Layered Reduction for Abstract Probabilistic Automata*

Arpit Sharma®

Joost-Pieter Katoen!

Software Modeling and Verification Group, RWTH Aachen University, Germany

Abstract

Abstract probabilistic automata (APAs) constitute a
complete abstraction and specification theory for proba-
bilistic automata (PAs) [7, 8]. APA specifications sup-
port compositionality together with a step-wise refinement
methodology, and thus are useful for component-oriented
design and analysis of randomized distributed systems. This
paper proposes a state-space reduction technique for such
systems that are modeled as a network of acyclic APAs.
Our technique is based on the notion of layered transforma-
tion. We propose a layered composition operator for acyclic
APAs, and prove the communication closed layer (CCL)
laws. Next, we define a partial order (po) equivalence
between acyclic APAs, and show that it enables perform-
ing layered transformation within the framework of CCL
laws. We also show the preservation of extremal reachabil-
ity probabilities under this transformation.

1 Introduction

A probabilistic automaton (PA) resembles a labeled tran-
sition system (LTS) [23], but its transitions target prob-
ability distributions over states instead of single states.
PAs have been developed by Segala [28, 29] and are
compositional-a parallel composition operator allows one
to construct a complex PA from several component PAs run-
ning in parallel, thus allowing to model complex systems in
a modular way. PAs are widely used for the modeling and
verification of randomized distributed algorithms and net-
working protocols. They have been used as semantic model
for amongst others probabilistic process algebras [27] and
the PIOA language [6].

Recently, abstract probabilistic automata (APAs) [7, 8]
have been proposed as a powerful abstraction and spec-
ification formalism for (sets of) PAs. In an APA, sets
of distributions are abstracted by using constraint func-
tions. Action-labeled transitions of an APA are typed either
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“must” or “may*. Hence, APAs can be seen as a combi-
nation of modal transition systems (MTSs) [21] and con-
straint Markov chains (CMCs) [5]. The theory of APAs is
equipped with parallel and conjunction operators, and al-
lows comparing two APAs using a refinement relation. A
satisfaction relation is used to check whether a PA is an im-
plementation of a given APA. APA specifications are useful
for component-oriented design and analysis of randomized
distributed systems. In this setting, a high-level model of
the system which abstracts from the implementation details
is constructed and used for the verification of interesting
properties. A correct implementation can be obtained by
applying a series of refinement steps. Model construction
involves composing several components in parallel, where
each component usually has multiple sub-components that
are executed in a sequential manner. Components cooper-
ate through their synchronization over common actions and
through their respective action dependencies. Action de-
pendencies between sub-components can be either explic-
itly stated or derived from the operations performed on data
variables that are updated during an action execution (in
case of APA with data). Some example systems that have
this structure are distributed algorithms such as the random-
ized mutual exclusion algorithm by Kushilevitz and Rabin
[19], Fischer’s real-time mutual exclusion protocol [16], the
two phase commit protocol [4], and the distributed mini-
mum weight spanning tree algorithm [12]. Composing sev-
eral components using parallel composition naturally leads
to the problem of state-space explosion, where the number
of states grows exponentially in the number of parallel com-
ponents. The importance of probabilistic specification theo-
ries, and techniques for combating the state-space explosion
problem has also been pointed out by Henzinger and Sifakis
in [14].

In [32], a layered analysis of Kushilevitz and Rabin’s
randomized mutual exclusion algorithm [19] has been car-
ried out. The underlying model on which layered transfor-
mations have been applied is a PA. We modeled this case
study using the PRISM model checker [20]. The results
for 3 processes and 5 rounds are summarised in Table 1 and
show a state-space reduction by a factor three. These results



clearly indicate that layered reasoning can significantly re-
duce the state space of system models capturing the behav-
ior of randomized distributed algorithms. In addition, lay-
ering has been successfully applied to obtain easier correct-
ness proofs for various distributed systems [15, 16, 17, 18].
Motivated by this, we propose a state-space reduction tech-
nique for a network of acyclic APAs based on the notion of
layering. The main principle is illustrated in Fig. 1. Here
two APA components M and N are composed in parallel
(left), where each component consists of n sub-components
which are executed in a sequential manner (denoted by ;).
The system obtained after performing layered transforma-
tion is shown in Fig. 1 (right). Note that all the sub-
components of M and N need to be acyclic, but we do al-
low top-level recursion in M and N (as indicated by *). In
other words, every component can have multiple rounds of
execution, where a new round is started only when the last
sub-component of the previous round has been completed.
This is important as deadlock states are usually considered
to be undesirable for models of distributed algorithms.

Roughly speaking, layering exploits the independence
between sub-components to transform the system under
consideration from a distributed representation to a layered
representation. A layered composition operator e’ is used
to denote the layered representation of the system. Infor-
mally, A7 e N5 allows synchronization on common actions
and interleaving on disjoint actions, except when some ac-
tion a of N5 depends on one or more actions of N7; in this
case, a can be executed only after all the actions of A7 on
which it depends have been executed. This new compo-
sition operator allows formulating Communication Closed
Layer (CCL) laws [11, 15], which are required to carry out
the structural transformations and establish an equivalence
between the two systems. Since the sub-components within
a component are executed sequentially, a partial order rela-
tion is proposed to relate the e and ; (sequential composi-
tion) operators. The reduced system obtained as a result of
applying layered transformation can be used for analysis,
provided it preserves a rich class of properties of interest.
Probabilistic reachability is one of the most important quan-
titative properties in the area of probabilistic model check-
ing [2]. Therefore, we focus on proving that the reduced
system preserves maximum (resp. minimum) probability to
reach its set of final states. As a result, probabilistic reach-
ability properties can be checked on the layered, typically
smaller, model.

