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Complexity of CTL and LTL model checking crrimaan
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Complexity of CTL and LTL model checking creamiat

LTL model checking problem:
PSPACE-complete and solvable in time

O(size(T) - exp(|))

CTL model checking problem:

solvable in polynomial time

O(size(T) - |®))
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Complexity of CTL and LTL model checking creamiat

LTL model checking problem:
PSPACE-complete and solvable in time
O(size(T) - exp(|))
LTL with fairness: O(size(T) - exp(|¢|) - |fair|)

CTL model checking problem:

solvable in polynomial time (even PTIME-complete)

O(size(T) - |®))
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Complexity of CTL and LTL model checking creamiat

LTL model checking problem:
PSPACE-complete and solvable in time
O(size(T) - exp(|))
LTL with fairness: O(size(T) - exp(|¢|) - |fair|)

CTL model checking problem:
solvable in polynomial time (even PTIME-complete)
O(size(T) - |®|)
CTL with fairness: O(size(T) - |®| - |fairl)
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Recall: LTL fairness assumptions CTLFAIRA.4-2
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Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of LTL formulas of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness OO0y — OO

where ¢, 1 are propositional formulas

8/168



Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness OO0y — OO

where ¢, 1 are propositional formulas

9/168



Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢
e strong fairness OOy — OG¢
e weak fairness Oy — OO0

where ¢, 1 are propositional formulas

Reduction of =g to =
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Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness O — OO

where ¢, 1 are propositional formulas

Reduction of =g to =

T Epir ¢ iff 7w | @ for all fair paths win T
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Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness O — OO

where ¢, 1 are propositional formulas

Reduction of =g to =

T Epir ¢ iff 7w | @ for all fair paths win T

iff for all paths 7 in 7:
= fair — ¢
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Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness OO0y — OO

where ¢, 1 are propositional formulas

Reduction of =g to |, e.g., for fair = Ofa

T Epir ¢ iff 7w | @ for all fair paths win T

iff for all paths 7 in 7:
= fair — ¢
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Recall: LTL fairness assumptions CTLFAIRA.4-2

are conjunctions of [LTL formulas| of the form

e unconditional fairness Q¢

e strong fairness Oy — O0¢
e weak fairness OO0y — OO

where ¢, 1 are propositional formulas

Reduction of =g to |, e.g., for fair = Ofa

T Epir ¢ iff 7w | @ for all fair paths win T

iff for all paths 7 in 7:
wl fair - ¢ = Q0-aVvy

14 /168



CTL fairness assumptions OTLA.4-4A

15/168



CTL fairness assumptions OTLA.4-4A

conjunctions of “formulas” of the type

e unconditional fairness: OO®
e strong fairness: Oov — O0d
e weak fairness: o0V — OOd

where W, ® are CTL state formulas
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CTL fairness assumptions OTLA.4-4A

conjunctions of “formulas” of the type

e unconditional fairness: OO®
e strong fairness: Oov — O0d
e weak fairness: o0V — OOd

where W, ® are CTL state formulas

note: CTL fairness assumptions

e are not CTL (state or path) formulas

e just a syntactic formalism to specify fairness
assumptions
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CTL fairness assumptions OTLA.4-4A

conjunctions of “formulas” of the type

e unconditional fairness: OO®
e strong fairness: Oov — O0d
e weak fairness: o0V — OOd

where W, ® are CTL state formulas

e.g., a strong CTL fairness assumption has the form:

fair = A (OOV; — O0%))
1<j<k
where W;, ®; are CTL state formulas
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Satisfaction relation for CTL with fairness cimias
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Satisfaction relation for CTL with fairness cimias

s Eqir true

s Erir a iff ae L(s)

s Epir P iff s g ®

s Egir P1ADy iff s g, ®1 and s g ©2
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Satisfaction relation for CTL with fairness cimias

s Eqir true

s Erir a iff ae L(s)

s Epir P iff s g ®

s Egir P1ADy iff s g, ®1 and s g ©2

s FErir o iff there exists m € Paths(s) with

w = fair and 7 Epi @
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Satisfaction relation for CTL with fairness cimias

s Eqir true

s Frir a

s FEpir P

s Epir 1A P
s FErir Ip

S |:fair V(,D

iff
iff
iff
iff

iff

ae L(s)

s Fpair @

s Frir ®1 and s pir ®2
there exists ™ € Paths(s) with
w = fair and 7 Epi @

for all w € Paths(s):

m |= fair implies m =g ¢
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Satisfaction relation for CTL with fairness cimias

s Eqir true

s Erir a iff ae L(s)

s Epir P iff s g ®

s Egir P1ADy iff s g, ®1 and s g ©2

s FErir o iff there exists m € Paths(s) with
w |= fair| and 7 Epi- @

s FEpir Vo iff for all w € Paths(s):
w |= fair | implies m =g ¢

e.g., s %... EO0D iff OE? i>0st. s |
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Simple communication protocol CTLFAIRA.4-5

CTL formula
& = VOV Ostart

(try_to_send)
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T o
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Simple communication protocol CTLFAIRA.4-5

CTL formula
& = VOV Ostart
(try_to_send) TFE®
T ()
=

unconditional CTL fairness assumption:

= O¢Odelivered
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Simple communication protocol CTLFAIRA.4-5

CTL formula
& = VOV Ostart
(try_to_send) TFE®
T ()
=
T |:sfair ¢

unconditional CTL fairness assumption:
= O¢Odelivered
strong CTL fairness assumption:

sfair = OO try_to_send — [ delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T Izufair ¢ ?

(try_to_send)

unconditional fairness: wfair = O0¢ I start
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T Izufair ¢ ?

(try_to_send)

unconditional fairness: wfair = OO start

1
Sat(IOstart) = {delivered}
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T Izufair ¢ ?

(try_to_send)

unconditional fairness: wfair = OO start

i

Sat(IOstart) = {delivered}
ufair = OOdelivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/

(try_to_send)

unconditional fairness: wufair = [0¢ A start

T
Sat(IOstart) = {delivered}
ufair = O{delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/
(try_to_send) T ey

unconditional fairness: wfair = 0O I)start
weak fairness: wfair = QU I delivered — [ delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/
(try_to_send) T by ©

unconditional fairness: wfair = 0O I)start

weak fairness: wfair = QU delivered — [0 delivered

Sat(Adelivered) = {try_to_send}
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/
(try_to_send) T ey

unconditional fairness: wfair = 0O I)start

weak fairness: wfair = QU delivered — [0 delivered

Sat(Adelivered) = {try_to_send}
wfair = QOtry_to_send — ¢ delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start

