Propositional logic on examples



Satisfiability with truth table

Example formula:

¢ :=-(a— (bV —0c))

a— (bV-c)
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Satisfiability with semantical algorithm

Evallap) = alp)

Eval(a, —A) = —Eval(a, A)

Eval(a, AV B) = Eval(a,A)V Eval(a, B)

Eval(o, ANB) = Eval(e, A) A Eval(a, B)
Eval(a,A— B) = Eval(a,-A) V Eval(e, B)
Eval(o,A+ B) = Eval(o, A— B) A Eval( ,A<+ B)



Satisfiability with semantical algorithm

Example formula:

¢ :=-(a— (bV—c))

» v:a=0,b=0,c=0:
» Eval(a,—(a — (bV —c))) = Eval(a,a — (b V —c))
Eval(a,a — (b V —¢)) = Eval(a, —a) V Eval(a, b V —¢)
Eval(a, —a) = —Eval(a,a) = 1
Eval(a, bV —¢) = Eval(a, b) V Eval(a, —¢))
Eval(co, b) = 0
Eval(a, ~c) = —Eval(e,c) =1
Eval(a, bV —c) =1
Eval(o,a — (bV —c)) =1
Eval(a, ~(a — (bV —c))) =0



NNF conversion

Only operators —, V, A, negation only in front of atomic
propositions.

Example formula:

¢ :=-(a— (bV —0))

—(a—(bV —c))
= =(-aV(bV-0))
= —(-aVvbV-c)
= aA-bAc



CNF conversion: The exponential way

CNF: Ni=1,..., n\/_/ 1,..., mlij

Example formula:

=(aAnb)V(-cA(dVe))

(anb)V(—cA(dVe))

(aV (—eA(dVe)))A(bV (mcA(d V e)))

(aV (mend) V (mcAe))A(bV (meAd) V (—c Ae))
(aV eV (—cne)) A(aVvdV (—che))A
(

(

(

bV =cV (—che))A(bVdV (—che))
aVv-cV-oc)A(av-cVe)A(avdV-c)A(aVdVeA
bV -=cV-c)A(bV-cVe)AN(bVdV—c)A(bVdVe)



CNF conversion: Tseitin's encoding

Example formula:
¢p:=(anb)V(-cA(dVe))

> a1 &> (32 vV 33)
(anb)

> a3 <> (0Cc A aa)
(

dVe)

> a3 <>

> a4 <

> a3



CNF conversion: Tseitin's encoding

> he(p1V p2)
=(h=(pVp2) A (h(p1V p2))
=(=hV(prVp2)) A (hV—(p1Vp2))
=(hvpVvp) A (hV(=p1A-p2))
=(hvpvp) A (hVop) A (Vo)

(P1 A p2)

(h—(p1 A p2)) A (h(p1 A p2))
(=hV (p1 A p2)) A (hV =(p1 A p2))
(=hvp) A (=hvp2) A (hV=p1Vope)



CNF conversion: Tseitin's encoding

¢p:=(anb)V(-cA(dVe))

h< (p1Vp2)=(=hVp1Vp2)A(hV=p1)A(hV—p)
h < (pLAp2) = (=hVp1) AN(=hV p2) A(hV =p1V —p2)

(—|31 V ayV 83) /\(al V —|22) /\(al V —|a3)
(max V a) A(—axV b)  A(azV—aV -b)
(—az V —c) A(—azV as) A(azVcV —ag)
(maavdve) AlaaV-d) AlasV—e)

ai < (32 vV 33)
a < (anb)
az <> (mc A aa)
ag < (dVe)



CNF conversion: Tseitin's encoding

¢p:=(anb)V(-cA(dVe))

CNF(¢) =
(—\31 Vay V 83) A (31 V —\32) A (31 vV —|a3)
(maz V a) A (maxVb) A (a2V-aVv-b)
(a3 V —c) A (mazVas) A (azVcV-as)
(mragsvdve) A (aaV-d) A (asV-—e)
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Resolution

(Ll ) (L)
Choood 1)

Examples:

(avb) (—aVe)
(bVc)
(avb) (—aVvb)
(b)
(avb) (—av-b)
(true)
(a) (=2

)

>

>

>



Resolution: completeness

(aVP)N...AN(@aVP)A(maVQ)A...(maV Qm)AR
&
(Pl\/Ql)/\.../\(Pl\/Qm)/\...(Pn\/Ql)/\...(Pn\/Qm)/\R

Similar: Quantifier elimination

¢ < ¢[true/a] V ¢[false/a]