Contributions. More specifically, the main contribu-
tions of this paper are as follows:

e We define the notions of abstract execution and real-
isation, which are subsequently used to compare the
behaviour of acyclic APAs.

e We define the layered () and sequential (;) compo-

Parallel Layered

Build time (s) 898.70 90.39
# States 198063 71619

# Transitions 351432 128920

Table 1. Parallel vs. layered composition

sition operator, and formulate communication closed
layer (CCL) laws for acyclic APAs.

e We define the partial order (po) equivalence between
acyclic APAs, show that e is po-equivalent to ;, and
prove that po-equivalence preserves maximum (resp.
minimum) probabilities to reach the set of final states.

e Finally, we show how state space reduction can be
achieved by replacing e with ; within the framework
of CCL laws.

Related work

APA. Abstract Probabilistic Automata (APAs) were
originally defined in [7, 8]. In [8], a complete abstraction
and specification theory for PAs was proposed. This the-
ory was later extended to support specifications over dis-
similar alphabets, some additional operators, and an APA-
embedding of Interface Automata [9]. A tool implement-
ing this theory was reported in [10]. Recently, composi-
tional abstraction techniques for APAs have been proposed,
which are based on the notion of common combined tran-
sitions [31]. The theory presented in this paper is based on
the APA model introduced in [8].

Layering. The decomposition of a distributed program
into communication closed layers to simplify its analysis
has been originally proposed in [11]. In [17], a layered
composition operator and various algebraic transformation
rules have been introduced to simplify the analysis of dis-
tributed database systems. Some other examples where lay-
ering techniques have been applied for the analysis of dis-
tributed systems can be found in [15, 16, 18]. An extension
of layering operator and CCL laws to the real-time setting
has been proposed in [16]. Layered composition for timed
automata has been investigated in [25]. In [26], layering
based structural transformations have been applied for eas-
ier verification of Fischer’s real-time mutual exclusion pro-
tocol. In the probabilistic context, layering has been applied
to the consensus problem to prove complexity lower bounds
[24]. The layered composition operator and probabilistic
counterparts of the CCL laws have been defined for the PA
model [32]. As mentioned before, the feasibility of this ap-
proach has been demonstrated on a randomized mutual ex-
clusion algorithm. Most recently, the theory of layering has
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Figure 1. Layered reduction

been extended to modal transition systems (MTSs) [30]. In
[30], it has been shown that layering can be used for state-
space reduction of distributed systems that are modeled as
a network of acyclic MTSs. Our results can be viewed as
an extension of the layering for PAs [32] and MTSs [30] to
APAs.

Organisation of the paper. Section 2 briefly recalls the
basic concepts of PAs and APAs. Section 3 presents the
satisfaction and refinement relations for APAs. Section 4
discusses the composition operators for APAs, and intro-
duces CCL laws. Section 5 defines po-equivalence between
APAs, and proves that po-equivalence preserves maximum
(resp. minimum) reachability probabilities. Section 6 dis-
cusses the possible extensions of our results. Finally, Sec-
tion 7 concludes the paper.

2 Preliminaries

Let S be a countable set. The function p : S — [0, 1] is
a distribution on S if >~ .o p(s) = 1. Let Dist(S) denote
the set of distributions on S and supp(u) = {s € S|u(s) >
0} be the support of .

2.1 Probabilistic Automata

Definition 1 [PA] A probabilistic automaton (PA) is a tuple
P = (S, s0,Sf, Act, V'), where:

e S is a finite set of states,
e 5o € S is the initial state,
e Sy C S isthe set of final states where sy ¢ Sy,

e Act is a finite set of actions,

V S\ S5 x Act x Dist(S) — By is a two-valued
transition function.

Here B, = {1, T}, with L < T. V(s,a,u) identifies
the transition of the automaton: T indicates its presence
and | indicates its absence. We write s —%» i, whenever
V(s,a, ) = T. Intuitively, PAs are very similar to LTSs,
with the only difference that the target of each transition is
a distribution over states instead of just a single next state.

Let act(s) denote the set of enabled actions from state s,
ie., act(s) = {a € Act | 3p : V(s,a,pu) # L}, A
possible behaviour of a PA is obtained from the resolution
of non-deterministic and probabilistic choices, described in
terms of paths. A path m of PA P is a (possibly infinite)
sequence of the form m = spaj 1 S1a2p252a3u3 . .. where
Vn i sy = tpa1, and pn g1 (spe1) > 0. Let last(n)
denote the last state of 7 (if 7 is finite). Let || be the length
(number of actions) of a finite path 7r. For infinite path 7 and
any i € N, let 7[i] = s;, the (¢ + 1)-st state of 7. For finite
path 7 of length n, 7[i] is only defined for i < n and de-
fined as for infinite paths. Let Paths f;, (P) be the set of all
finite paths in PA P, and Paths;, ¢ (P) the set of all infinite

paths of P that start in state sq. Let Paths?ifn (P) be the set
of all finite paths of P that start in state sy and end in some
state s € Sf.

