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Abstract. We present a new game-based abstraction technique for prob-
abilistic automata (PA). The key idea is to use distribution-based ab-
straction — preserving novel distribution-based (alternating) simulation
relations — rather than classical state-based abstraction. These abstrac-
tions yield (simple) probabilistic game automata (PGA), turn-based 2
player stochastic games in which moves of both players — as opposed to
classical stochastic games — yield distributions over states. As distribution-
based (alternating) simulation relations are pre-congruences for compos-
ite PGA, abstraction can be done compositionally. Our abstraction yields
tighter upper and lower bounds on (extremal) reachability probabilities
than state-based abstraction. This shows the potential superiority over
state-based abstraction of PA and Markov decision processes.

1 Introduction

Probabilistic automata [1] (PA) extend labelled transition systems by allowing
targets of transitions to be distributions over states rather than simply states. As
transitions emanating from a state can be equally labelled, PA slightly generalize
Markov decision processes (MDPs). This enables a natural way of putting PA
in parallel. Due to the presence of non-determinism and discrete probabilistic
branching, PA are convenient for modelling randomized distributed algorithms
and security protocols. They are also popular semantic models for probabilistic
process algebras and form the backbone of the PIOA language.

To combat the well-known state space explosion problem, abstractions of PA that
go beyond bisimulation have received quite some attention. Whereas abstract
PA [2—4] build upon concepts from modal transition systems and constraint func-
tions, [5] uses three-valued abstraction yielding interval Markov chains, while
[6] aggregates MDPs by separating the non-determinism in the MDPs from
that introduced by abstraction. This naturally yields turn-based stochastic 2-
player games [7, 8], where one player controls the non-determinism in the MDPs,
whereas the other is in charge of the non-determinism from the abstraction.
Game-based MDPs abstraction yields upper and lower bounds on reachability
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probabilities, and significantly improves standard MDPs model checking as evi-
dently shown by several case studies [6]. Besides, this game-based abstraction is
optimal in the sense of abstract interpretation [9].

Although the aforementioned abstraction techniques are different in nature, they
have in common that the abstraction is state-based. That is to say, abstract
models simulate concrete models in a step-wise manner [10]. The key idea in
this paper is to treat distributions rather than states as first-class citizens, and
relax state-based simulation to distribution-based simulations. Our abstractions
yield (simple) probabilistic game automata (PGA), turn-based 2-player stochas-
tic games in which moves of both players — as opposed to classical stochastic
games (SGs) [7,8] — yield distributions over states. The new abstraction tech-
nique yields tighter upper and lower bounds on (extremal) reachability proba-
bilities than state-based abstraction. This shows the potential superiority over
state-based game-based MDP abstraction [6], and puts the optimality result
of [9] in perspective.

Abstract models are probabilistic game automata (PGA), in fact simplified ver-
sions of the games in [11]. These games feature action-labelled transitions, in
which every player non-deterministically makes a move and randomly picks the
next state. We define two distribution-based pre-orders between abstract and
concrete PGA: simulation and alternating simulation relations. Simulation rela-
tions are of interest when both players have identical objectives, whereas alter-
nating simulation relations are useful for competitive objectives. Both relations
are shown to be pre-congruences w.r.t. parallel composition of (a class of) PGA,
enabling compositional abstraction of P(G)A. The pre-orders are the key to
distribution-based abstraction, a technique distinguishing the non-deterministic
behaviour of concrete distributions from that of the distributions induced by
the abstraction. This enables merging concrete distributions having similar be-
haviour in the abstraction.

Put in a nutshell, the major contributions of this paper are: (1) a distribution-
based abstraction framework of PA using a slight generalisation of stochastic
games, (2) elementary results for distribution-based (alternating) simulation re-
lations such as congruence properties and comparison to state-based simulation,
and (3) distribution-based abstraction yields tighter bounds for extremal reach-
ability probabilities than state-based abstraction.

Organization. Section 2 sets the ground for this paper and introduces SGs
and PGA. Section 3 and 4 present (alternating) simulation relations for PGA.
Section 5 treats two abstraction techniques. Section 6 presents game composi-
tion and the fact that abstraction is compositional. Section 7 presents results
on bounding extremal reachability probabilities for PA. Section 8 discusses the
special case of MDPs abstraction and compares to [6] while Section 9 concludes.



