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Summary

• Conditions for (safe) realizability for languages have been obtained for a finite setof MSCs

• Checking realizability is coNP-complete; safe realizability is decidable in PTIME

But..

• Can results be obtained for a larger class of MSGs? E.g., MSGsthat specify an infinite set of MSCs?

• What happens if we allow synchronization messages?

• How do we obtain an MPA that realizes an MSG?

• ConditionsABS, AB′, AB are semantic notions. Can we find - possibly only necessary - simple
syntacticconditions that guarantee realizability?

Regular MSCs

Let Tr(Mi) be the traces of MSCMi.

• The set of MSCs{M1, .., Mk}, with possiblyk = ∞, is regularif

k⋃

i=1

Tr(Mi)

is a regular language.

• MSCG is regularif Tr(G) is a regular language.

• MPA A is regularif L(A) is regular.



Facts:

Every∀-bounded MPA is regular.

The decision problem "IsL ⊆ Act⋆ with L regular realizable by a set of MSCs?" is decidable.

I.e., do MSCsM1, .., Mk exist such that
⋃k

i=1
Tr(Mi) = L for a regular languageL?

Proof:

Let L ⊆ Act⋆ be regular. Let DFAA = (S, Σ, s0, δ, F ) be the minimal DFA forL, i.e. L(A) = L. Assume
w. log. thatA has nodead states (i.e., from everys ∈ S, it is possible to reach somes′ ∈ F ). Associate
with each states ∈ S a channel-capacity functioncp : S × Ch → N satisfying:

1. cp(s, c) = 0 if s = s0 or s ∈ F , for anyc ∈ Ch

2. If δ(s, p!q) = s thencp(s′, c) =

{

cp(s, c) if c 6= (p, q)

cp(s, c) + 1 if c = (p, q)

3. If δ(s, q?p) = s′ thencp(s′, c) =

{

cp(s, c) if c 6= (p, q)

cp(s, c) − 1 if c = (p, q)

4. If δ(s, a) = s1 andδ(s1, b) = s2 with a ∈ Σp, b ∈ Σq, p 6= q then
if not (a = p!q and b = q?p) or cp(s, (p, q)) > 0 then:
∃s′ ∈ S: δ(s, b) = s′

1
andδ(s′

1
, a) = s2.

Claim: L ⊆ Act⋆ with L regular is realizable by a set of MSCs if and only ifthere exists functioncp
satisfying 1-4.

But..
The decision problem "Is MSGG regular?" is undecidable[Henriksen et al., 2005]



Examples

p q

a

msc

MSGG1: Not regular
Tr(G1) = Dyck language

p q

a

b

msc

MSGG2: Not regular
Tr(G2) =

(
p!q(a) q?p(a) q!p(b) p?q(b)

)

p!q(a)

p!q(a)q?p(b)

q?p(a)

q!p(b)
q?p(a)

Regularity and Realizability

L ⊆ Act⋆ is an MSC languageif

L = Tr(M1, ..., Mk) =

k⋃

i=1

Tr(Mi)

for some MSCsMi.

Then ([Henriksen et al. 03]:

L is a regular language if and only ifL is realizable by a∀-bounded deterministic MPA.



An MPA A is ∀-bounded if there existsB ∈ N such that for each reachable configuration ofA, |η(c)| ≤ B for each
channelc.

Equivalently: Any MSC inL(A) is ∀B - bounded.

Regular MSGs

• MSGG is regular ifTraces(G) is a regular language

• The decision problem "Is MSGG regular?" is undecidable

• Now try to impose structural conditionsonG that guarantee thatG is regular

• Use: So-called communication graph

The communication graph of the MSCM = (P, E,C, l, m, <) is the digraph(V,→) with:

• V = P \ {p ∈ P |Ep = ∅}
︸ ︷︷ ︸

”inactive”processes

• p→ q if and only if for somea ∈ C{

p!q(a) ∈ E or

q?p(a) ∈ E

Examples:

1 2 3 4

msc

1 2 3 4

msc

1 2 3 4 1 2 3 4

Communication-closed MSGs

MSG G is communication-closedif for any loopv1, v2, .., vn
︸ ︷︷ ︸

=π

in G, the MSCM(π) has a strongly connectedcommu-

nication graph.