An adversary D of PA P maps a finite path m of P to a
pair (a, i) or to A, such that if D(7) = (a,u) for some
a € Act and u € Dist(S), then last(r) - p, and if
there is no a € Act and i € Dist(S) s.t. last(m) = p
then D(r) = A, where A denotes the terminal action.
We restrict the class of adversaries to the class of admis-
sible history-independent adversaries [13]. An adversary
D is called history-independent iff last(7) = last(n’) =
D(w) = D(x') for any finite paths 7 and 7’. Since our in-
terest is in probabilistic reachability of PAs, it is sufficient
to consider history-independent adversaries [2]. Such ad-
versaries are also known as memoryless schedulers. Ad-
missible adversaries avoid the problem of unrealistic up-
per and lower bounds for the probability values [13]. For
PA P, let Paths?m (P) be the set of all finite paths, and

Paths) ;(P) the set of all infinite paths of 7 under D
that start in state sp. Let Adv(P) be the set of all ad-

missible history-independent adversaries of PA P. Let
Paths?i’,f 7(P) be the set of all finite paths under D that
start in state sy and end in some state s € Sy. For

D € Adv(P) let the probability measure Prob” be de-
fined over Pathsﬁ ¥ (P) in the following way. Let function

A : Paths¥,, (P) x Paths¥,,(P) — [0,1] be defined for
two finite paths 7, 7’ € Paths}?m (P):

w(s’) if ' is of the form 7 —=£ " and

D(m) = (a, p)
0 otherwise.
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The probability PP () for any finite path = where 7 €
Paths?m (P) and |7r| = n is now defined as follows:

1 ifn=0

A([0], 7[1]) -
A(m[n — 1], 7[n])

PP(r) =
otherwise.

The cylinder of a finite path 7 is defined as follows:

eyl®(m) = {x’ € Paths}, ;(P) | wis a prefix of 7'},



and let FP is the smallest o-field containing {cyl? () |
TE Paths}?m(P)}. Next, we define Prob” on FP as the
unique measure such that Prob” (cyl(w)) = PP (r) for all
T e Paths?m (P).

Definition 2 PA P = (S, s0, Sy, Act, V) is deterministic,
if for every state s and action a we have: |{u € Dist(S) |
V(s,a,p) # L} <1

In this paper, we focus on maximum reachability proba-
bilities (resp. minimum) of reaching the set of final states
Sy C Sin a PA, over all possible adversaries. Maximum
reachability probabilities are defined as follows:

PRer(S;) = sup  PP(Sy)

DeAdv(P)

PP(Sy) = > PP (m)

D,S
nEPaths; f(p)

Minimum reachability probabilities are defined in an analo-
gous manner.

Example 1 Consider the PA P in Fig. 2 (right), where
S = {so,s1,52,5¢}, Act = {a,b,c}, s¢ is the initial
state, and Sy = {sy}. Here sy can move with action a
to s1 and s9 with probability 0.3 and 0.7, respectively. An
example finite path 7 is soap1s1cusicuasabussy, where
Ml(sl) = 0.3,/11(82) = 0.7,/12(81) = O.Q,MQ(SQ) = 0.8,
and p3(sy) = 1. We have |r| = 4, and 7[2] = s;. Itis easy
to check that P is deterministic and cyclic.

2.2 Abstract Probabilistic Automata

Let ¢ be an arithmetic expression over variables whose
values are in S. We call ¢ a constraint function. We re-
quire that for every variable in the arithmetic expression of
, there exists a distribution y that satisfies ¢ s.t. the value
of the variable is nonzero. For example, we do not allow
constraint function ¢, = 1 > 0.7 A 22 < 0.3 Axg =
0Azo+ x1 + x2 = 1, since for every distribution p that
satisfies ¢, the value of g = 0. Let C'(S) be the set of all
allowed constraint functions defined on S. Let Sat(y) de-
note the set of distributions that satisfy constraint function
. Note that we do not restrict ourselves to linear constraint
functions, as polynomial constraints are needed for defining
layered and parallel composition.

Definition 3 [APA] An abstract PA (APA) is a tuple N' =
(S, s0,S¢, Act, V') such that:

e S, 50, Sy and Act are defined as before,

o V: S\ Sy x Act x C(S) — Bs is a three-valued
state-constraint function.

Yoe=20<04Nz9+21=1
p.=21>0TAN2z0+21=1

Figure 2. An APA \ (left) and a PA P (right)
that satisfies \/

Here Bs = {L,7, T} denotes a complete lattice with the
following ordering . < 7 < T and meet I and join L
operators. V (s, a, ) identifies the transition of the automa-
ton: T, ? and L indicate a must, a may and absence of
transition respectively. For simplicity we write s - 1 ¢
instead of V'(s,a,p) = T. Similarly, we write s %+ ¢
instead of V(s,a, ) = 7. Let act(s) denote the set of en-
abled actions from state s, i.e., act(s) = {a € Act | Jp :
V(s,a,0) # L}.