2 Preliminaries

Distributions. A distribution u is a function on a countable set S iff y: S —
[0,1] and 0 < > g pu(s) < 1; its support set is given as Supp(u) = {s € S |
p(s) > 0}; and its mass w.r.t. set 5" C S is given as pu(S") = > o u(s). Let
|| = (S) denote the size of the distribution u; p is a full distribution iff |u| = 1,
otherwise, it is a sub-distribution. Let Dist(S) denote the set of distributions over
S. Let ¢ € Dist(S) denote the Dirac distribution for s € S, i.e, t5(s) = 1. A
distribution p” can be split into sub-distributions p and pu/, say, represented as
p'=p@u, il p’(s) = u(s)+ u'(s) for s € S. Since @ is associative and com-
mutative, we use the notation € for finite sums. A distribution is sometimes
represented as u = [u(s)s | s € Supp(u)], where [ and ]| differentiate a set of
probabilities from an ordinary set. For 0 < ¢ < 1, ¢ denotes the distribution
defined by: (c-u)(s) = ¢ u(s). For a distribution u, the conditional distribution

w.r.t. a set A C Supp(u) is given as: p,(s) = L‘((j‘)) for s€ A, and p),(s) =0 if
s ¢ A; if A= Supp(u), we omit A and simply write p,.

Probability measures and spaces. Let 2 be a non-empty set and F C 2.
Fisaofieldon 21iff: (1) e F; (2) Ae F=NAeF; (3) A1,A5,A;,... €
F = U;>; 4i € F. The elements of F are measurable sets and (£2,F) is a
measurable space. A function Pr : F — [0, 1] is a probability measure on (§2, F)
iff Pr(2) = 1 and if Ay, Ay, ... are disjoint elements in F, then Pr(|J, 4;) =
> Pr(4;). (92, F,Pr) is called a measurable space. For any A C F, there exists
a unique smallest o-field that contains A [12]; and given that A satisfies certain
conditions [12], a probability measure defined on A can be uniquely extended to
the o-field containing A.

Probabilistic Automata (PA). PA [1]is an
extension of labelled transition systems (LT'S)
in which the target of any action-labelled tran-
sition is a distribution over states instead of
a single state. Let UAct be a countable uni-
verse actions including the internal action 7.
Formally,

Definition 1. A Probabilistic Automaton is
a tuple M = (S, A, A, sg) where S is a non-
empty, countable set of states with initial state
s0 €5; ACUAct; and A C S x A x Dist(S)
is a set of transitions.

Fig. 1: A PA.

In the sequel, M = (S, A, A, s0) is assumed to be a finitely branching PA.

Stochastic Games (SGs). A 2-player SG [7, 8] is a game of chance played be-
tween two players, say, player 1 and player 2. The game arena is a bipartite graph
— having, say, S; and S5 as sets of vertices — in which each player owns a specific
set of vertices; say, the players 1 and 2 own S7 and Ss respectively. The game is



Fig.2: A PA M (left) and its embedding G = apa (M) (right)

started by player 1 and evolves in a turn-based fashion. Starting from the initial
state in S7, player 1 non-deterministically chooses an action-distribution pair.
Based on the selected distribution a state in So, say ss, is randomly selected and
control is passed to player 2. Player 2 non-deterministically selects an enabled
action in sg, uniquely picks a successor of s; and passes control back to player
1. This goes on until some goal is achieved either by player 1 or player 2.

Definition 2. A Stochastic Game is a tuple G = (S, {S1, 52}, A, A, so) where S
is a non-empty, countable set of states, partitioned into S1 and Se, with sg € S1;
A CUAct; and A C (S1 x AxDist(S3))U(S2 x AxD(S7)) is a set of probabilistic
transitions where D(S1) C Dist(S1) is the set of Dirac distributions over Si.

We often denote (s,a, 1) € A by s % p and Act(s) as the set of enabled actions
from state s, i.e., Act(s) = {a € A | 3u € Dist(S) : s = pu}. We assume that a
game is started by player 1 and |Act(s)| > 0 for s € S. Note that PA are SGs in

which Vs € Sy, a,b€ A: (s 5 puAs RN v) implies 1 = v and |Supp(p)| = 1.

Simple Probabilistic Game Automata (PGA). In SGs, player 1 moves
yield distributions over states, while player 2 moves yield states. In PGA, player
2 moves also yield distributions over states.

Definition 3. A Simple Probabilistic Game Automaton is a tuple G = (S, {51,
Sat, A, A, sg) where S, S1, Sa, A and so are as for SGs, and A C Sy4, X A X
Dist(S2—4) where x is a bit.

Our PGA are simplified versions of the probabilistic game automata in [11]. SGs
are a subclass of PGA in which Dist(S;) is a set of Dirac distributions. In the
sequel, let G = (5,{51, 52}, 4, A, sp) be a finitely branching PGA. For depict-
ing PGA we represent states in S; and Sy as rectangles and double rectangles
respectively. In case of PA, states are circles. In the following, we show how a
PA can be embedded into a PGA. For a state s € S, let 5 be a copy of s.