T |=ufair ¢ \/
T Ewair @ wrong

(try_to_send)

unconditional fairness: wufair = [O0¢ A start

weak fairness:  wfair = Q00 I delivered — [ delivered

Sat(3Odelivered) = {try_to_send}
wfair = QOtry_to_send — O delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/
(try_to_send) T o &
T i @ 7

unconditional fairness: wfair = 0O I)start
weak fairness: wfair = QU I delivered — [ delivered
strong fairness: sfair = ¢ I delivered — [ delivered
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Simple communication protocol CTLFAIRA.4-6

& = VOV start
T |=ufair ¢ \/
(try_to_send) T o &
T i @ 7

unconditional fairness: wfair = 0O I)start

weak fairness: wfair = QU I delivered — [ delivered
strong fairness: sfair = OO delivered — () delivered

Sat(Adelivered) = {try_to_send}
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Simple communication protocol CTLFAIRA.4-6

¢ = VOOV start

T |=ufair ¢ \/
(try_to_send) T Vo
T Fstair ¢

unconditional fairness: wufair = [O0¢ A start

weak fairness:  wfair = Q00 I delivered — [ delivered
strong fairness: sfair = OO delivered — [0 delivered

Sat(3delivered) = {try_to_send}
sfair = OQtry_to_send — ) delivered
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Simple communication protocol CTLFAIRA.4-6

¢ = VOV{start
T |=ufair ¢ \/

(try_to_send) T Woupar
T s ® v

unconditional fairness: wufair = [O0¢ A start

weak fairness:  wfair = Q00 I delivered — [ delivered
strong fairness: sfair = ¢ I delivered — [ delivered

Sat(3Odelivered) = {try_to_send}
sfair = OQtry_to_send — ) delivered
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

40/168



Correct or wrong? CTLRAIRAA-T

If s |= V0a where a € AP then s =g Y0a

correct.

41/168



Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct. Note that:

s EVy = forallme€ Paths(s): ml¢
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct. Note that:

s EVy = forallme€ Paths(s): ml¢

= for all 7 € Paths(s):
7 |= fair implies 7 |= ¢
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct. Note that:

s EVy = forallme€ Paths(s): ml¢

= for all 7 € Paths(s):
7 |= fair implies 7 |= ¢

= 5 |=fair VSD
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Correct or wrong? CTLRAIRAA-T

If s |= V0a where a € AP then s =g Y0a

correct.

If s |= 30a where a € AP then s =g 30a
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct.

If s = 30Qa where a € AP then s =g 0a

wrong

fair = 00b

{a} {6}
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct.

If s = 30Qa where a € AP then s =g 0a

wrong

fair = 00b

{a} {6}

just one fairpath @ ®@ ® ® | |
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct.

If s = 30Qa where a € AP then s =g 0a

wrong

fair = 00b

s Fpir A0a
{a} {b}

just one fairpath @ ®@ ® ® | |
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Correct or wrong? CTLRAIRAA-T

If s |= VQa where a € AP then s =g V0a

correct.

If s = 30Qa where a € AP then s =g 0a

wrong

fair = 00b

s Fpir A0a
{a} {b} sk 30a

just one fairpath @ ®@ ® ® | |
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Correct or wrong? CTLFATRAA-TA

If s |= V0a where a € AP then s =g Y0a

correct.

Does the same condition hold if a is replaced with
an arbitrary state formula ?
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

) @ = {b}

@ = {3}
51 52
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

) @ = {b}

@ = {3}
51 52

Sat(30a) = {sp, 51}
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

) @ = {b}

@ = {3}
51 52

Sat(30a) = {sp, 51}
Sat(VQ 30a) = {sp, 51}
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

) @ = {b}
@ = {3}
S1 5
fair =0O3Ob

Sat(30a) = {sp, 51}
Sat(VQ 30a) = {sp, 51}
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

S0 @ = {b}
@ = {3}
51 52
fair =0O3Ob
Sat(30a) = {so, 51} Satp;,(30a) = &

Sat(VQ 30a) = {sp, 51}
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Correct or wrong? CTLRATRA.A-8

If s = VOIa then s =g VOIOa

wrong

S0 @ = {b}
@ = {3}
51 52
fair =0O3Ob
Sat(30a) = {so, 51} Satp;,(30a) = &

Sat(V¢ A0a) = {so, 51} Satp, (VO I0a) = &
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Satfair(HDtrue) = ? CTLFAIR4.4-11
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Satfa,',(flljtrue) = ? CTLFAIR4.4-11
@ = {3}
e=0
S L)) fair = 0O0a

S0
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Satfair(HDtrue) = ? CTLFAIR4.4-11

@ = {3}
S0 ®-o
S L)) fair = 0O0a

Satg(A0true) = 7
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Satfair(HDtrue) = ? CTLFAIR4.4-11

@ = {3}
S0 ®-o
S L)) fair = 0O0a

Satg,;(I0true) = {so, 5}
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Satfa,',(flljtrue) = ? CTLFAIR4.4-11

@ = {3}
S0 ®-o
S L)) fair = 0O0a

Satg,;(I0true) = {so, 5}

Satg;(A0true) = set of states s that have at least
one fair path
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Satfa,',(flljtrue) = ? CTLFAIR4.4-11

@ = {3}
S0 ®-o
S L)) fair = 0O0a

Satg,;(I0true) = {so, 5}

Satg;(A0true) = set of states s that have at least
one fair path

= {s: 3r € Paths(s) s.t. 7 |= fair}
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Satfa,',(flljtrue) = ? CTLFAIR4.4-11

@ = {3}
e=0

S L)) fair = 0O0a

S0

Satg,;(I0true) = {so, 5}

Satg;(A0true) = set of states s that have at least
one fair path

= {s: 3r € Paths(s) s.t. 7 |= fair}

fair is realizable iff
Satg,;(I0true) D set of all reachable states
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Model checking problem for FairCTL
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Model checking problem for FairCTL

given: finite transition system 7
CTL formula @
CTL fairness assumption fair

question: does T [=gji ® hold ?

