; and m, are stuttering equivalent, denoted 7, = mo:

— if there exists an infinite sequence AyAAs ... with A; C AP and

— natural numbers ng, n1, na, . . ., mg, M1, Mo, ... > 1 such that:
trace(ﬂ'l) = \AoAQ\AlAL\AgAQJ

no-times  ni-times  no-times
trace(ﬂ'z) = \AQAQ\AlAL\AgAQJ

V. V. V.

mo-times mj-times mao-times

= 7 =y if their traces only differ in their stutter steps
= i.e., if both their traces are of the form Ay TA, TA;T ... for A; C AP
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Semaphore-based mutual exclusion

((n1, c2,y=0) )
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Stutter equivalent traces

the following two infinite paths in TSg,,,:

T = (ni,ng) — (w1, n2) — (wi,ws) — (c1,w2) — (N1, w2) —
(1, c2) = (n1,n2) — (w1,n2) = (w1, wz) — (€1, w2) —

Ty = (n1,n2) = (wi,n2) = (c1,n2) = (c1,w2) — (N1, w2) —
(w1, wa) — (w1, c2) — (w1, n2) — (c1,n2) —

Hence, m, £ 7y, since for AP = { crity, crity }:

trace(m,) = @3 {crit; }a{crity} 23 {crit;}... and
trace(my) = @2 ({crity })2@?{crity} o {crit; }...
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Pictorially

Ny N2 Wphp Wi Wy
0 0

Ny N2 WpNy /CpnNp CpWo

{ca} {a}

N1 W W1 Wo
0 0
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Advanced model checking

Stutter trace equivalence

Transition systems TS; over AP, i=1, 2, are stutter-trace equivalent:
TS, £TS, ifandonlyif TS; < TSyand TS, < TS,

where <, pronounced stutter trace inclusion, is defined by:

TS, 4TS, iff Vo, € Traces(TS;) (302 c Traces(TS,). o1 = 09 )

Traces(TS;) = Traces(TS,) implies TS; = TS,, but not always the converse
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Example
la}
{a}
{a}
%)
% {a}

TS, = TS,, TSy /ﬁ TS3 and TS, /ﬂ TS3, but TS5 Sl TS, and TS5 Sl TS,
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The () operator

Stuttering equivalence does not preserve the validity of next-formulas:
cr. =ABBB...ando, =AAABBBB...forA,BCAPand A # B
Thenforb € B\ A:

O'1é0'2 but Ol)ZOb and O'Ql;éQb.

= a logical characterization of = can only be obtained by omitting O

in fact, it turns out that this is the only modal operator that is not preserved by = !
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Stutter trace and LTL,, equivalence

For traces o, and o5 over 2°F it holds:
01209 = (01 = pifandonlyif oy = )

for any LTL,~ formula ¢ over AP

LTL\ denotes the class of LTL formulas without the next step operator O
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Advanced model checking

Proof
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Stutter trace and LTL,, equivalence

For transition systems TS, TS, (over AP) without terminal states:

(@) TS, 2 TS, implies (TS1 =1 TSQ)

(b) if TS; TS, then for any LTL\  formula ¢: TSy = ¢ implies TS, = ¢

A more general result can be established by considering
stutter-insensitive LT properties . . . . ..
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Stutter insensitivity

e LT property P is stutter-insensitive if [c] . C P, forany o € P

— P is stutter insensitive if it is closed under stutter equivalence

e For any stutter-insensitive LT property P:

TS, éTSQ ImplleS (TSl ): P iff TS, ): P)

e Moreover: TS; TS, implies (TS, = P implies TS; = P)

e Forany LTL,, formula ¢, LT property Words(y) is stutter insensitive

— but: some stutter insensitive LT properties cannot be expressed in LTL\
— for LTL formula ¢ with Words(y) stutter insensitive:

there exists ¢ € LTL\ suchthatvy =7 ¢

© JPK 14



Advanced model checking

Stutter bisimulation

Let TS = (S, Act, —, I, AP, L) be a transition systemand R C S x S

R is a stutter-bisimulation for TS if for all (sq, s2) € R:
1. L(Sl) = L(Sg)

2. if s7 € Post(sy) with (s1,s]) ¢ R, then there exists a finite path
fragment souq ... u, sh,withn > 0and (so,u;) € R and (s9,s5) € R

3. if s5, € Post(s2) with (s9,s,) ¢ R, then there exists a finite path
fragment sy vy ... v, s; Withn > 0 and (s1,v;) € R and (sf,s5) € R

s1, So are stutter-bisimulation equivalent, denoted s; ~ts so,
if there exists a stutter bisimulation R for TS with (s1, s2) € R
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S1 = S92
l

s1

(with s1 % s7)

Stutter bisimulation

can be completed to

Q

Q

Q

Q

Q

© JPK

16



Advanced model checking

Semaphore-based mutual exclusion

<<n17 c2, y=0>>

reqq

stutter-bisimilar states for AP = { crity, crity }
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Stutter-bisimilar transition systems