Definition 4. For PA M, the bijective embedding function « : S — S5 induces
the PGA a(M) = G = (S, {51, S5}, A", A sp)) where A’ = A, St = {s' | s’ €
S5} — 81 is a copy of Sb —, sy = a(sg) and for every s’ € S4:

185 iffa(s") S uoand p' (') = p(a= (")) for all u' € Sh,
2. 5" 5 1 iff a=1(s') € Supp(u) for some u € S such that (u,a, ) € A in M.

In the sequel, aps denotes an embedding function for PA.

Ezample 1. Let G = apa(M) (see Fig. 2) with Sy = {to,...,t6} and S =

{vo,...,v6}, agj(ti) = s;, and t; = v;, for ¢ = 0 to 6. For convenience, the
s; states are depicted inside the corresponding states v; and t We have e.g.,
vy B ' with ¢/ (t1) = {5 and u '(t3) = 35 and t; Y vy and t3 > vs, as in PA M

we have sy 2 u with u(sl) = & and u(s;;) =35

Paths. If |Act(s)| > 1 for state s, a non-deterministic choice among the en-
abled actions in s occurs. A path in a PGA represents a particular resolu-
tion of non-determinism by players 1 and 2 at each state, as well as a reso-

lution of the probabilistic choices. Formally, a path from s;, € S} is given as:
G19:H11¢ @29:129

T = S1, S2, 81, ... where s;, € S;, a;, € Act(s;, ), i, € Dist(S;),
p1, (s2,) > 0 and pg, (s1,,,) > 0 for all i € {1,2} and k > 0; if & < £’ for some
k' € NT, then 7 is called finite path, otherwise infinite path. For a finite path
Tin, let last,;(wﬁn) denote the last state in S; for ¢ € {1,2} in mg,. Let Pathg, (G)
and Path;,;(G) denote the set of finite and infinite paths in a PGA G respec-
tively, and Paths(G) = Pathg, (G) U Pathiye(G).

Schedulers. In order to analyse reachability properties on G, we resolve non-
determinism at all game states by means of a scheduler (also known as policy,
strategy or adversary). Let k; be the scheduler for S;, ¢ € {1,2}. We consider
deterministic memoryless (DM) schedulers as they suffice for reachability proba-
bilities on PGA [11]. DM-schedulers select an action-distribution pair only on the
basis of the current state. More specifically, for bit =, a deterministic scheduler
K(1+2) Maps a finite path mg, to a pair in Act(last(144)(Tan)) X Dist(Se—a));
and a memoryless scheduler r ;. assures that for finite paths 7, and 7g,,
last(142)(Tan) = last(144) (7, ) implies K44y (Tan) = K(14a) (Thy)-

A path 7 under a pair of DM-schedulers (1, k) is of the form 7 = s, —22°

S2, 220:H20, s1,... where k;(s;,) = (as,,pq,) for i € {1,2} and k& > 0. Let

Paths;} (G) be the set of paths of PGA G under DM-schedulers (k1,x2). The
DM-schedulers (k1,%2) on PGA G induce a countably infinite Markov chain.
This allows us to construct a measurable space (Pathsy} (G), F/1, Pryl) over the
(infinite) paths of G under (k1, 2). The problem of computing reachability prob-
abilities on G reduces to a stochastic shortest path problem [13,14] (for details, see
Section 7). As reachability analysis is performed on closed versions of systems,

we define a function that yields closed versions of PGA.

Definition 5. For PGA G, let PGA 7(G) = G' = (5, {51, 54}, A', A s()) with
S'=8,sy=s0, A ={r} and A ={(s,7,p) | (s,a,p) € A}.



Combined hyper transitions. We adapt hyper and combined transitions —
convex combinations of sets of transitions — for PA [1,15] to PGA which are
later on used in definitions.

Definition 6. For PGA G with s € S and u € Dist(S), we write:

- u % n is a hyper transition iff n = @{u(s) - p | Is € Supp(u) : s = p}. Let
A(p,a) = {n | 3n € Dist(S) : u = n}.

- 5 5.1 is a combined transition iff there is a finite indeved set {(c;,n:)}ier
such that s = n; and ¢; € Rxo forallic I, ,c;ci=1andn =, ci i

- u 5. m is a combined hyper transition iff n = @{u(s) - p | 3s € Supp(p) :
s 5 p}

Simulation. The notion of simulation for probabilistic processes [10] is a pre-
order on the state space requiring that whenever state u simulates state s, then
u can mimic the stepwise behaviour of s but may have more behaviour. This
notion can be lifted to distributions over states using weight functions [10]:

Definition 7. Let S be a finite, non-empty set of states, and let p, ' € Dist(S5).
For RC S x S, p is simulated by p/ w.r.t. R, denoted pRy/', iff there exists a
weight function § : SxS — [0, 1] such that for allu,v € S:(1) 6(u,v) > 0 = uRv,

(2) Xoses 0(u, 8) = p(u) and (3) 3 cs0(s,v) = p'(v).
We now recall Segala’s probabilistic simulation relation [1] for PA.

