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Problem 1

Consider the transition system T'S over AP = {a,b} shown in the figure

below:
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Determine the bisimulation quotient system 7'S/~ using the inefficient quo-
tienting algorithm.

Solution:
The inefficient quotienting algorithm is shown in Table 1.



Outer Iteration

1| g =Iyp = {{31736}7 {s3, 54, 55, 58, 59, 11 } {82,877810,812,813}}
Inner iteration

1 | C={s1,s6}, Pre(C) = {s2,s5}

= {{51, s6},{s5}, {53, 54, 58, 59, 511}, {52}, {57, 510, 512, 813}}

2 | C ={ss,s4, 85,88, S9, 511}, Pre(C) = {s1, s3, $4, S6, S8, S9 }

1= {{81, s6}, {55}, {53, 54, 58,59}, {511}, {52}, {57, 510, 512, 813}}

3 | C = {s2,57,510, 812, 513}, Pre(C) = {s2, 83, 84, 85, 57, 88, 89, S11, S12}

M = {{s1, 56}, {55}, {5, 51, 58,50}, {su ), {520, {512}, {10,513 |

2| Hyq =111 = {{81,86}, {s3,54,58, 850}, {55}, {s11}, {s2}, {57, 512}, {810,513}}

Inner iteration

1 | C={s1,56}, Pre(C)={s2,s5}

IT = Iy, unaffected

2 | C={sa}, Pre(C)=10

IT = Iy, unaffected

3 | C={s3,84,88,89}, Pre(C)={s1, 3, 4,88, S9}

= {@, {s6},1{53,54,58, 59}, {55}, {511}, {52}, {57, 512}, {510, 813}}
4 | C={ss}, Pre(C)={s1}

II unaffected

5 | C={s11}, Pre(C)={ss}

IT unaffected

6 | C={s7,s12}, Pre(C) ={s2, ss, 7, 88,511, 512}

1= {{s1}. {6}, {538}, {550}, (s}, fsn ) (o2} (s s12) (o0, 513} }
7 C = {810,813}, P?“G(C) = {84,85788789}

Mo = {{s}. {6}, {sa). {ss} (a0} {5}, (s} (s}, fsr a2}, {510,510 |

3| Hog =12 = {{51}’ {56}’ {53}’ {58}’ {54’ 89}’ {55}’ {811}’ {52}’ {87’ 512}’ {510’ 513}}

Inner iteration

1 | C={s1}, Pre(C) = {ss}, Il =Ily4, unaffected

2 | C={sg}, Pre(C) = {sa}, I = II,4, unaffected

3 | C={sa}, Pre(C) =0, I =11,4, unaffected

4 | C ={s3}, Pre(C) =0, II = 11,4, unaffected

5 | C ={sg}, Pre(C) = {ss3,ss}, Il = Il,4, unaffected

6 | C ={s4,89}, Pre(C) = {s1, 54,89}, II =14, unaffected

7 | C={s5}, Pre(C)={s1}, Il = 11,4, unaffected

8 | C={s11}, Pre(C) = {sg}, II = 11,4, unaffected

9 | C={s7,s12}, Pre(C) ={sa, ss3, 7, 88, S11, 12}, Il = Il 4, unaffected
10 | C = {s10, 813}, Pre(C) = {s4, s5, s, S}, II3 = I4, unaffected

II3 = II,;4, the algorithm terminates here.

Table 1: Inefficient bisimulation quotienting algorithm




Problem 2

Let TS = (S, Act,—,I, AP, L) be a transition system. The relations ~,,C
S x § are inductively defined by:

® S~ S9 iff L(Sl) == L(Sg).
® 51~y So iff:

= L(s1) = L(s2),
— for all s} € Post(s1) there exists a s, € Post(s2) with s} ~, s,

— for all s}, € Post(sy) there exists a s| € Post(s1) with s} ~, s).
(1) Show that for finite T'S it holds that ~75 = (1,59 ~n, L€,

81 ~7g 89 iff 81 ~,, s9 for alln >0

(ii) Does this also hold for infinite transition systems (provide either a
proof or a counterexample)?

Solution:

(i) We have to show that ~pg = ﬂnzo ~y. Let R, be the relation ~,,
(n > 0) and let R be ~pg. We first claim that

SXSORy DRI DRy D---DR; DRiy12 ...

The fact that S x S D Ry follows by definition. Also, Ry D R; since
the requirements of R; contain the requirements of Ry. Now, we show
by induction that R; O R;41, under the hypothesis that R;_1 O R;.
So, let (s,t) € Rit1. We show that also (s,t) € R;. Since (s,t) €
R;11, by definition L(s) = L(t) and for all s’ € Post(s) there exists
a t' € Post(t) with s ~; t' (and symmetrically). By the induction
hypothesis, this implies s’ ~;_1 t’. Hence, (s,t) € R;.

As the state space S is finite, it is easy to see that there exists a k
such that Ry = Rgy1 = Rg12 = ---. Hence, using the claim above, we
can conclude that Ry = (,~o Rn. As Ry = Rj41, we find that s ~ ¢
if and only if s ~gy1 t. Therefore, by definition of Ry41 we get that
Ri41 = R, or, stated differently, that ~ps=(,~¢ ~n-



(ii) Consider the following two transition systems 7'S and T'S":

So S
« infinite

2 . 2 .
eon on

(a) T'S: for each n, there is (b) T'S": extension of T'S by an in-
a path of length n in T'S. finite path.

