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Nondeterministic Bottom-Up Automaton I

Definition (Nondeterministic bottom-up parsing automaton)

Let G = (N,X, P,S) € CFGy. The nondeterministic bottom-up
parsing automaton of G, NBA(G), is defined by the following
components.

o Input alphabet: ¥

Pushdown alphabet: X

Output alphabet: [p]

Configurations: ¥* x X* x [p]* (top of pushdown to the right)
Transitions for w € ¥*, a € X*, and z € [p]*:

shifting steps: (aw,a, 2) - (w, aa,z) if a € X

reduction steps: (w,af,2) F (w,ad,zi) if m;,=A—

¢ © ¢ ¢

@ Initial configuration for w € ¥*: (w,¢,¢)

@ Final configurations: {e} x {S} x [p]*
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Nondeterminisn in NBA(G)

Remark: NBA(G) is generally nondeterministic
o Shift or reduce? Example:

w,aab,z) .
(bw, aa, z) {Ebw,aA, z)z) fm=A—a

o If reduce: which “handle” 7 Example:

(w,aab, 2) {

o If reduce B: which left-hand side A7 Example:

(w, aA, zi)
(w, aB, zj)

(w, @A, zi)

(w,aaB,zj) if ;; = A — ab and 7Tj=B—>b

ifm;=A—aandm; =B —a

(w.00,9) - {
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© LR(0) Grammars
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LR(0) Grammars

The case k = 0 is relevant (in contrast to LL(0)): here the decision is
just based on the contents of the pushdown, without any lookahead.

Rm Compiler Construction Winter semester 2010/11 6



LR(0) Grammars

The case k = 0 is relevant (in contrast to LL(0)): here the decision is
just based on the contents of the pushdown, without any lookahead.

Corollary 11.1 (LR(0) grammar)

G € CFGyx has the LR(0) property if for all rightmost derivations of
the form
g {:>: aAw =, afw
= yBx =, afy

it follows that « = v, A= B, and x = y.
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LR(0) Grammars

The case k = 0 is relevant (in contrast to LL(0)): here the decision is
just based on the contents of the pushdown, without any lookahead.

Corollary 11.1 (LR(0) grammar)

G € CFGyx has the LR(0) property if for all rightmost derivations of
the form
g {:>: aAw =, afw
= yBx =, afy

it follows that « = v, A= B, and x = y.

Goal: derive a finite information from the pushdown which suffices to
resolve the nondeterminism (similar to abstraction of right context in
LL parsing by fo-sets)
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LR(0) Items and Sets 1

Example 11.2

G: §—8 (1) s
S - B|C  (23) |
B —aB|b (4,5 L
C —aC|c (6,7) !
B
d/ \B
b
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LR(0) Items and Sets 1

Example 11.2

G: §— S 1) S8
S > B|C  (23) |
B —aB|b (4,5 -
C —aClc (6.7 S=-B
NBA(G): B — .aB
(ab,e,€) SN
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LR(0) Items and Sets 1

Example 11.2

G: §—S (1) §'—.5
S - B|C (2,3 |
B —aB|b (4,5 !

C —aClc (6.7 =B

NBA(G): B—a.B

(ab, e, ¢€) 7N
F (b,a,¢€) AR
a B—b
b
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LR(0) Items and Sets 1

Example 11.2

G: §—S (1) §'—.5
S - B|C (2,3 |
B —»aB|b (4,5 !
C —aClc (6.7 =B
NBA(G): B—a.B
(ab, e, ¢€) 7N
= (b,a,&) ,// \\.
(e, ab,e) i B—b.
b
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LR(0) Items and Sets 1

Example 11.2

G: S-S (1
S —-B|C (2
B —aB|b (4
C —aC|c (6 !
NBA(G): B — aB.
(ab, e, ¢€) /
F (b,a,¢) PN
F (e, ab,¢) d B —b.
+ (e,aB,5) i
b
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LR(0) Items and Sets 1

Example 11.2

G: §— S 1) S8
S > B|C (2,3 |
B —aB|b  (4,5) -
C —aClc (6.7 =8
NBA(G): B — aB
(ab,e,€) SN
F (b,a,¢) PN
F (e,ab,¢) @ B—b
F (¢,aB,5) !
F (e, B,54) [:)
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LR(0) Items and Sets 1

Example 11.2
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LR(0) Items and Sets 1

Example 11.2

G: S-S (1
S —-B|C (2
B —aB|b (4
C —aC|c (6 !