Note that a PA is an APA where every transition is a
must-transition and for each constraint function ¢, the num-
ber of distributions in Sat(p) equals one, i.e., |Sat(p)| =
1. Thus, every PA is an APA. Similarly an APA where every
may and must transition jump to the next state with proba-
bility one is a modal transition system (MTS) [21].

Definition 4 APA N = (S, so, Sy, Act, V) is determinis-
tic, if for every state s and action a we have: |{¢ € C(S5) |
Vis,a,¢) # L} < L.

From now on, we only consider deterministic APAs, as they
are sufficient for modeling the behavior of typical random-
ized distributed algorithms [15]. Let (a, ¢)(s) denote the
set of states in a deterministic APA N that can be reached
from state s in one step by performing action a with con-
straint . Formally, (a,¢)(s) = {s' € S| V(s,a,¢) #
1 A3 € Sat(y) : u(s") > 0}. An abstract execution p of
an APA N is a (possibly infinite) sequence of the form p =
50010181A20252033 . .., Where Vn @ 8, =" + 0, 1
or s, —5 5 ni1, and 8,41 € (Anat1, Pnr1)(sn). Let
Ezecsin(N) be the set of all finite abstract executions, and
Execin(N) the set of all infinite abstract executions of N

that start in state so. Let Emec?ifn () be the set of all finite
abstract executions of A/ that start in state sg, and end in
some state s € Sy. Let Ewecy,, (N) be the set of all finite
abstract executions that start in state s, and |p| the length
(number of actions) of a finite abstract execution p. For in-
finite abstract execution p and any ¢ € N, let p[i] = s;, the
(i 4 1)-st state of p. For finite abstract execution p of length
n, pli] is only defined for ¢ < n and defined as in the case
of infinite abstract executions. Let last(p) denote the last



state of p (if p is finite).

Example 2 Consider the APA N in Fig. 2 (left), where
S = {so,s1,82,57}, Act = {a,b,c}, s is the initial
state, and Sy = {sy}. Here sy has one outgoing transi-
tion: a must a-transition (s, a, ¢, ). Similarly, s; has two
outgoing transitions: a must c-transition (s1,c¢,¢,), and
a may b-transition (sq,b,1). Note that A/ is determinis-
tic and cyclic. An example finite abstract execution p is
80apLS1Cp.8109, 82 With |p| = 3, and p[2] = 1.

3 Satisfaction and Refinement

This section presents the notions of satisfaction and re-
Jfinement originally introduced in [8]. A satisfaction relation
allows to relate a PA (implementation) with an APA (spec-
ification). A refinement relation is used to compare APAs
w.r.t. their sets of implementations. We also define the no-
tions of realisation and maximum (resp. minimum) proba-
bilities of reaching the set of final states computed over all
the implementations of an APA .

Definition 5 [Simulation relation [8]] Let S and S’ be non-
empty sets of states. Given p € Dist(S), p' € Dist(S’),
a function § : S — (S — [0,1]), and a binary relation
R C S x 5, pis simulated by ' with respect to R and d,
denoted as p €%, y/, iff

e forall s € S, if u(s) > 0, then §(s) € Dist(S"),
o forall s € ', cqu(s)-d(s)(s") = p'(s'), and
e if (s)(s’) > 0, then (s,s") € R.

We write u € p/ iff there exists a function ¢ such that
I @‘5R 1/, Such ¢ is called a correspondence function.

Definition 6 [Satisfaction] Let P = (.5, s, Sy, Act, V') be
aPAand V' = (', 53, S}, Act, V') bean APA. R C Sx S’
is a satisfaction relation iff, for any (s, s’) € R, the follow-
ing conditions hold:

e Va € Act Vg € CO(8") : VI(s'sa, ) = T = 3 €
Dist(S) : V(s,a,u) = T and 3’ € Sat(y’) such
that 4 €g 1/,

e Va € Act,Vu € Dist(S) : V(s,a,u) =T = 3¢’ €
C(S") : V(s a,¢") # L and I’ € Sat(y’) such
that u € 1/,

e s€Sres €S

We say that P satisfies N, denoted P |= N, iff there exists
a satisfaction relation relating so and s{,. If P = N, P is
called an implementation of N

Intuitively, a state s in PA P satisfies state s’ in APA N
iff any must transition of s’ is matched by a transition of
s agreeing on the probability distributions specified by the
constraint, and s does not contain any transitions without
a corresponding transition (may or must) in s’. In addi-
tion, final states in P can only be related to final states
in A and vice versa. Let [N] = {P | P E N},
the set of implementations of N. Let P € [N], and
T = Spaijt1S1a2/2S2 ... Sy be a finite path of P, i.e.,
7w € Pathsyi,(P). 7 is said to be a realisation of p =
S0a1p151a29282 . .. S, Where p € Execs;n(N), denoted
mEp, ifVi <n:pip1 € Sat(piy1). An implementation
P € [N] is said to be realisable, if P is deterministic and
Vr € Pathsyin(P)3p € Execrin(N) : 7 = p.