66 /168



Model checking problem for FairCTL

given: finite transition system 7
CTL formula ®
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?
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Model checking problem for FairCTL

given: finite transition system 7
CTL formula ®
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?

for simplicity:

we suppose that ® is in existential normal form,
i.e., a V-free CTL formula with temporal modalities

30, U, 30
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in d-normal form
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in d-normal form
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?

preprocessing: apply a standard CTL model checker
to evaluate the CTL state subformulas of fair
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in d-normal form
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?

preprocessing: apply a standard CTL model checker
to evaluate the CTL state subformulas of fair

e compute Sat(V;;) and Sat(V;>)
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in d-normal form
CTL fairness assumption fair, e.g.,

fair= A OOV, —» O0WV;,

1<i<k
question: does T [=gj ® hold ?

preprocessing: apply a standard CTL model checker
to evaluate the CTL state subformulas of fair

e compute Sat(V;;) and Sat(V;>)

e replace and W; 5 with fresh atomic
propositions b; and ¢;, respectively
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Preprocessing of FairCTL model checking crirumrisi2,

given: finite transition system 7
CTL formula ® in 3-normal form
CTL fairness assumption fair, e.g.,

fair= A 0O0b, — OO¢; with

1<i<k

,C,'EAP

question: does T =g ® hold ?

preprocessing: apply a standard CTL model checker
to evaluate the CTL state subformulas of fair

e compute Sat(

propositions

) and Sat(\ll,-,g)

e replace and W; 5 with fresh atomic

and ¢;, respectively
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner.
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A\, —: as for standard CTL
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A\, —: as for standard CTL
e J0, dU: via standard CTL model checking
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Idea of FairCTL model checking CTLFATRA.4-125

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T =g ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A\, —: as for standard CTL
e J0, dU: via standard CTL model checking
e LI via analysis of SCCs
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CTL model checking with fairness CTLRAIRA.A-13

recursive computation of the fair satisfaction sets:

Sateir(V) = {s€S:spi V}
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CTL model checking with fairness CTLRAIRA.A-13

recursive computation of the fair satisfaction sets:

simple cases: W = true or W = a € AP or the outer
most operator of W is a negation or conjunction:
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CTL model checking with fairness CTLRAIRA.A-13

recursive computation of the fair satisfaction sets:

simple cases: W = true or W = a € AP or the outer
most operator of W is a negation or conjunction:

Satg.(true) = S
Satgi(a) = {seS: ael(s)}
Satfa,-,(—-\ll) = S \ Satfa,-,(\ll)

Satgi(WV1AV2) = Satei (V1) N Sate (V)
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Idea of FairCTL model checking CTLRAIRA A-12

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A, —: as for standard CTL
e J0, dU: via standard CTL model checking
e LI via analysis of SCCs
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FairCTL model checking: treatment of 30 curmisn
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FairCTL model checking: treatment of 30 curmisn

s fair = OOred
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FairCTL model checking: treatment of 30 curmisn

s fair = OOred
s Fgir AQgreen
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FairCTL model checking: treatment of 30 curmisn

s fair = OOred

S béfair 3ng een
as ' g 30true
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FairCTL model checking: treatment of 30 curmisn

s fair = OOred

S béfair 3ng een
as ' g 30true

introduce an additional atomic proposition agj,
s.t. for all states s:

api € L(s) iff s =g I0true
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FairCTL model checking: treatment of 30 curmisn

fair = OO red

S béfair 3ng een
as ' g 30true

introduce an additional atomic proposition agj,
s.t. for all states s:

api € L(s) iff s =g I0true
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FairCTL model checking: treatment of 30 curmisn

fair = OO red

S béfair 3ng een
as ' g 30true

introduce an additional atomic proposition agj,
s.t. for all states s:

api € L(s) iff s =g I0true

This yields that for all b € AP and all states s:

s i AOb iff s =3IO(b A asir)
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FairCTL model checking: 30 and U CTLRATRALA- 14z

introduce an additional atomic proposition ag; s.t.

apir € L(s) iff s g, I0true
This yields that for all b,c € AP and all states s:

s Erir 30b iff s = 3O(bA agi)
S |=fair EI(CU b) iff ?
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FairCTL model checking: 30 and U CTLRATRALA- 14z

introduce an additional atomic proposition ag; s.t.

apir € L(s) iff s g, I0true
This yields that for all b,c € AP and all states s:

s Erir 30b iff s = 3O(bA agi)
s Egir (cUb) iff sk 3I(cU(bA agi))
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FairCTL model checking: 30 and U CTLRATRALA- 14z

introduce an additional atomic proposition ag; s.t.

apir € L(s) iff s g, I0true
This yields that for all b,c € AP and all states s:

s Erir 30b iff s = 30O(bA agi)
s Egir (cUb) iff sk 3I(cU(bA agi))

hence: treatment of 30 and JU for FairCTL via

e special methods to compute Satg,;(I00true)
e standard CTL model checking for Q) and JU
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Example: treatment of 30 CTLRAIRA.4-15

T &

() o CTL formula 3¢

{c}
{6}

strong fairness assumption: fair = OOb — Oc
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Example: treatment of 30 CTLRAIRA.4-15

CTL formula 3¢
l
EK} (C A afair)

strong fairness assumption: fair = OOb — ¢
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Example: treatment of 30 CTLRAIRA.4-15

CTL formula 3¢
!
30 (C A afair)

strong fairness assumption: fair = OOb — ¢
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Example: treatment of 30 CTLRAIRA.4-15

CTL formula 3¢
!
30 (C A afair)

strong fairness assumption: fair = OOb — ¢

T E IO(c A agir)
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Example: treatment of 30 CTLRAIRA.4-15

CTL formula 3¢
!
30 (C A afair)

strong fairness assumption: fair = OOb — ¢

T |= EIO(C A afair) = T |=fair EIOC
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Example: treatment of JU

T s

{c}
{6}

CTLFAIR4.4-17

T = 3(-bUc)
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Example: treatment of JU CTLFATRA.A-17

{6}

strong fairness assumption: fair = OQb — ¢

T = 3(-bUc)
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Example: treatment of JU CTLFATRA.A-17

T s
%)

{C} bé afair
{b} bé afair

strong fairness assumption: fair = OQb — ¢

T = 3(-bUc)

100/168



Example: treatment of JU CTLFATRA.A-17

T s
%)

{C} bé afair
D} @ ¥ 26 Sat(c A agir) = @

strong fairness assumption: fair = Qb — Oc

T = 3(-bUc)
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Example: treatment of JU CTLFATRA.A-17

T s
%)

{c} @ ¥~ acir sEA(-bU(c A agir))

{b} bé afair ﬂ

Sat(c A agi) = @

strong fairness assumption: fair = Qb — Oc

T = 3(-bUc)
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Example: treatment of JU CTLFATRA.A-17

T s
& s Fpir 3(—bUC)
T
{c} @ ¥~ acir sEA(-bU(c A agir))

m

Sat(c A agi) = @

{b} bé afair

strong fairness assumption: fair = Qb — Oc

T = 3(-bUc)
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Example: treatment of JU CTLFATRA.A-17

T s
& s Fpir 3(—bUC)
T
{c} @ ¥~ acir sEA(-bU(c A agir))

m

Sat(c A agi) = @

{b} bé afair

strong fairness assumption: fair = Qb — Oc

T 3(-bUc), but T s I(~bUC)
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct. Note that:

if S9S1...5,—15p is a path fragment from sp=s s.t.
Sn |= afair then So, S]_, .. .,Sn_]_ |= afair.
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct. Note that:

if S9S1...5,—15p is a path fragment from sp=s s.t.
Sn |E agir then sp, 51, .., Sp—1 |E apir. Hence:

sE A0 3(cU(b A agi))
< s |= Elo El((c A afair) U(b A afaif))
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct. Note that:

if S9S1...5,—15p is a path fragment from sp=s s.t.
Sn |E agir then sp, 51, .., Sp—1 |E apir. Hence:

sk 303(cU(bA agi))
< s |= Elo El((c A afair) U(b A afaif))
<~ sE 30 (El(c U(b A afair)) A afair)
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct. Note that:

if S9S1...5,—15p is a path fragment from sp=s s.t.
Sn |E agir then sp, 51, .., Sp—1 |E apir. Hence:

sE A0 3(cU(b A agi))
< sk 3JOA(c A api)U(bA agi))
<~ sk 3O (3(cU(bAagi)) Aagir)
<> skp, I03I(cUb)
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)

wrong.