NBA(G): B — aB.
(ab, e, ¢€) AN

F (b,a,¢) PN

F (e, ab,¢) a B —b.

+ (e,aB,5) i

- (e, B, 54) !

F (e, S,542) b

F (e, 8, 5421)
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGy, be start separated by S — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)
Let G = (N, X, P,S) € CFGy, be start separated by S — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).

o [A— (-] is called an LR(0) item for af;.

o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of +.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGy, be start separated by S — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of +.
o LR(0)(G) :={LR(0)(v) | v € X*}.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGsx, be start separated by S” — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of ~.
o LR(0)(G) :={LR(0)(y) | v € X"}.

Corollary 11.4

Q For every v € X*, LR(0)(v) is finite.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGsx, be start separated by S” — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of ~.
o LR(0)(G) :={LR(0)(y) | v € X"}.

Corollary 11.4

Q For every v € X*, LR(0)(v) is finite.
Q@ LR(0)(G) is finite.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGsx, be start separated by S” — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of ~.
o LR(0)(G) :={LR(0)(y) | v € X"}.

Corollary 11.4

Q For every v € X*, LR(0)(v) is finite.

Q@ LR(0)(G) is finite.

@Q The item [A — (] € LR(0)(~y) indicates the possible reduction
(w,af,2) F (w,ad, zi) where m; = A — [ and v = af.
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LR(0) Items and Sets II

Definition 11.3 (LR(0) items and sets)

Let G = (N, X, P,S) € CFGsx, be start separated by S” — S and
S' =% aAw =, af1fow (i.e., A — (152 € P).
o [A— (-] is called an LR(0) item for af;.
o Given v € X*, LR(0)(vy) denotes the set of all LR(0) items for ~,
called the LR(0) set (or: LR(0) information) of ~.
o LR(0)(G) :={LR(0)(y) | v € X"}.

Corollary 11.4

Q For every v € X*, LR(0)(v) is finite.

Q@ LR(0)(G) is finite.

@Q The item [A — (] € LR(0)(~y) indicates the possible reduction
(w,af,2) F (w,ad, zi) where m; = A — [ and v = af.

Q The item [A — (1 - Y B2] € LR(0)(v) indicates an incomplete
handle 1 (to be completed by shift operations or e-reductions).
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LR(0) Conflicts

Definition 11.5 (LR(0) conflicts)

Let G = (N,%, P,5) € CFGy, and I € LR(0)(G).

@ [ has a shift/reduce conflict if there exist A — ajaae, B — 3 € P
such that

[A — a1 -aag],[B — p] €l
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LR(0) Conflicts

Definition 11.5 (LR(0) conflicts)

Let G = (N,%, P,5) € CFGy, and I € LR(0)(G).

@ [ has a shift/reduce conflict if there exist A — ajaae, B — 3 € P
such that

[A — a1 -aag],[B — p] €l

@ [ has a reduce/reduce conflict if there exist A > a,B — 3 € P
with A # B or a # (8 such that

[A - a],[B— 3] €l
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LR(0) Conflicts

Definition 11.5 (LR(0) conflicts)
Let G = (N,X, P,S) € CFGx, and I € LR(0)(G).

@ [ has a shift/reduce conflict if there exist A — ajaae, B — 3 € P
such that
[A — a1 - aas],[B — §+] € 1.