Example 3 The PA P in Fig. 2 (right) is an implementation
of the APA N in Fig. 2 (left). It is easy to check that there
exists a satisfaction relation relating initial states of P and
N. Note that in this example, for every implementation P
of NV, Sy # & (since the value of x1 is always greater than 0
and s has a must-b transition moving to sy with probability
1). Finite path 7 = spapisicuesicusse of PA P (Fig.
2 (right)) is a realisation of finite abstract execution p =
Soap1s1cpasicpase of N (Fig. 2 (left)), where py, po and
13 are defined as in Example 1. It can be checked that P is
a realisable implementation of N (since P is deterministic
and every finite path 7 of P is a realisation of some finite
abstract execution p in \).

Note that for a deterministic APA N, if a path 7 €
Paths ¢, (P) where P € [N] is a realisation of some fi-
nite abstract execution p € Execy;,(N), then it cannot be
a realisation of another finite abstract execution of .

Definition 7 [Refinement] Let N' = (S, so, Sy, Act, V)
and N7 = (5,54, 5%, Act, V') be APAs. R C S x S
is a strong refinement relation iff, for all (s,s’) € R, the
following conditions hold:

e Va € ActVy' € C(S").V'(s',a,¢') =T = Jp €
C(S).V(s,a,) = T and there exists a correspon-
dence function 6 : S — (S — [0,1]) such that
Vu € Sat(p).3u’ € Sat(y') with u €% 1/,

o Va € ActVy € C(S).V(s,a,9) # L = F¢' €
C(S8").V'(s',a,¢") # L and there exists a correspon-
dence function 6 : S — (5" — [0,1]) such that
Yu € Sat(p).3u’ € Sat(y') with p €% /.

e s€Sre s €S
N strongly refines A/, denoted N <g N”, iff there exists a
strong refinement relation relating sg and s;,.

Intuitively, a state s in APA A strongly refines state s’ in
APA N iff any must transition of s’ is matched by a tran-
sition of s agreeing on the probability distributions speci-
fied by the constraint, and s does not contain any transitions



(may or must) without a corresponding transition (may or
must) in s’. In addition, final states in A can only be re-
lated to final states in /7 and vice versa.

Definition 8 [Refinement equivalence] APAs N and N’
are refinement equivalent, denoted N = N7, iff N' <g N’
and N/ =g N.

Since strong refinement implies inclusion of sets of imple-
mentations, if A" and N are refinement equivalent, they
have the same set of implementations, i.e., [N] = [N]
[8].

Remark 1 A satisfaction relation can be seen as a special
case of refinement relation. In simple words, if P satisfies
N, then P also strongly refines N (since every PA is an
APA and all the three conditions of strong refinement are
satisfied).

Assumptions. For the rest of the paper, we assume:

1. Every APA is acyclic and consistent. An APA is con-
sistent iff it admits at least one implementation [8].

2. Every APA has a single final state, i.e., =1, and
all its states (except the final state) have at least one
outgoing transition.

3. Dependencies between actions of different compo-
nents are known in advance.

The acyclicity assumption is required to establish an equiv-
alence between the layered operator (o) and sequential op-
erator (;). This restriction is less limiting than may appear
at first sight, since in many distributed systems the sub-
components/phases are acyclic [15]. As mentioned before,
we do allow the algorithm to be executed multiple times,
i.e., top-level recursion is allowed. The second assumption
ensures that deadlock states (which are usually undesirable)
are absent. The dependency relation between actions of
sub-components/phases can be either explicitly stated or de-
rived from the operations performed on data variables that
are updated during an action execution [15]. For instance,
aread access to a shared variable depends on a write access
of that variable.

Next, we define the maximum reachability probabilities
(resp. minimum) of reaching the set of final states, deter-
mined over all the implementations of an APA N. Intu-
itively, this means that for each implementation P € [N,
we are interested in computing the maximum (resp. mini-
mum) probability to reach the set of states Sy. Finally, we
would compute the maximum (resp. minimum) probability
over all the implementations. More formally it is defined as
follows:

P (Sy) = sup Pp**(Sy)
Pe[N]
Minimum reachability probabilities are defined in an analo-
gous manner.

Ye=20>04N21 >0A20+21 =1

Figure 3. APAs N, and VN, (left) and their se-
quential composition (right)

4 Composition and CCL Laws

In this section we define composition operators that en-
able to combine two APAs. We propose sequential, and lay-
ered composition operators, and recall parallel composition
from [8]. The framework of CCL laws is also formulated,
which is required for carrying out the layered transforma-
tions.

Definition 9 [Sequential composition] Given APAs N; =
(Si, 500, {sfi}, Acti, Vi), where ¢ € {1,2} with S; N .Sy =
@. Their sequential composition, denoted N7; Na, is the
APA (S, 801,{5f2},ACt1 U ACtQ,V), where S = 5; \
{sp1}USzand V = V] U V5. Here V] = Vi [sp2 < sy1] is
defined by V{(s,a,¢’) = Vi(s,a, ) with ¢’ the new con-
straint in C(S) s.t. for any p, p € Sat(p) iff there exists
W' € Sat(¢") with

(s ) wu(s')if 8" # sp1, and
W (so2) = u(sy1) otherwise.

Intuitively, the sequential composition of two APAs A7 and
N3 requires executing the actions of \; followed by actions
of NV. Note that all the incoming transitions to state s 71 are
redirected to so2. Here, sq1, s 2 are the new initial and final
states in the resulting APA N7; N>, respectively.