fair = OOgray

{b}
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)

fair = OOgray
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)

fair = OOgray
Satgi(I(cUb)) =2
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)

fair = OOgray
Satgi(I(cUb)) =2
s Fri- A0 3A(cU b)
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Correct or wrong? CTLFAIRA.A-16

s Erir A0 3AcUDb) iff s =IO IcU(bA agir))

correct.

S |=fair 40 EI(C U b) iff s |= E@) (EI(C u b) A afaif)

fair = OOgray
Satgi(I(cUb)) =2

s Frir 30O 3(c U Db)

s E3O(A(cUb) A agir)
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = 0OOb
%Msl

{c} {b}
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = 0OOb
S0 51 S0 |: afair

{C} {b} S1 |= afair

119/168



Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = 0OOb
S0 51 S0 |: afair

{C} {b} S1 |= afair

regard state s = sp:
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = 0OOb
S0 51 S0 |: afair

{C} {b} S1 |= afair

regard state s = sp:
s | 30(c A agir),
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = OOb
S0 s1 s0 = atir

{c} {b} s1 = apir

regard state s = sp:
S |= E":l(C A afair),
T

path m = 555050 5 ... = O(c A agir)
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Correct or wrong? CTLRATRA.4-23

s i e iff s = 30(c A apir)

wrong. fair = 0OOb
S0 51 S0 |: afair

{C} {b} S1 |= afair

regard state s = sp:
s 30(c A agi), but s g 30c
T

path m = 555050 5 ... = O(c A agir)
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Idea of FairCTL model checking CTLRAIRA.4-12D

given: finite transition system 7°
CTL formula ® in 3-normal form

CTL fairness assumption fair
question: does T [=gj, ® hold ?

1. ... preprocessing ...

2. Build the parse tree of ® and process it in
bottom-up-manner. Treatment of:

e true, a € AP, A, —: as for standard CTL
e J0, dU: via standard CTL model checking
e LI via analysis of SCCs
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JOOW under strong fairness CTLRARA 4-21
fair =00b — OOc, CTL state formula W

T:Q

{c} ) T =g 30V 7
{c}
{b}
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JOOW under strong fairness CTLRARA 4-21

fair =00b — OOc, CTL state formula W

T 4 Ew
{c} FEV Do T pi 300 ?
{c} @FV
{r} @EV

1. calculate Satg; (W)
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JOOW under strong fairness CTLRARA 4-21

fair =00b — OOc, CTL state formula W
{c} FEV Qo T =g 30V 7
{c} @V
{t} @V

1. calculate Satg; (W)

2. replace W with a fresh atomic proposition a = ay
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JOOW under strong fairness CTLRARA 4-21
fair =00b — OOc, CTL state formula W
T {a}
{c,a} @ T =g 30V 7
{c,a}
{b,a}

1. calculate Satg; (W)

2. replace W with a fresh atomic proposition a = ay
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JOOW under strong fairness CTLRARA 4-21

fair =00b — OOc, CTL state formula W
T {a}

{c,a} @ T =g 30V 7

{c,a}

{b,a}

1. calculate Satg; (W)

2. replace W with a fresh atomic proposition a = ay
3. calculate Satg;(30a)
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JOOW under strong fairness CTLRARA 4-21
fair =00b — OOc, CTL state formula W
T: {a} digraph G,
{c, a} %)
{c,a}
{b,a}

1. calculate Satg; (W)

2. replace W with a fresh atomic proposition a = ay
3. calculate Satg;(30a)
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JOOW under strong fairness CTLRARA 4-21

fair =00b — OOc, CTL state formula W
T: {a} digraph G,

{c, a} %) doesn't contain
(c.2} any fair path
c,a

{b,a}

1. calculate Satg; (W)

2. replace W with a fresh atomic proposition a = ay
3. calculate Satg;(30a)
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JOOW under strong fairness CTLRARA 4-21
fair =00b — OOc, CTL state formula W
T: {a} digraph G,

{c, a} %) doesn't contain
(c.2} any fair path
c,a

{b, a} T Wi IOV

1. calculate Satg; (W)
2. replace W with a fresh atomic proposition a = ay
3. calculate Satg;,(30a) = &
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Treatment of d0a for FairCTL LA

given: finite TS T, atomic proposition a
CTL fairness assumtion fair

goal:  compute Satg;(30a)
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Treatment of d0a for FairCTL LA

given: finite TS T, atomic proposition a
CTL fairness assumtion fair

goal:  compute Satg;(30a)

if all states are labeled by a:

this technique yields a method
to compute Satg,;(I0true)
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Treatment of d0a for FairCTL LA

given: finite TS T, atomic proposition a
CTL fairness assumtion fair

goal:  compute Satg;(30a)

if all states are labeled by a:

this technique yields a method
to compute Satg,;(I0true)

here: explanations only for strong fairness

fair = /\ (OOb; — O0c)

1<i<k
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Treatment of dU under strong fairness  crnmri o

fair= A (O0b; — O0¢)

1<i<k
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Treatment of dL] under strong fairness  crrmisio

fair= A (O0b; — O0¢)

1<i<k

s FEpir A0a iff there exists a path fragment

5051...5,,...5,,_'_,»
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Treatment of dU under strong fairness  crnmri o

fair= A (O0b; — O0¢)

1<i<k

s FEpir A0a iff there exists a path fragment

5051...5n...$n_|_,
such that r > 1, s = sy, S, = Sp4r and . ..
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Treatment of dU under strong fairness  crnmri o

fair= A (O0b; — O0¢)

1<i<k

s FEpir A0a iff there exists a path fragment
5051...5n...$n_|_,
such that r > 1, s = sy, S, = Sp4r and

o siaforall0<j<n+r
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Treatment of dU under strong fairness

fair= A (O0b; — O0¢)

1<i<k

CTLFAIR4.4-19

s FEpir A0a iff there exists a path fragment

s)sl...Sn...Sn.i_r
such that r > 1, s = sy, S, = Sp4r and

o siaforall0<j<n+r

e the path sps;...5p(Spt1-- - Snir)” is fair, ie.,
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Treatment of dU under strong fairness

fair= A (O0b; — O0¢)

1<i<k

CTLFAIR4.4-19

s FEpir A0a iff there exists a path fragment
&)sl...Sn...Sn.i_r
such that r > 1, s = sy, S, = Sp4r and

o siaforall0<j<n+r

e the path sps;...5p(Spt1-- - Snir)” is fair, ie.,
forall1 <i<k:
{5n+1, cee 5n+r} N =9

or {Spt+1,--- Sntr} N Sat(c;) # 2
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dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ?