@ [ has a reduce/reduce conflict if there exist A > a,B — 3 € P
with A # B or a # (8 such that

[A - a],[B— 3] €l

G € LR(0) iff no I € LR(0)(G) contains conflicting items.

omitted O
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Computing LR(0) Sets I

Theorem 11.7 (Computing LR(0) sets)

Let G = (N, X, P,S) € CFGy, be start separated by S" — S and
reduced.
Q LR(0)(e) is the least set such that
o [§"— -S| € LR(0)(e) and
o if [A— -By] € LR(0)(¢) and B — (3 € P,
then [B — -0] € LR(0)(e).
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Computing LR(0) Sets I

Theorem 11.7 (Computing LR(0) sets)

Let G = (N, X, P,S) € CFGy, be start separated by S" — S and
reduced.
QO LR(0)(e) is the least set such that
o [S" — -S| € LR(0)(¢) and
o if [A— -By] € LR(0)(¢) and B — (3 € P,
then [B — -0] € LR(0)(e).
Q LR(0)(aY) (e € X*,Y € X) is the least set such that
o if [A =71 - Y] € LR(0)(),
then [A — 7Y - y2] € LR(0)(aY) and
o if [A — v - By € LR(0)(aY) and B — € P,
then [B — -f] € LR(0)(aY).
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §'—5
S - B|C
B —aB|b
C —aC|c
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §'—5
S - B|C
B —aB|b
C —aC|c

[S" — -S] € LR(0)(e)

Io:= LR(0O)(e):  [S' — -S]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A — -By] € LR(0)(¢),B — € P
B —aB|b — [B — 8] € LR(0)(g)
C —aC|c

Io:==LRO)e): [$'—-8] [S— B




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A — -By] € LR(0)(¢),B — € P
B —aB|b — [B — 8] € LR(0)(g)
C —aC|c

Ip==LRO)e): [S'—-8] [S—-B] [S—C]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A — -By] € LR(0)(¢),B — € P
B —aB|b — [B — 0] € LR(0)(¢)
C —aC|c
Iy := LR(0)(e) : [S" — 9] [S — -B] [S—C] [B— -aB]

(B — -b]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A — -By] € LR(0)(¢),B — € P
B —aB|b — [B — 8] € LR(0)(g)
C —aC|c

Iy := LR(0)(e) : [ — -5] [S — -B] [S—-C] [B— -aB]
[B — -b] [C —-aC] [C— ]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A— 7 - Yy2] € LR(0)()
B —aB|b = [A— 1Y -] € LR(0)(aY)
C —aC|c
Iy := LR(0)(e): [ — 5] [S — -B] [S—-C] [B— -aB]

[B — -b] [C —-aC] [C— ]
I :=LR(0)(S): [5" — 5]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A— v1 Y] € LR(0)()
B —aB|b = [A— 1Y -] € LR(0)(aY)
C —aC|c

Iy := LR(0)(e) : [ — -5] [S — -B] [S—-C] [B— -aB]
[B — -b] [C —-aC] [C—
I == LR(0)(S) : {

I, ;== LR(0)(B) :

S’ — S
S — B
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

[B — -aB]

G: §—=S
S —-B|C [A— v1 Y] € LR(0)()
B —aB|b = [A— 1Y -] € LR(0)(aY)
C —aC|c

Io=LRO)E): [§'—8] [S—-B] [S—-C]

[B — -b] [C — -aC]

I := LR(0)(S): [9'— 5]

Iy := LR(0O)(B): [S— B']

I = LR(O)(C): [5—C]

Compiler Construction

Winter semester 2010/11
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

G: §—=S
S —-B|C [A— v1 Y] € LR(0)()
B —aB|b = [A— 1Y -] € LR(0)(aY)
C —aC|c
Iy := LR(0)(e) [S" — -9] [S — -B] [S—-C] [B— -aB]
[B — -b] [C—-aC] [C—
I := LR(0)(S): [9'— 5]
I == LR(0)(B): |S — B/]
I3:= LR(0)(C):  [S—C']
I, := LR(0)(a) : [B—a-B] [C—a-C]
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

“B] [C—a-C] [B—-aB] [B— ]
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

I := LR(0)(S) : S’ — S
I == LR(0)(B) : |[S — B/]
I3 := LR(0)(C): [S—C]
I, := LR(0)(a) : B—a-B] [C—a-C] [B—-aB] [B— b

C—-aC] [C—
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

[B — -aB]