Definition 10 [Parallel composition [8]] Given APAs \/; =
(Si, 500, {sfi}, Acti, Vi), where ¢ € {1,2} with S; N .Sy =
@. Their parallel composition, denoted N | |N2, is the APA
(Sl X SQ, (S()l, S()Q), {(Sfl, ng)}, ACtl @] ACtQ, V) where
V' is defined by:

e For all (s,s') € S; x Sa, a € Acty N Acty, if
there exists ¢ € C(S1) and ¢’ € C(S2), such
that Vi(s,a,¢) # L and Va(s',a,¢’) # L, define
V((s5,5),0,8) = Va(s,a,9) 1 Va(s',a, ') with &
the new constraint in C'(S; X Sg) s.t. i € Sat(p) iff
there exists u € Sat(p) and ¢/ € Sat(¢’) such that
a(u,v) = p(u) - p'(v) forallu € Sy and v € So. If
either for all ¢ € C(S), we have Vi (s,a,p) = L, or
Vo' € C(S2), we have Va(s',a,¢") = L then for all
P e C(S1 x52),V((s,s),a,¢0) = L.



e Forall (s,s') € S1 x Sy, a € Acty \ Acta, and for
all o € C(5y), define V((s,s'),a,9) = Vi(s,a, )
with ¢ the new constraint in C(S; x S2) such that i1 €
Sat(p) iff forall u € Sy and v # ¢, fi(u,v) = 0 and
the distribution y : t — i(t, s’) is in Sat(p).

e Forall (s,s") € S1 x Sz, a’ € Acty \ Acty and for all
@ € O(Sy), define V((s,s'),a’',@") = Va(s',a’,¢)
with ¢’ the new constraint in C'(S; x S2) such that
i’ € Sat(@')iff forallu # sandv € So, i/ (u,v) =0
and the distribution p/ : ' — [’ (s, t’) is in Sat(¢’).

Parallel composition forces synchronization on all common
actions and interleaving on disjoint actions. Note that the
synchronization of two must transitions results in a must
transition, and composing may-must, must-may and may-
may transitions results in a may transition.

Next, we introduce the notion of action independence
which is subsequently used to define layered composition.
The dependency between actions a and b is denoted a 1 b.
Two additional requirements for the dependency relation
are that it is reflexive and symmetric. Two distinct actions
that are not dependent are said to be independent, where
independence is defined as follows:

Definition 11 [Action independence] For an APA N =
(S, s0,S¢,Act, V'), actions a,b € Act are said to be in-
dependent, denoted a I b, iff for all states s € S with
a,b € act(s) we have:

e Forany s’ € S: 5" € (a,p)(s) = b € act(s'),
e Forany s’ € S:s' € (b,¢')(s) = a € act(s’), and
e Forany s’ € S:

- Vp € Execy,,,(N) : p = saps'byp's” =
3p" € Execy,,,(N) : p' = sby's'aps”.

- Vp € Exec};,,(N) : p = sbp's'aps” =
3p' € Execy,,,(N) : p' = saps'by’s".

The first two conditions assert that a and b should not dis-
able each other. The last condition asserts that the same
state should be reached from s in two steps by either per-
forming a followed by b, or by performing b followed by a.
Let act(s) { a denote Vb € act(s) : b1 a. Note that this
notion of action independence is a purely syntactic notion,
and —in contrast to action independence in partial-order re-
duction [1]— does not take the transition probabilities into
account.

Definition 12 APAs N7 and N3 are independent, denoted
N1 1 Na, iff every action of N is independent of every
action of NVs in N7 ||Ns.

Let s = s’ denote that state s is reachable from s through
an arbitrary finite sequence of transitions in APA V. In
other words, s = s’ denote that there exists a finite abstract
execution p € Exec},, (N) with last(p) = s'.

Definition 13 [Layered composition] Given APAs N; =
(Si, 50i; {sfi}, Acti, Vi), where ¢ € {1,2} with S; N Sy =
@. Their layered composition, denoted N1 e N5, is the APA
(Sl X S, (501, 802), {(Sfl, ng)}, Acty U Acto, V) where
V is defined by:

e The first two clauses are the same as for Def. 10, i.e.,
parallel composition.

e Forall (s,s") € S1 x Sz, a’ € Acty \ Acty and for all
¢ € C(S7):

1. IfVs* : s =5 s* : act(s*)Ta’ in N7|| N2, then we
define V((s,s’),a’,@") = Va(s',d/,¢") with ¢’
the new constraint in C'(S; x S2) such that i’ €
Sat(p') iff for all u # s, v € Sa, /' (u,v) = 0,
the distribution i : ¢/ +— fi/(s, ') is in Sat(y’).

2. If 3s* : s 25 s* : act(s*) T a’ in N1||Na, then
V@' € C(S1 x S2) let V((s,s'),d',¢") = L.

The crux of the definition of layered composition lies in the
last clause. The first part of this clause defines V' in the same
way as for parallel composition, in case the action in N5 is
independent of all actions enabled in states reachable from
the current state in ;. The second part of this clause en-
sures that in case an action a’ in N3 depends on one or more
actions in /7, then it cannot be executed before all the ac-
tions in \V; (on which it depends) have taken place. In other
words, layered composition restricts the asynchronous in-
terleaving (for the right component), to only those actions
of the right component, which are independent to the ac-
tions of the left component.