@2 Ola
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dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ?

@2 Ola

analyze the digraph G, that results from 7 by
removing all states s with s |~ a
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dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ? digraph G,

8

@2 Ola

analyze the digraph G, that results from 7 by
removing all states s with s |~ a

144 /168



dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ? digraph G,

O={s} @={a}
O={r} @={c}

fair = (O0b; — OOc;) A (O0b, — O0c)
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dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ? digraph G,

S0
S1

8 )
O={t} @={a} s(si2)E-O0bADOq
@={r} @={c}

fair = (O0b; — OOc;) A (O0b, — O0c)
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dOa under strong fairness CTLRARA 4104

does T |=g; 30a hold ? digraph G,

S0
S1

8 P
O={i} @=Ha} s(s1%)”E-O0bAOq
Q={h} @={a} (%) far

fair = (O0b; — OOc;) A (O0b, — O0c)
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Treatment of dU under strong fairness

fair= A (OOb — 00c)

1<i<k

CTLFAIR4.4-20

s i A0a iff there exists a path fragment

s)sl...Sn...Sn.l.r
such that r > 1, s = 53, Sp = Sp4r and

o siaforall0<j<n+r

o foralll<i<k: {Sni1s- - Sntr} N )
of {Spt1y--- Snir} NSat(c) # O

148 /168




Treatment of dU under strong fairness  crunmia20

fair= A (OOb — 00c)

1<i<k

s i A0a iff there exists a path fragment

s)sl...Sn...Sn.l.r
such that r > 1, s = 53, Sp = Sp4r and

o siaforall0<j<n+r

o foralll<i<k: {Sni1s- - Sntr} N )
of {Spt1y--- Snir} NSat(c) # O

4

|
Thus: D = {spt1,- - -, Sntr} is a strongly connected

node-set of the digraph G,
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Treatment of dU under strong fairness

fair= A (OOb — 00c)

1<i<k

CTLFAIR4.4-20

s i A0a iff there exists a path fragment

s)sl...Sn...Sn.l.r
such that r > 1, s = 53, Sp = Sp4r and

o siaforall0<j<n+r

o foralll<i<k: {Sni1s- - Sntr} N )
of {Spt1y--- Snir} NSat(c) # O
4

|
Thus: D = {spt1,- - -, Sntr} is a strongly connected

node-set of the digraph G, (possibly not an SCC)
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Treatment of dU under strong fairness  creunas2

fair= A (O0b; — O0¢)

1<i<k

s i 30a iff there exists a non-trivial
strongly connected node-set D of G, such that

G,: digraph that arises from 7 by removing all
states s’ with s’ }£ a
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Treatment of dU under strong fairness  creunas2

fair= A (O0b; — O0¢)

1<i<k

s Epir 30a iff there exists a non-trivial
strongly connected node-set D of G, such that

(1) D is reachable from s
(2) foralll<i<k:
DN =@ or DN Sat(c) # @

G,: digraph that arises from 7 by removing all
states s’ with s’ }£ a
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Treatment of dU under strong fairness  creunas2

fair= A (O0b; — O0¢)

1<i<k

s Epir 30a iff there exists a non-trivial
strongly connected node-set D of G, such that

(1) D is reachable from s
(2) foralll<i<k:
DN =@ or DN Sat(c) # @

note: if s g 30a then there might be
no SCC D where (1) and (2) hold
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Example: computation of Satg;(30a) G

T

@ka Olfa

computation of Satg;(I0a)
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Example: computation of Satg;(30a) G

T digraph G,

8

@ka Olfa

computation of Satg;(I0a)
by analyzing the digraph G,
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Example: computation of Satg;(30a) G

T {c} digraph G,

{b2}

0y e A

fair = (O0b; — O0c) A (O0L, — O0c)
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Example: computation of Satg;(30a) G

T {c} digraph G, %

{b2}

0y e A

fair = (O0b; — O0c) A (O0L, — O0c)

S0 |:fair d0a
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Example: computation of Satg;(30a) G

T {c} digraph G, %

S1

{b2}

{6} Oa) 8 5

fair = (O0b; — O0c) A (O0L, — O0c)

so Frir 30a as S 515515 --- [EL7L fair
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Example: computation of Satg;(30a) G

T {c} digraph G, %

S1

{b} S
by ey 8 5

fair = (O0b; — O0c) A (O0L, — O0c)

so Frir 30a as S 515515 --- [EL7L fair
Satgir(I0a) = {s0, 51, %2, 53}
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CTL mOdel checking With fairness CTLFAIR4.4-FAIRNESS-3-CASES

treatment of 300 for CTL with fairness
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CTL model checking with fairness
treatment of dUJ for CTL with fairness

here: explanations only for strong fairness

weak fairness and combinations of weak/strong
fairness can be treated in an analogous way
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CTL model checking with fairness
treatment of dUJ for CTL with fairness

here: explanations only for strong fairness

case 1: unconditional fairness

case 2: fair =00b — Oc
case 3: arbitrary strong fairness assumption

fair= A (D05 — O0c)

1<i<k

weak fairness and combinations of weak/strong
fairness can be treated in an analogous way
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CTL model checking with fairness
treatment of dUJ for CTL with fairness

here: explanations only for strong fairness

case 1: unconditional fairness

case 2: fair =00b — Oc
case 3: arbitrary strong fairness assumption

fair= A (D05 — O0c)

1<i<k

weak fairness and combinations of weak/strong
fairness can be treated in an analogous way
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s g A0a iff 7
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# S fori=1,...,k
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# S fori=1,...,k

digraph G,

fairness assumption:
fair = 00 A OO
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# S fori=1,...,k

digraph G,

fairness assumption:
fair = 00 A OO

s Fpir A0a
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# D fori=1,...,k

digraph G,

fairness assumption:
fair = 00 A OO

s Fpir A0a
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# S fori=1,...,k

digraph G,

fairness assumption:
fair = 00 A OO
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d0a under unconditional fairness G A

fair= A\ O0c

1<i<k

s Epir 30a iff  there exists a nontrivial SCC C
in G, that is reachable from s and
CNSat(c)# S fori=1,...,k

digraph G,

fairness assumption:
fair = 00 A OO

s Frir 30a
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CTL mOdel checking With fairness CTLFAIR4.4-FATRNESS-CASE2

treatment of 300 for CTL with fairness

here: explanations only for strong fairness

case 1I: unconditional fairness 4/
case 2: fair =00b — Oc
case 3: arbitrary strong fairness assumption

fair= A (D05 — O0c)