[B— -aB] [B— -b]

G: §—=S
S —-B|C [A— v1 Y] € LR(0)()
B —aB|b = [A— 1Y -] € LR(0)(aY)
C —aC|c
Ioi=LRQ)E): [§'—-8] [S—-B] [S—-C]
B — -b] [C — -aC]
I := LR(0)(S): [S'— 5]
I == LR(0)(B) : |[S — B/]
I3 := LR(0)(C): [S—C
I, := LR(0)(a) : B—a-B] [C—a-C]
C—-aC] [C—
I := LR(0)(b) B — b]

Compiler Construction

Winter semester 2010/11
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

S - B|C
B —aB|b
C —aC|c
Iy := LR(0)(e) S’ — 9]
B — -b]
I := LR(0)(S): [S'— 5]
I == LR(0)(B): |[S — B/]
I3 := LR(0)(C): [S—C]
I, := LR(0)(a) : B — a- B]
C — -aC)|
I5 := LR(0)(D) : B — b]
Is := LR(0)(c) : C — c]

[S — -B]
[C — -aC)]

[C—a-C]
[C— ]

Compiler Construction

[A— 71 - Y] € LR(0)(c)
= [A— 1Y -] € LR(0)(aY)

[S — -C]
0= d

[B — -aB]

Winter semester 2010/11 11
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Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

S - B|C
B —aB|b
C —aC|c
Iy := LR(0)(e) S’ — 9]
B — -b]
I := LR(0)(S): [9'— 5]
I == LR(0)(B) : |[S — B/]
I3 := LR(0)(C): [S— C]
I, := LR(0)(a) : B — a- B]
C — -aC)]
I5 := LR(0)(D) : B — b]
Is := LR(0)(c) : C — ¢
Ir := LR(0)(aB) : [B — aB']

[S — -B]
[C — -aC)]

[C—a-C]
[C— ]

[A— 71 - Y] € LR(0)(c)
= [A— 1Y -] € LR(0)(aY)

[S — (]
(e

[B — -aB]

[B — -aB]

[B — -b]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

S - B|C
B —aB|b
C —aC|c
Iy := LR(0)(e) S’ — 9]
B — -b]
I := LR(0)(S): [9'— 5]
I == LR(0)(B) : |[S — B/]
I3 := LR(0)(C): [S—C]
I, := LR(0)(a) : B — a- B]
C — -aC)]
I5 := LR(0)(D) : B — b']
Is := LR(0)(c) : C — ¢
I; := LR(0)(aB) : [B — aB]
I := LR(0)(aC) : [C — aC"]

[S — -B]
[C — -aC)]

[C—a-C]
[C— ]

[A— 71 - Y] € LR(0)(c)
= [A— 1Y -] € LR(0)(aY)

[S — (]
(e

[B — -aB]

[B — -aB]

[B — -b]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

Iy := LR(0)(e) S — -S| [S — -B]
B — -b] [C — -aC]
I := LR(0)(S): [9'— S]]
I == LR(0)(B) : |S — B/]
I3 := LR(0)(C): [S— C]
I, := LR(0)(a) : B—a-B] [C—a-C]
C—-aC] [C—
I := LR(0)(D) : B — b]
Is := LR(0)(c) : C — ¢
I; := LR(0)(aB) : [B — aB]
Is := LR(0)(aC) : [C — aC'"]
(LR(0)(aa) = LR(0)(a) = Is, LR(0)(ab) = LR
LR(0)(ac) = LR(0)(c) = Is, Iy := LR(0)(y) =

[S — (]
€= d

[B — -aB]

(0)(b) = I,
all remaining cases)

0 in

[B — -aB]

[B — -b]




Computing LR(0) Sets II

Example 11.8 (cf. Example 11.2)

Iy := LR(0)(e) S — -S| [S — -B]
B — -b] [C — -aC]

I := LR(0)(S): [9'— S]]