Let TS; = (5;, Act;, —;, I;, AP, L;), ¢ = 1,2, be transition systems

TS, and TS, are stutter bisimilar, denoted TS, ~ TS,, If there exists a
stutter bisimulation R on TS; @& TS, such that:

Vs, € 1. (382 e Io. (81, 82) c R) and Vso € Is. (381 e lq. (81, 82) c R)
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Stutter bisimulation quotient

Let TS = (S,Act,—,I,AP, L) and stutter bisimulaton R C S x S be an
equivalence

The quotient of TS under R is defined by:
TS/R = (S, {r},=',I',AP, L")

where

S'=8S/R = {[s]lr|s€ S}twith[s]g = {s'€ S| (s,s) e R}
I'={[s]r | s €1}
L'([s]r) = L(s)

s s and (s,s') € R

e —'is defined by: Sle =7 [5]
SIR — [S |R

note that (a) no self-loops occur in TS/ ~ts and (b) TS =~ TS/ =g
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Semaphore-based mutual exclusion

The stutter-bisimulation quotlent:

{crit; } (X)@{ crity }
7
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Stutter trace and stutter bisimulation

For transition systems TS; and TS, over AP:
e Known fact: TS; ~ TS, implies Traces(TS;) = Traces(TSs)
e Butnot: TS; ~ TS, implies TS; £TS,!

e SO:

— bisimilar transition systems are trace equivalent
— but stutter-bisimilar transition systems are not always stutter trace-equivalent!

e Why? Stutter paths!

— stutter bisimulation does not impose any constraint on such paths
— but £ requires the existence of a stuttering equivalent trace
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Stutter trace and stutter bisimulation are incomparable

[I>
“He

TS2 TSg TS4
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Stutter bisimulation does not preserve LTL,

. .

< ta} < ta}

TSleﬁ ~ TSm'ght but TSleﬂ l;'é < a and TSm-ght }: Sa

reason: presence of infinite stutter paths in TS,
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Divergence sensitivity

e Stutter paths are paths that only consist of stutter steps

— no restrictions are imposed on such paths by a stutter bisimulation
= stutter trace-equivalence (=) and stutter bisimulation (=) are incomparable
= ~ and LTL\~ equivalence are incomparable

e Stutter paths diverge: they never leave an equivalence class

e Remedy: only relate divergent states or non-divergent states

— divergent state = a state that has a stutter path
= relate states only if they either both have stutter paths or none of them

e This yields divergence-sensitive stutter bisimulation (=)

~ is strictly finer than £ (and =)

© JPK
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Divergence sensitivity

Let TS be a transition system and ‘R an equivalence relation on .S

e sis R-divergent if there exists an infinite path fragment
ss1S2... € Paths(s) such that (s,s;) € Rforall j >0

— s is R-divergent if there is an infinite path starting in s that only visits [s| z
e R is divergence sensitive if for any (si, s2) € R:
s1 1S R-divergent implies s, is R-divergent

— R is divergence-sensitive if in any [s] z either all or none states are R-divergent
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Divergent-sensitive stutter bisimulation

s1, So are divergent-sensitive stutter-bisimilar, denoted s; ~%¥ so, if:

1 divergent-sensitive stutter bisimulation R on TS such that (s1,s2) € R

zﬁl.g’ IS an equivalence, the coarsest divergence-sensitive stutter bisimulation for TS

and the union of all divergence-sensitive stutter bisimulations for TS
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Example
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Quotient transition system under ~*

TS/~" = (S'.{r},—/,I',AP, L"), the quotient of TS under ~
where
e S', I'"and L' are defined as usual (for eq. classes [s]q4, under ~)
e —'is defined by:

s—255" A s WS q
an
[S]div L>(,jiv [Sl]div [S]div L>(/1Iiv [S]div

s is ~%-divergent

note that TS ~% TS/~
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Example

9 {a}
[83]% [So]z
9 {a}

transition system TS/~

@ transition system TS
{a} la}

transition system TS/~
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A remark on purely divergent states

e s, IS purely divergent if all paths of s are infinite and divergent
e s IS @terminal state if it has no outgoing transitions
o if L(Spd) — L(Sterm) then Sterm ~Ts Spd and Sterm #'?’Ié/ Spd

® Sy A9Y s implies

— L(s) = L(strm) and each path of s is finite and divergent
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Summary

stutter trace inclusion:
TS1 4TSy  iff  Voy € Traces(TS;) Jog € Traces(TSy). o1 = o9

stutter trace equivalence:
TSy = TSo iff TS TSy and TSy TSy

stutter bisimulation equivalence:
ST ~ TSy iff  there exists a stutter bisimulation for (TS, TS2)

stutter bisimulation equivalence with divergence:

TS, ~dIv TSo iff  there exists a divergence-sensitive
stutter bisimulation for (TS, TSy)
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Relationship between equivalences

bisimulation trace equivalence trace inclusion

TSy ~ TSy — Traces(7T7) = Traces(TSg) ———  Traces(T7) C Traces(TSo)
divergence sensitive ___ _ stutter trace-equivalence stutter trace inclusion
stutter bisimulation TS1 =TSy TS1 TSy

TSy =%V TS,

stutter bisimulation
TSl ~ T82
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