1<i<k
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CTL mOdel checking With fairness CTLFAIR4.4-FATRNESS-CASE2

treatment of 300 for CTL with fairness

here: explanations only for strong fairness

case I: unconditional fairness 4/
case 2: fair =00bH — OOc
case 3: arbitrary strong fairness assumption

fair= A (D05 — O0c)

1<i<k
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Strong fairness: 1 fairness requirement  crrmiaos

fair = 0O0b — OOc
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Strong fairness: 1 fairness requirement  crrmiaos

fair = 0O0b — OOc
digraph G,

OX N©)
1 1
,-H,-:&
—_— -
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Strong fairness: 1 fairness requirement  crrmiaos

fair = 0O0b — OOc
digraph G,

Q

I 1

ON N©)
I

:

nontrivial SCC C of G, with C N Sat(c) # &
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Strong fairness: 1 fairness requirement  crrmiaos

fair = 0O0b — OOc
digraph G,

S «— S |:fair d0a

Q

I 1

ON N©)
I

:

nontrivial SCC C of G, with C N Sat(c) # &
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Strong fairness: 1 fairness requirement

fair = 0O0b — OOc
digraph G,

{c}
{6}

{6}

CTLFAIR4.4-25A
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Strong fairness: 1 fairness requirement  cirnasos

fair = 0O0b — OOc
digraph G,

s —| skEpid0a

{c}
{6}

{6}
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Strong fairness: 1 fairness requirement  cirnasos

fair = 0O0b — OOc
digraph G,

s —| skEpid0a

{c} b
{6}

{6}

I

strongly connected node-set D of G, with
Dn =g
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Strong fairness: 1 fairness requirement  cirnasos

fair = 0O0b — OOc
digraph G,

«— S |=fair d0a

nontrivial SCC C of G, that contains a
nontrivial SCC D of Gj|c \
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CTL model checking With fairness CTLFAIR4.4-FATRNESS-CASE3

treatment of 300 for CTL with fairness

here: explanations only for strong fairness

case I: unconditional fairness 4/
case 2: fair =00b — Oc Vv
case 3: arbitrary strong fairness assumption

fair= A (O0b — O0¢)

1<i<k
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CTL mOdel checking With fairness CTLFAIR4.4-FATRNESS-CASE3

treatment of 300 for CTL with fairness

here: explanations only for strong fairness

case I: unconditional fairness 4/
case 2: fair =00b — Oc Vv
case 3: arbitrary strong fairness assumption

fair= A (O0bH — O0¢)

1<i<k
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Example: 2 strong fairness conditions
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Example: 2 strong fairness conditions

fair = (A0b, — O0c) A (O0b — 00c)
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,

G

first SCC: G N Sat(c) =@
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,

G

first SCC: G N Sat(c) =@
analyze G \ Sat(by) w.r.t. O0b; — OOcq
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,

G

first SCC: G N Sat(c) =@
analyze G \ Sat(by) w.r.t. O0b; — OOcq
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,

G

first SCC: G N Sat(c) =@
analyze G \ Sat(by) w.r.t. O0b; — OOcq

~~ there is no cycle
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)

digraph G,

G
G

second SCC:
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)

digraph G,

G
G

second SCC: G N Sat(q) =2
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)

digraph G,

G
G

second SCC: G N Sat(q) =2
analyze G, \ w.r.t. O0b, — OO0

193 /168



Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)

digraph G,

G
G

second SCC: G N Sat(q) =2
analyze G, \ w.r.t. O0b, — OO0

194 /168



Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)
digraph G,

G
G

X

second SCC: G N Sat(q) =2
analyze G, \ w.r.t. O0b, — OO0
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Example: 2 strong fairness conditions —
fair = (O0b, — O0c) A (OO, — O0c)

digraph G, s

G
G

X

second SCC: G N Sat(q) =2
analyze G, \ w.r.t. O0b, — OO0
hence: s |=gir 300a
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Calculation of Satg;,(30a) CTLEAIRAA-27
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T :=g;
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T :=g;
FOR ALL nontrivial SCCs C of G, DO
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO

IF CheckFair(C,...) THEN T :=TUC FI
0D
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO
IF CheckFair(C,...) THEN T :=TUC FI
0D

Satgi(30a) := {s € S : Reach¢,(s)N T # &}
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO

IF CheckFair(C,...) THEN T :=TUC FI
0D

Satgi(30a) := {s € S : Reache,(s)N T # &}
T

backward search from T
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Calculation of Satg;(30a) CTLEAIRAA-27

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO
IF CheckFair(C,...) THEN T :=TUC FI
0D

Satgi(30a) := {s € S : Reache,(s)N T # &}
T

backward search from T

time complexity: O(size(T) - |fair|)
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Calculation of Satg;(30a) CTLEAIRAA-27

IF
0D

compute the SCCs of the digraph G;;
T:=g;
FOR ALL nontrivial SCCs C of G, DO

CheckFair(C,...) |THEN T := TU C FI

Satgi(30a) := {s € S : Reache,(s)N T # &}
T

backward search from T

time complexity: O(size(T) - |fair|)

205 /168



Recursive algorithm CheckFair(. . .)
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Recursive algorithm CheckFair(. . .)

algorithm CheckFair(C,k, A (O0b — O0c))

1<i<k
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Recursive algorithm CheckFair(. . .)

algorithm CheckFair(C,k, A (O0b; — O¢c;)) returns
1<i<k
“true” if there exists a cyclic path fragment
S S1...5y in C such that
(s051---50-1)* E A (O0b — )
1<i<k
“false” otherwise

208 /168



Recursive algorithm CheckFair(. . .)

pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
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Recursive algorithm CheckFair(. . .)

pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;
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Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;

remove all states in :
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Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;

remove all states in :

IF the resulting graph G is acyclic THEN return “false” FI
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Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;

remove all states in :

IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

0D
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Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;
remove all states in :
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, A(OObH—00¢;))

THEN return “true” i# FI
0D
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Recursive algorithm CheckFair(. . .)
pseudo code for CheckFair(C,k, A (O0b; — O0¢))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1, ..., k} with C N Sat(¢;) = ;
remove all states in :
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, A\ (O0b—0¢c))

THEN return “true” i FI
0D
return “false”
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Complexity of CheckFair(...) —"
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Complexity of CheckFair(...) —"
pseudo code for CheckFair(C,k, A (O0b; — O0c))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1,..., k} with C N Sat(¢;) = @;
remove all states in Sat(bj);
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, \(O0bi—0¢c;))

THEN return “true” i7i

0D
return “false”
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Complexity of CheckFair(...)
pseudo code for CheckFair(C,k, A (O0b; — O0c))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1,..., k} with C N Sat(¢;) = @;
remove all states in Sat(bj);
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, \(O0bi—0¢c;))