Remark 2 Note that the parallel and layered composition
of two APAs with linear constraint functions may lead to an
APA whose constraints are polynomial.

Example 4 The sequential composition of two APAs
N1, N3 (Fig. 3 (left and middle)) is shown in Fig. 3 (right).
The parallel composition of A7, N3 is shown in Fig. 4 (left).
If we assume that actions a, d are dependent in N7 || N2,
then layered composition of A7, s is illustrated in Fig. 4
(right). Note that d cannot be executed before a in N7 e Ns.
To keep the figures simple, we do not show constraint func-
tions obtained after composing the two systems.

Next, we use the above mentioned composition operators
for formulating the communication closed layer (CCL) laws
as follows:



Theorem 1 [CCL laws] For APAs N7, N, M1, and Mo,
with N7 T My and M 1 N, the following communication
closed layer (CCL) equivalences hold:

Ni o My = Ny || M (IND)

(N1 @ No)[[M2 = Ny e (NV2||Ms) (CCL-L)

(N1 e NL)||IM1 = (N1|| M) e N3 (CCL-R)

(N1 @ No)[[(M1 @ M) = (N1|[M1) e (N2||M2) (CCL)

S Partial Order Equivalence and Property
Preservation

This section defines the notion of partial order equiv-
alence (=;,,) between APAs which is used to prove that
if two APAs are po-equivalent then their maximum (resp.
minimum) probabilities to reach the set of final states co-
incide. We start this section by showing that to obtain the
maximum (resp. minimum) reachability probabilities for an
APA N, it suffices to consider only those implementations
that are realisable, i.e., deterministic and satisfy the follow-
ing condition: every finite path of the implementation is a
realisation of some finite abstract execution of .

Proposition 1 Let A/ be an APA. Then we have:

suppepny PP (Sf) = supgepny P& (Sf)
where Q is realisable.

The above mentioned result can be easily extended to min-
imum reachability probabilities. From now on, we use [A/]
to denote the set of implementations of A that are realis-
able. For APAs N7 and N, let N = N7 e A5. Then we
define NV \$¥"¢ as the APA obtained from A s.t. it does not
have any synchronized transitions (which are present in N
as a result of synchronization over the common actions).
Intuitively, this means that abstract executions in A with
synchronized transitions can be rewritten in N \*¥"¢ such
that for every synchronized transition there is a correspond-
ing sequence of transitions in A/\*¥"¢ obtained by allowing
interleaving on common actions. For example, let A have
a may a-transition which is a result of synchronization of a
must a-transition (from N7), and a may a-transition (from
N3). In this case N\*¥"¢ will have a corresponding’ se-
quence of transitions, i.e., a must a-transition (from A7)
followed by a may a-transition (from N3). This transfor-
mation is required as we want to establish the result that
layered composition is po-equivalent to sequential compo-
sition. Note that sequential composition of two APAs does
not have synchronized transitions. This means that for any

N = Ni; Na, it holds AN\svne = A/,

n fact, if we would not restrict ourselves to deterministic APAs, then
two corresponding transition sequences making a diamond shape would be
obtained in N \s¥7¢,

Figure 4. Parallel composition \;||\; (left)
and layered composition N; e \; (right) where
atd

Theorem 2 For APAs N7 and N5, let NV = A e N5. Then
we have VP € [N]VD € Adv(P)vr € Paths7,,(P) :
3P € [N\W]ID’ € Adv(P')3n' € Pathst, (P') :
PP(x) = PP ().

In stated words, this theorem says that reasoning about
N\syne ingtead of A is not a restriction, as the probabilistic
behaviour of A/ (w.r.t. its implementations) is completely
mimicked by A\svne,

Definition 14 [po-equivalence] Let N7 and N3 be two
APAs with transition functions V7 and V5 respectively. Let
p1 € Execyin (Nl\sync) and py € Ezecyin (Ng\sync). Then
p1 =po p2 iff there exist finite abstract executions p’, p”" and
e, dy with ¢; # dy s.t. the following holds:

o p1 = plcrpisdipap” A pa = p'dipas’ciprp”, where
C1 idl

b %(laSt(p/)acla 501) - ‘/2(8/,01, 501) A Vl(sadlvch)
= Va(last(p'), d1, p2).

o Vi < o] Vi(siyaiv1, @iv1) = Va(sis @1, Qig1)-

o V(Ip'[+2) <i < (Ip'[+]p"]+2) : Vi(si, @i, pit1)
= Va(si, aiv1, Qiv1)-

»»» called po-equivalence, denote the reflexive, transi-
tive closure of =,.

%
Let =

Stated in words, if two finite abstract executions p1, p2 are
po-equivalent, then p; can be obtained from po by repeated
permutation of adjacent independent actions. Note that the
last two conditions of Def. 14 are required to ensure that
if for example p’ = sgc1p151d1pasy where ¢ is a must
transition and d; is a may transition in NV, fsync, then ¢y, dy
are also must and may transitions in A,**". This notion
of po-equivalence is similar to Mazurkiewicz trace theory
[22].