E.g.,



1 2 3 4

a

b

msc

1 2 3 4

c

msc

1 2 3 4

a d

msc

is communication-closed since for the only loop, the communication graph is:

1 2 3 4

which is strongly connected.

Note: Checking whether MSGG is communication-closed is in PTIME (determine all loops inG, construct for every
loop its communication graph, check strong connectedness).

Communication-Closedness vs. Regularity

For any MSGG: G is communication-closed⇒ G is regular

Notes:

1. The reverse does not hold (see example below);
2. Not every language can be represented by an MSG (see Yannakakis exam).

But:

For a set of MSCsM1, .., Mk|k possibly infinite which is regular:

L can be represented by an MSG
if and only if

L can be represented by an communication-closed MSG



where

L =
k⋃

i=1

Tr(Mi)

Communication-closedness is a sufficient, but not necessary condition for regularity. Consider the following graphG:

1 2 3 4

msc

1 2 3 4

msc

M1 · (M1 + M2)
⋆

M2

M1

1 2 3 4

Communication graph not communication-closed.

But Tr(G) is regular:

(1!2 2?1 2!1 1?2) · (1!2 2?1 2!1 1!2 + 3!4 4?3 4!3 3?4)⋆

Summary of Realizability

finite MSG* comm.-closed MSG general MSG
realizability coNP-complete undecidable undecidable FIFO communication

safe realizability PTIME EXPSPACE-complete undecidable FIFO communication
realizability coNP-complete PSPACE-hard undecidable non-FIFO communication

safe realizability PTIME EXPSPACE-complete undecidable non-FIFO communication
∗ G is finite if the number of MSGs defined byG is finite, i.e.,L(G) is finite.



Regular Expressions over MSCs

Let M ∈ M be an MSC.

The set of regular expressionsoverM is given by the grammar:

α := ∅|M |α1 ∗ α2|α1 + α2|α
⋆

Semantics of regular expressions is given by

L : RegExpM −→ 2M
and defined as:

L(∅) = ∅

L(M) = {M}
L(α1 ∗ α2) = L(α1) ∗ L(α2), a concatenation of sets of MSCs
L(α1 + α2) = L(α1) ∪ L(α2)
L(α⋆) = L(α)⋆, where⋆ is the Kleene star over sets of MSCs

E.g.,({M1, M2, M3})
⋆ is to be read as:

M1M2 M3

hmsc

Regular Expressions for MSCs

1 2

a

mscA

1 2

b

mscB

3 4

b

mscC



Consider the regular expressions:

α1 = (A ∗B)⋆ deterministic safe product MPA∀1-bounded
α2 = (A + B)⋆ deterministic∃1-bounded MPA
α3 = (A ∗ C)⋆ not realizable
α4 = A ∗ (A + B)⋆ ∃1-bounded safe MPA

How about the realizability ofL(αi)?

(Note: All realizableL(αi) have as possible realization a locally accepting MPA, i.e.,F =
∏

p∈P Fp for someFp ⊆ Sp)

Can we obtain a simple criterion on regular expressions thatguarantees realizability?

• MSCM = (P, E,C, l, m, <) is connected if:∀e, e′ ∈ E : e <+ e′ or e′ <+ e

1 2 3

e1 → e2

e4 ← e3

msc

Not connected, sincee1 6≤
+ e3 ∧ e2 6≤

+ e1

1 2 3

e2 ← e1

e3 → e4

e6 ↔ e5

msc

Connected

• Regular expressionα is connectedif for any subexpressionβ⋆ of α, L(β) is a set of connected MSCs

• Let {Mi, .., Mk}
︸ ︷︷ ︸

D

be MSCs such thatD ⊆ E⋆ for some finite setE of MSCs.

Then [Genest et al. 2006]:

D is realizable if and only if there exists a connectedregular expressionα such thatL(α) = D.