I == LR(0)(B) : |S — B/]

I3 := LR(0)(C): [S— C]

I, := LR(0)(a) : B—a-B] [C—a-C]
C—-aC] [C—

I := LR(0)(D) : B — b]

Is := LR(0)(c) : C — ¢

I; := LR(0)(aB) : [B — aB]

Is := LR(0)(aC) : [C — aC'"]

(LR(0)(aa) = LE(0)(a) = I, LR(0)(ab) = LR

LR(0)(ac) = LR(0)(c) = Is, Ty := LR(0)(7) =
no conflicts = G € LR(0)

[S — (] [B — -aB]
[C— ]

[B— -aB] [B— -b]
(b) = Is,

—_—.—

in all remaining cases)




© LR(0) Parsing
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The goto Function I

Observation: if G € LR(0), then LR(0)(~) yields deterministic
shift /reduce decision for NBA(G) in a configuration with pushdown ~y
= new pushdown alphabet: LR(0)(G) in place of X
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The goto Function I

Observation: if G € LR(0), then LR(0)(~) yields deterministic
shift /reduce decision for NBA(G) in a configuration with pushdown ~y
= new pushdown alphabet: LR(0)(G) in place of X

Moreover LR(0)(vY') is determined by LR(0)(y) and Y but
independent from v in the following sense:

LR(0)(y) = LR(0)(v') = LR(0)(yY) = LR(0)('Y)
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The goto Function I

Observation: if G € LR(0), then LR(0)(y) yields deterministic
shift /reduce decision for NBA(G) in a configuration with pushdown ~y
= new pushdown alphabet: LR(0)(G) in place of X

Moreover LR(0)(vY') is determined by LR(0)(y) and Y but
independent from v in the following sense:

LR(0)(y) = LR(0)(v') = LR(0)(yY) = LR(0)('Y)

Definition 11.9 (LR(0) goto function)

The function goto : LR(0)(G) x X — LR(0)(G) is determined by

goto(I,Y)=1" iff there exists v € X* such that
I =LR(0)(y) and I' = LR(0)(7Y).
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The goto Function II

Example 11.10 (cf. Example 11.8)

Iy := LR(0)(e) : [S" — -9]
[S—-B] [S—-C]
[B — -aB] [B — -]
[C — -aC] [C — ]

I := LR(0)(S): [S'— S

I, := LR(0)(B): [S— B

Iy = LR(0)(C) : [5 — C]

I, := LR(0)(a): [B—a-B][C—a-C]
[B — -aB] [B — -b]
[C — aC] [C — ]

I := LR(0)(b) : [B — b]

Is := LR(0)(c) : [C — ¢]

I; := LR(0)(aB) : [B — aB]

Ig .= é/R(O)(aC) : [C — aC']

Iy =
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The goto Function II

Example 11.10 (cf. Example 11.8)

Iy := LR(0)(e) : [S" — -9]
[S—-B] [S—-C] goto|S B C a b c
[B — -aB] [B — | I |h L L I I; Ig
[C — -aC] [C — -] L
I := LR(0)(S): [S'— S I
Iy :== LR(0)(B) : [S — B] I3
13 = LR(O)(C) [S—> C] I4 I7 Ig I4 I5 IG
I, := LR(0)(a): [B—a-B][C—a-C] I
[B — -aB] [B — -] Ig
[C — aC] [C — ] I;
Is := LR(0)(b) : [B — b Ig
Is := LR(0)(c) : [C — ¢] Iy
I; := LR(0)(aB) : [B — aB]
58 = é/R(O)(aC) : [C — aC'] (empty = Iy)
9 1=
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The goto Function III

Example 11.10 (continued)

Representation of goto funtion as finite automaton:

S = 8|n

5" — 5]
B[ = Blle—1s = 2 5 2 s el
‘/[C—>-aC [C—>-c]\c~
I [Bﬁb&‘\b I n L Je=eln
b |[B—a B][C—>a-C’]/
[B — -aB] [B — ‘1]
C—-a0) €~ |¢
rE=eE] B ) [e=aols
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