THEN return “true” i7i

oD recurrence for the time complexity:
return “false” T(n, k)= ... where n = size(C)
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Complexity of CheckFair(...)
pseudo code for CheckFair(C,k, A (O0b; — O0c))

1<i<k

IF Vi € {1,...,k}. C N Sat(c;) # & THEN return “true” FI
choose j € {1,..., k} with C N Sat(¢;) = @;
remove all states in Sat(bj);
IF the resulting graph G is acyclic THEN return “false” FI
FOR ALL nontrivial SCCs D of G DO

IF CheckFair(D, k—1, \(O0bi—0¢c;))

THEN return “true” i7i

time complexity:

o O( size(C) - k)

return “false”
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CTL model checking with fairness CTLFATRA.4-30

input.  finite transition system 7°
CTL fairness assumption fair
CTL formula ®

output: ‘“yes’, if T Egir ®. “no” otherwise.
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CTL model checking with fairness CTLFATRA.4-30

input.  finite transition system 7°
CTL fairness assumption fair
CTL formula ®

output: ‘“yes’, if T Egir ®. “no” otherwise.

here: preprocessing

transform ® into an equivalent CTL formula
in existential normal form
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CTL model checking with fairness CTLFATRA.4-30

input.  finite transition system 7°
CTL fairness assumption fair
CTL formula ®

output: ‘“yes’, if T Egir ®. “no” otherwise.

here: preprocessing

transform ® into an equivalent CTL formula
in existential normal form

i.e., with the basic modalities 30, U and 3]
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Model checking algorithm for FairCTL CTLFAIRA.A-30
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Model checking algorithm for FairCTL CTLFAIRA.A-30

calculate Satg,; (I0true);
label all states in Satg;,(I0true) with ag;
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Model checking algorithm for FairCTL

calculate Satg,; (I0true);
label all states in Satg;,(I0true) with ag;
FOR ALL subformulas W of ® DO

Satfa,-,(\ll) = ...
0D

CTLFAIR4.4-30

225 /168



Model checking algorithm for FairCTL CTLFAIRA.A-30

calculate Satg,; (I0true);
label all states in Satg;,(I0true) with ag;
FOR ALL subformulas W of ® DO
CASE VW is: :
d0a Satf,;,-,(\ll) :
d(a1 Uay) : Sate (V)
d0a : Satg;, (V)

Sat(30(a A agir));
Sat(I(a1 U(a2 A asir)));

0D
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Model checking algorithm for FairCTL CTLFAIRA.A-30

calculate Satg,; (I0true);
label all states in Satg;,(I0true) with ag;
FOR ALL subformulas W of ® DO
CASE V is: :
d0a : Satgi (V)
d(a1 Uay) : Sate (V)
d0a : Satg;, (V) :=
replace W with a fresh atomic proposition ay
0D

Sat(30(a A agir));
Sat(I(a1 U(a2 A asir)));
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Model checking algorithm for FairCTL CTLFAIRA.A-30

calculate Satg,; (I0true);
label all states in Satg;,(I0true) with ag;
FOR ALL subformulas W of ® DO
CASE V is: :
d0a : Satgi (V)
d(a1 Uay) : Sate (V)
d0a : Satg;, (V) :=
replace W with a fresh atomic proposition ay
0D

IF So C Satg;(®) THEN return “yes”
ELSE return “no”

Sat(30(a A agir));
Sat(I(a1 U(a2 A asir)));

FI
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Example: CTL model checking with fairness ...
start & = 3O VO (lost V del)

try

(lost) (error) ((del )
@)

fair = OO 3O del
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Example: CTL model checking with fairness ...

start

try

& = 30 VO(lost V del)

(lost) (error) (del )
@)

fair = ¢

30 del

~ OQc where Sat(c) = S \ {error}
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Example: CTL model checking with fairness ...
start & = 3O VO (lost V del)

try

(lost) (error) ((del )
@)

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satg;,(30true)
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Example: CTL model checking with fairness ...

& = 30 VO(lost V del)

(error
@)

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}

lost
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)

fry A0 -~3IO(—lost A ~del)

|existential normal form|

(lost) (error) ((del )
@)

fair = O¢ A0del ~~» OOc where Sat(c) = S \ {error}
Satg;(I0true) = Sat(api) = S \ {error}
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Example: CTL model checking with fairness ...

start & = 30 VO(lost V del)

= 30-3Q|(—lost A ~del)

try

(lost) (error) (del )
@

fair = O¢ A0del ~~» OOc where Sat(c) = S \ {error}
Satg;(I0true) = Sat(api) = S \ {error}
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Example: CTL model checking with fairness ...

start

try

(lost) (error) (del )
@

& = 30 VO(lost V del)
= 303 |(—lost A ~del)

= OF

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}

235 /168



Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
Ty = 30-3IQ (—lost A ~del)
~ FO0-J0a

(lost) (error) (del )
@

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}
Satgir(30a)
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
Ty = 30-3IQ (—lost A ~del)
~ FO0-J0a

(lost) (error) (del )
@

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satp(I0true) = Sat(ag;) = S \ {error}
Satei(A0a) = Sat(AO( a A agir )
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
Ty = 30-3IQ (—lost A ~del)
~ FO0-J0a

(lost) (error) (del )
@

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}

Satei(I0a) = Sat(30((a A agir])
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Example: CTL model checking with fairness ...
& = 30 VO(lost V del)
= 3030 (—lost A ~del)
~ FO0-J0a

(error
@)

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}
Satg;(30a) = Sat(3O( a A agir ) = {start, lost, del}

lost
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Example: CTL model checking with fairness ...

& = 30 VO(lost V del)
= 3030 (—lost A ~del)
~ FOI0d0a

(error
@)

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satp(I0true) = Sat(ag;) = S \ {error}

Satg;(A0a) = Sat(3O( a A agir ) = {start, lost, del}
Satgi(—30a)

lost
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
= 3030 (—lost A ~del)
~ FOI0d0a

try

(lost) (error) ((del )
@

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(I0true) = Sat(ag;) = S\ {error}

Satg;(A0a) = Sat(3O( a A agir ) = {start, lost, del}
Satg; (-30a) = {try, error}
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
= 3030 (—lost A ~del)

~ FOI0d0a
(lost) (error) (del ) s 30b

try

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satp(I0true) = Sat(ag;) = S \ {error}

Satg;(A0a) = Sat(3O( a A agir ) = {start, lost, del}
Satg; (-30a) = {try, error} = Sat(b)
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
Ty = 30-3IQ (—lost A ~del)
~ 3O ~Ja

(lost) (error) (del ) s 30b

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)
Satfa,-,(EI()b)
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Example: CTL model checking with fairness ...

