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Propositional logic

m Abstract syntax:
p = al (@A) | (=)
with a € AP.
m Syntactic sugar: true, false, vV, —, <, . ..
m Omit parentheses when no confusion

m Semantics:

ocEa iff a€L(o),
o= (p1 Np2) iff o =1 and o = 2,
o E (—p) iff o W .

Abraham - Hybrid Systems 2/19



Temporal logics

Assume
m a labeled state transition system LSTS = (X, Lab, Edge, Init),
m a set of atomic propositions AP, and
m a labeling function L : ¥ — 247,
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Computation tree

}
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Linear Temporal Logic (LTL) is suited to argue about single (linear) paths
in the computation tree.

m Abstract syntax:

o = al(pAp) | (me) | (Xe) | (U p)

where a € AP.
m Syntactic sugar: F (“finally” or “eventually”), G (“globally”), etc.

m We often omit parentheses when no confusion.
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Forapathm =09 — 01 — ...
let 7(7) denote o;, and
let w* denote o; — 041 — .. ..

T Ea iff a € L(mw(0)),
TE e ANps iff T E e and T = @2,
T g iff m o,

TEXp iff ©t = o,

TEe U@y iff 35>0707 e AVO<i<jmt k=@

LSTS | ¢ iff m = ¢ for all paths 7 of LSTS.
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CTL state formulae:

o= al (W AY) | (=) [ (Ep) | (Ap)
with a € AP and ¢ are CTL path formulae.

CTL path formulae:
p = XYY U D

where 1 are CTL state formulae.

CTL formulae are CTL state formulae.

We omit parentheses when causing no confusion.
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olEa iff a€ L(o)

ol Ay iff o and o s

oE Y iff o E

o E Eyp iff m™ &= ¢ forsomem =09 — 01— ... withog =0
oE Ay itf ml=@forallm =09 — 01— ... withog=0

T X iff m(1) v
Tl U by iff exists 0 < j with w(j) | o and
(i) = forall 0 < i< j.

LSTS = ¢ iff og =9 for all initial states o¢ of LSTS.
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CTL* state formulae:

Y ou= al (@WAY) | ()| (Ep)
with a € AP and ¢ are CTL* path formulae.

CTL* path formulae:

p u= Pl (ene) ] (e) [ (Xe) | (pU )
where 1) are CTL* state formulae.

CTL* formulae are CTL* state formulae.
We often omit parentheses.
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CTL* semantics

ocEa iff a€ L(o)
o= Ny iff o= and o =
oE Y iff o1

o= Ep iff 7= ¢ forsomem =09 — 01— ... withog=o0
T iff 7(0) =1

TE e Aps iff mE @ and T = o

T E e iff e

TEXp iff ™

T o1 U po iff exists 0 < j with 7/ |= @9 and
7t =y forall0 <i < j.

LSTS = ¢ iff og = 4 for all initial states o¢ of LSTS.
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The relation of LTL, CTL, and CTL*

CTL*

m The LTL formula FGa is not expressible in CTL.
m The CTL formula AFAGa is not expressible in LTL.
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CTL model checking

Given a state transition system and a CTL formula ¢, CTL model checking
labels the states recursively with the sub-formulae of 1) inside-out.

m The labeling with atomic propositions a € AP is given by a labeling
function.

m Given the labelings for 1)1 and 19, we label a state with 1)1 A 15 iff the
state is labeled with both 1)1 and 5.

m Given the labeling for 1, we label a state with —) iff the state is not
labeled with .
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CTL model checking

m Given the labeling for 1), we label a state with EX¢) iff there is a
successor state labeled with 1.
m Given the labeling for 1 and 9, we
m label all with 5 labeled states additionally with Ev); U 15, and
m label all states that have the label ¥); and have a successor state with
the label Ev; U 15 also with Evy U 1) iteratively until a fixed point
is reached.
m Given the labeling for 1, we label a state with A X iff all successor
states are labeled with 1.

m Given the labeling for 1 and 5, we

m label all with ¢, labeled states additionally with A, U )5, and

m label all states that have the label 1), and all of their successor states
have the label Aty U 1o also with Ay U 1) iteratively until a fixed
point is reached.
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Discrete-time LTL

Xkp =
© ifk=0
XX+ 1y else.
pr UK gy =
o1 U @2 for [k1, k2] = [0, 00]
©2 for [kl,kg] = [0,0]

w1 A X(p1 Uk =1k =1] ©2) forki1 >0
0o V (01 A X (g UOR2=1 00)) forky = 0,ky > 0
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Discrete-time CTL

ExFqy =
(0 ifk=0
EXEXF1y  else.
Evpy Ukl gy =
Ewl U ¢2 for [k‘l,k‘g] = [O, OO]
(0 for [k1, ko] = [0, 0]

Y1 A BXE(y U —1k=1] ) for ki > 0
Yo V (Y1 ABXE(D U2~ 4hy)) forky = 0,k > 0
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Syntactic sugar

We also write
m U=F instead of U0
m UZF for Ykl
m U=F for UFH and
m U for Y0,
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The discrete-time LTL formula a U[23] b is defined as
aNX(aNX(DV(aAXD))).

It is satisfied by paths of the following form:

{a} {a} {b}

@ © @ @ ©
{a} {a} {a} {b}
@ © @ @ ©
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Discrete-time model checking

As the discrete-time temporal operators are defined as syntactic sugar, LTL

model checking can be applied to check the validity of discrete-time LTL
formulae for state transition systems.
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