Obviously, sp and s;, are not bisimilar because of the infinite path in
TS". However, for each n > 0, there is a path of length n in T'S which
preserves the bisimilarity of sg and s, according to ~,, as its difference
from the infinite path in 7S’ will only be visible after n number of steps
(and this is not taken into account by ~,). Hence, sg ~, s(, for every n.



Problem 3

Consider the following transition systems:

TSl TSZ TS3

For each 4,7 € {1...3}, i # j, determine whether T'S; IT'S; or T'S; A T'S;.

Solution:

First, note that the traces of T'S; are all stutter-equivalent to a trace from
the set 77 = {(ab)*, (ab)*a¥}. The traces of T'Sy are all stutter-equivalent
to a trace from the set T = {(ab)¥, (ab)*a®, (ab)*b*}. Finally, the traces of
TS5 are all stutter-equivalent to a trace from the set 75 = {(ab)¥, a“}.

TS, 4TSy, since Ty C Ts.

TSy 4 TSy, since the trace ab® € Traces(T'S3) cannot be mimicked by
a stutter-equivalent trace in 7'S7.

TS1 4 TSs, since aba” € Traces(T'S1) cannot be mimicked by a
stutter-equivalent trace in T'S3.

TS3 < T§, since both trace types in T3 can be mimicked by trace
types in T7. After all, note that a“ is part of (ab)*a®.

TSy 4 TSs, since ab” € Traces(T'Sy) cannot be mimicked by a stutter-
equivalent trace in T'S3.

TS3 9T5Sy, since T'S3 <TS7 and T'S7 < T55.

Problem 4

See next pages.



{a) The divergence-sensitive expansion T is as follows:

(b) The first step is to remove stutter cycles (in fact, SCCs) from TS. This vields the transition
system, say TS, depicted below where C; = {51,589, 59, 87,58 1, Ch = {ug }, CF = {uy,us |,
Cay={ua}, Ca={w,va}tand Caip = { g4 |

We now apply Algorithm 37 to determine -Tgf =3

The initial partition is:

Myp = {{Ss,Cls 54,851, {05, O uy, Caly {C'r4}-{c'rdw}}

.
By By By By

Iteration 1: Choose ' = By. Check whether (' is a aplitter for By and Ba, respectively. Note
that By and By are singleton sets and cannot be split any further. We have Pre(C') =
{Ch, CL, C¥,Cy, Cy}.
# Consider By. Bottom(Bi) = {ss.s6}. Since By # C, By NPre(C) = {C1} £ @
and Bottom(By) Y Pre(C') = {ss,s6} # @, (' is a splitter for By. By is splitted by
" into two subblocks:
By =BinPref(C) ={C1} and Bio = By Y\ Prefj(C') = {s4, 55,56}
# Consider By, Bottom(By) = {C%, ut}. Since Ba # By, BanPre(C) = {C8, CY, Oy} £
@ and Bottom(B2)\ Pre(C) = {u1} # @, C is a splitter for Bs. Bs is splitted by
' into two subblocls:

Bay = By 1 Prey(C) = {C4,CY,Cs} and Bay = By \ Prefy(C) = {u}.

At the end of this iteration, we have:

1= { {C1), {86 51,55}, {C5.C4. Ca}, {1}, {Cu}, {Co} }
M e, e e, et o, s, g, s’
By Bz Bay Baa Ba By



Iteration 2: Choose €' = Bga. Check whether €' is a splitter for Byz and Bz . We have Pre(C') =
{54, Cg}
# Consider By, We have Bottom(By3) = {ss,sg}. C is a splitter for Bya, since
By # C, Bia M Pre(C) = {s4} # @, and Bottom(Bi2) Y, Pre(C) = {s5,s8} # &.
Bis is split by C into two subblocks:

Bio1t = Bia M Preg(C) ={s4} and Bias = Bia Y\ Prep(C) = {ss5. 56}

# Consider Bay. We have Bottom(Bay) = {C5,Cs}. C is a splitter for Bay, since
Byy # €, Bay MPre(C) = {Ca} # @ and Bottom(Bay )Y Pre(C) = {CY} # @. By
is split by €' into two subhlocks:

Bgy1 = Boy N Pref(C) = {C3} and Baja = Boy \ Pref(C) = {C3,C3 }.
At the end of this iteration we have:
1= { (O], {sa), {035, {Cil, (€5, OFY, (s}, (O}, {Cae} )
Byy Bizi Bim Bayy Baoia Baz  Ba By
Iteration 3: Choose €' = Bgyy, and check whether €' is a splitter for By, We have Pre(C') = {s5}.

# Consider Bigs. We have Bottom(Biag) = {ss.86}. €' is a splitter for Bjgs. since
Biaz # €, Biaa N Pre(C) = {ss} # @, and Bottom(B1a2) 4 Pre(C') = {sa} # @.
Bigs is split by ' into two subblocks:

Biagy = Biga M Pref(C) = {ss} and  Bigg = Bigg \ Prep(C) = {sg}.

At the end of this iteration, we have:

I = {{01},{54}-{Ss}-{Ss},{Ca}-{C-’é-C-'é’}-{ul}-{C4}~{Cm-}}
B s i e s i 4
Bi11 Bizi Bizzy Bizze Ban Bziz Baa Ea Eua

= {15259 575, {sa}, {5}, 56} fueal, {ua, was us fun}, {on, v}, {5} }
— e it e S S e i, i,
By By By By Bg BL B Bj By

There are no more splitters for any blocks, thus the algorithm terminates.

(c) ﬁ(;“ == and TS/ ==%" are shown in the following figures (left and right), respectively.
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