Definition 15 [Layered normal form] Let .Sy be the set of
final states in (N @ N3)\*¥"¢. Then p eExec?fﬁ((Nl °
N2)\$¥7¢) is in layered normal form (LNF) iff it first con-

secutively executes actions of A/; (until A/} has terminated
in Sy1), and thereafter consecutively executes actions of

No.

Let EzecyF (N1 o Ng)\sy”c) be the set of all finite ab-
stract executions in Execf (N1 ® No)\*¥me) that are in
LNEFE. Next we show that for each finite abstract execution
of EJC@C?{"( (N7 @ N5)\*¥™¢) a po-equivalent abstract ex-
ceution in LNF does exist.

Lemma 1 [LNF existence] Let N7, N be two APAs.
Then we have Vp € Emec?ifn((J\/’l o No)\sume)3p ¢
Execy P (N1 o N2)\#m¢) such that p =3, /.

Next, we define partial order equivalence between APAs.

Definition 16 [po-equivalence for APAs] Two APAs
N1, Ny are said to be po-equivalent denoted, Ny =;,, N,

iff for i € {1,2}: Vp; € Execfm(N\éy"C)Elp 3. €

S i syn
Exec;])” (N32Y") such that p, =, P3—i.
Theorem3 For any two APAs N7, N>, it holds: Nj e
NQ _[)O Nl ) N2

Proposition 2 Let N7, N5 and M be three APAs such that
N1 =3, Na. Then we have:

MMy =], No||[ My

Theorem 4 [Property preservation] Let Nj, N5 be two
APAs with set of final states S, and Syo respectively. If

N1 =5, N> then we have:
BRee(Sp) = PR (Sr2)
P (Sp1) = PRE"(Sy2)

In simple words this theorem states that if two APAs are
po-equivalent, then their maximum (resp. minimum) reach-
ability probabilities computed over all the implementations
coincide. The results of Theorem 3, Proposition 2 and The-
orem 4 enable us to replace ; with e and vice versa. This
replacement along with CCL laws (Theorem 1) can be used
for state space reduction as follows:

State space reduction. Let A7, N5 and M; be three
APAs, and N = (N71;N3)||Mj. Let us say we want to
compute P**(Sy) or Pir™(Sy). Here, Sy is the set of
final states in . Assume M7 § N>, and V7, N>, M each
consist of 20 states. In this case N7; N> has 39 states which

combined with the 20 states of M gives 780 states. We
can transform NV in the following way:

(N No)[[ My
=00 Theorem 3, Proposition 2
(N o No)|| My
= CCL-R
(Mi[[M1) e N2
=0 Theorem 3
(M [[M1); Ne

Note that the transformed system, i.e., (N7||M1); N2 has
419 states.

6 Possible Extensions

In this section we briefly discuss the extension of our
results to an APA equipped with data variables and rewards.

APA with data. An APA N can be extended with data
variables such that whenever an action is executed its as-
sociated data variables are updated according to an assign-
ment. These data variables can take values in some finite
range D. The definitions of satisfaction, and refinement can
be slightly modified by imposing an extra condition that en-
sures that related states have the same data valuations. For
an APA with data, two actions are said to be dependent if
one of the two writes a variable that is read or written by
the other action. More formally, two actions a and b are
dependent, denoted a { b, iff Write(b) N Read(a) # & or
Write(a) N Read(b) # @& or Write(a) N Write(b) # @.
Here, Write(a) denotes the set of data variables written by
the action a. Similarly, Read(a) denotes the set of data
variables read by the action a. Using this dependency rela-
tion, our theory can be applied to APAs with data. We do
not go into details on these matters here, however, refer the
interested reader to [3, 15, 32].

APA with rewards. Rewards are useful for computing,
for instance, the resource consumption in a PA under an ad-
versary D. For example in a communication system where
a sender and a receiver can transfer messages via an un-
reliable channel, in this case an interesting measure of in-
terest is the maximum (resp. minimum) expected number
of attempts to send a message until correct delivery. An
APA N can be extended with rewards by augmenting state
and action pairs, i.e., (s,a) with rewards, which are non-
negative real-valued numbers. This intuitively means that
in every implementation of N/, the state and action pairs
corresponding to some state and action pair in " also have
the same reward associated with them. The reward associ-
ated with a state and action pair, i.e., (s, a) is earned only
when the state s is left by executing an action a. In this set-
ting, the expected reward earned along a finite path 7 of PA



‘P (under some adversary D) before reaching the final state
is obtained by taking the product of PP () and the total re-
ward earned along 7. The preservation results presented in
this paper can be extended to APA with rewards, i.e., if two
APAs are po-equivalent, then their maximum (resp. min-
imum) expected rewards earned before reaching the set of
final states computed over all the implementations coincide.

7 Conclusion

This paper presented a state-space reduction technique
for a network of acyclic APAs, based on the notion of layer-
ing. We proposed a layered composition operator, and for-
mulated communication closed layer (CCL) laws. Next, we
defined the partial order (po) equivalence between acyclic
APAs, and proved that if two APAs are po-equivalent, then
their probabilities to reach the set of final states computed
over all the implementations coincide. Finally, we dis-
cussed the possible extensions of our results.
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