start & = 3O VO (lost V del)
Ty = 30-3IQ (—lost A ~del)
~ 3O ~Ja

(lost) (error) (del ) s 30b

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)
Satei(30b) = Sat(30 (bA agir) )
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Example: CTL model checking with fairness ...

start

try

& = 30 VO(lost V del)

(lost) (error) ((del )
@

= 3030 (—lost A ~del)
~ 3O ~Ja

~ 30b

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)

Satfa,-,(EIO b)

= Sat(30

(b A afair)

)
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Example: CTL model checking with fairness ...

start

try

& = 30 VO(lost V del)
= 3030 (—lost A ~del)
~ 3O ~Ja

(lost) (error) ((del )
@)

~ 30b

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)

Satfa,-,(EIO b)

= Sat(30

(b A afair)

)
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Example: CTL model checking with fairness ...

lost

(error

@)

~ 30b

& = 30 VO(lost V del)
= 3030 (—lost A ~del)
~ 3O ~Ja

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)

Satfa,-,(EIO b)

= Sat(3Q|(b A agir)

)

= {start, try, lost, del}
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Example: CTL model checking with fairness ...

& = 30 VO(lost V del)
= 3030 (—lost A ~del)

~ 3O ~Ja
(error

~ 30b
O

fair = 0O 30del ~» OOc where Sat(c) = S\ {error}
Satgi(m3AQa) = {try, error} = Sat(b)
Satei(30b) = Sat(30 (bA agir) )

= {start, try, lost, del}

lost
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = 0OOb

%) {a, b}
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = 0OOb

{aa b) afair}
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = 0OOb

s FEVYO(a A agir)
{aa b) afair}
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = OOb

s FEVYO(a A agir)
{3, b, afair} ) |=fair VOa
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = OOb

s FEVYO(a A agir)
{3, b, afair} ) |=fair VOa

but correct is:

s|:fa,‘, VOa Iff 7
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Correct or wrong? CTLRATRA.4-32

s Epir VOa iff s EVYO(a A agir)

wrong.

fair = 0OOb

s FEVYO(a A agir)
{3, b, afair} ) |=fair VOa

but correct is:

s Eeir VOa iff s EVO(agir — a)
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;

correct
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct

s Epi- VOa
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct

s |=fair VOa iff s |=fair ﬂaoﬂa
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct
s |=fair VOa iff s |=fair ﬂaoﬂa
iff s pir 302
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct
s Frir VOa iff s g 2302
iff s pir 302
iff s & 3A0(—a A agi)
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct

s Frir VOa iff s g 2302
iff s pir 302
iff s & 3A0(—a A agi)
iff s = -30(—a A api)
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Correct or wrong? CTLRAIRA.4-325

s i VOa iff s | VO(ag, — a)

iff there is no state s’ reachable
from s with s’ = —a A ag;,

correct
s Frir VOa iff s g 2302
iff s pir 302
iff s & 3A0(—a A agi)
iff sE-30(—aAap,) = VO(ap, — a)
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summary CTLFAIRA.4-32A

We just saw:

s Erir VQa iff s EVO(agi — a)
s Epir VOa iff s |EVO(ag; — a)
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Correct or wrong? CTLFATRA.A-324

We just saw:

s Erir VQa iff s EVO(agi — a)
s Epir VOa iff s |EVO(ag; — a)

Is the following statement correct ?

s Esir V(bU a) iff s |=V(bU(agir — a))
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Correct or wrong? CTLFATRA.A-324

We just saw:

s Erir VQa iff s EVO(agi — a)
s Epir VOa iff s |EVO(ag; — a)

Is the following statement correct ?

s Esir V(bU a) iff s |=V(bU(agir — a))

wrong.
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0OOb

{a} {b}
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0OOb
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0O0b
s |= ElO( (303) A afair)
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0O0b
s |= ElO( (303) A afair)

regard s — s

272/168



Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0O0b
s |= ElO( (303) A afair)

regard s — s

{b} S béfair EIOEIOa
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong. fair = 0O0b
s |= ElO( (303) A afair)

regard s — s

{b} S béfair EIOEIOa
(note Satg;(30a) = @)
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Correct or wrong? CTLRATRA.4-33

s Eai- 30302 iff s = 3IO((02) A agir)

wrong.

s Epir A(aWe) iff s = 3I(aW(c A api))

remind: W = weak until
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Correct or wrong? CTLRATRA.4-33

s Eai- 30302 iff s = 3IO((02) A agir)

wrong.

s Epir A(aWe) iff s = 3I(aW(c A api))

remind: W = weak until

wrong.
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong.

s Epir A(aWe) iff s = 3I(aW(c A api))

remind: W = weak until

wrong.

B{a}

fair = 0O0Ob
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong.

s Epir A(aWe) iff s = 3I(aW(c A api))

remind: W = weak until

wrong.

fair = 0O0Ob

B{a} S |= EI(aW( A afair))
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Correct or wrong? CTLRATRA.4-33

s Erir A03A02 iff s EIAO((02) A agir)

wrong.

s Epir A(aWe) iff s = 3I(aW(c A api))

remind: W = weak until

wrong.

fair = 0O0Ob

B{a} S |= EI(aW( A afair))
s Fpir A(aWc)
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Summary: fairness in CTL CTLRAIR.4-34

CTL fairness assumptions: formulas similar to LTL

e.g., fair= A (O0V; — 0O0®))

1<i<k
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CTL fairness assumptions: formulas similar to LTL

e.g., fair = /\ (D(}‘V,‘ — DO¢,‘)
1<i<k
CTL satisfaction relation with fairness:
s Egir Ao iff there exists m € Paths(s) with

m = fair and w |Egi @
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CTL fairness assumptions: formulas similar to LTL

e.g., fair = /\ (D(}‘V,‘ — DO¢,‘)
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CTL satisfaction relation with fairness:
s Egir Ao iff there exists m € Paths(s) with

m = fair and w |Egi @
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e d0, AU, VO, VO via CTL model checker
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CTL fairness assumptions: formulas similar to LTL

e.g., fair = /\ (D(}‘V,‘ — DO¢,‘)
1<i<k
CTL satisfaction relation with fairness:
s Egir Ao iff there exists m € Paths(s) with

m = fair and w |Egi @

model checking for CTL with fairness:

e d0, AU, VO, VO via CTL model checker
e analysis of SCCs for d01, YU
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Summary: fairness in CTL CTLRAIR.4-34

CTL fairness assumptions: formulas similar to LTL

e.g., fair = /\ (D(}‘V,‘ — DO¢,‘)
1<i<k
CTL satisfaction relation with fairness:
s Egir Ao iff there exists m € Paths(s) with

m = fair and w |Egi @

model checking for CTL with fairness:
e d0, AU, VO, VO via CTL model checker
e analysis of SCCs for d01, YU
e complexity: O(size(T) - |®| - |fairl)
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