Definition 8. R C S xS is a simulation relation for PA M iff for every sRs’,
s % p implies s' . p' with uRy'. Let <y, be the largest simulation relation.

We can lift <p, to PA in the usual way: M <., M’ for PA M and M’, with
initial states so and s, iff sg <pa s in the disjoint union of M and M’. In the
sequel, we will adopt this convention to all simulation relations.

3 Simulation Relations on Stochastic Games

Simulation relations are typically defined over the states of models; however, in
the probabilistic setting, coarser relations have been considered over the distri-
butions over states [1,16,17]. We define simulation relations for PGA, that are
state-based as well as distribution-based, and prove them to be pre-orders. Later
on, these relations form the basis to compare a PGA with its abstraction.

Definition 9. R C {J;c(y 0y 5; x 5 is a state-based simulation (SBS) relation

on PGA G iff for every sRs', s = u implies s' %S¢ ' with pRy'. Let <g, be the
largest SBS relation.

This asserts that for sRs’, an a-transition from s implies a combined a-transition
from s’ such that the resulting distributions are related as by Def. 7. It is not
difficult to show that <, is a preorder. Moreover, <g, = <pa for PA.



Definition 10. R C (J;c(y 2 Dist(5;) x Dist(5;) is a distribution-based simu-
lation (DBS) relation on PGA G iff for every Ry, (1) i =By cgupp(ur) Ko
W (s") = |ps| and py Ry, (2) w5 p implies ' % p' such that |p| < |p| and
piRpi. Let <qp be the largest DBS relation. We write s <qp 8" iff ts <db Ls -

By constraint (1), p splits into sub-distributions as per the support of /', i.e.,
for every s’ € Supp(y'), there exists a sub-distribution u, of p such that the
conditional distribution of g, is related to ¢ss. By constraint (2), an a-transition
from p to some p implies a combined a-transition from u’ to p’ such that the
mass of p’ is at least that of p and their conditional distributions are related.

Ezample 2. In Fig. 3, u = [0.3s3,0.354, 0.455] <ab tsy a8 B = {(tsy, tsy)s (Lsgs ss),
([0.3s3,0.354,0.455], ts, ), ([0.5s1, 0.5s2]], [0.581,0.582]) } is a DBS relation. Let us
check the conditions of Def. 10 for u and ¢s,. The constraint (1) trivially holds
for p and t¢s,. For the a-transition from p to p = [0.3s1,0.3s2], there is an a-
transition from ¢, to p’ = [0.551,0.5s2] such that |p| < |p’| and p;Rp’. The
same holds for the b-transitions from g and ¢s,, thus fulfilling constraint (2).
Note that no SBS relation exists associating s with any other state in Fig. 3.

4 Alternating Simulation Relations

To compare two-player stochastic games with
competitive objectives (e.g., if player 1 max-
imises the probability to reach a certain goal
state, her opponent (player 2) will try to min-
imize this quantity), we use alternating sim-
ulation relations. Our state-based alternating
simulation relations are inspired by the no- Fig.3: [0.5s3,0.554] <ap s, but
tions of alternating simulation [18] and strong s; Asb So for i € {3,4}.
probabilistic game simulation [19].

Definition 11. R C J;cq1 015 X S; is a state-based alternating simulation
(SBAS) relation for PGA G iff for every sRs’ the following holds: (1) if s,s" €
Sy, then s % u' implies s 5. p such that uRy', (2) if s,s' € Sy, then s = p
implies s' 5. i’ such that uRy'. Let Zg, be the largest SBAS relation.

Intuitively, in case of player 1 states, the behaviour of s’ is simulated by that of s;
whereas in case of player 2 states, it is the other way round. The first constraint
asserts that if s,s’ € Si, then an a-transition from s’ implies a combined a-
transition from s and the resulting distributions are related with each other by
Def. 7. The second constraint asserts that if s, s’ € Sy, the similar conditions as
in (1) hold for every transition from s. It is easy to show that <, is a preorder.

Remark 1. The strong probabilistic game simulation relation in [19] [Def. 6.10]
is obtained by merging Def. 9 and 11 and lifting them to player 2 states.



Definition 12. R C [J;c(y oy Dist(S;) x Dist(S;) s a distribution-based al-
ternating simulation (DBAS) relation for PGA G iff for every pRy': (1) p =
DB esuppuy B+ sl = 1/(s') and pgryRegr, (2) if p, i’ € Dist(S1), p' = pf
implies 1 5. p such that |p| > |p'| and pLRp, (3) if p,p' € Dist(S2), p 50
implies 1/ % p' such that |p| < |p'| and pLRp| . Let Rap, be the largest DBAS
relation. We write s Zqp 8" iff ts Kb Ls

The constraint (1) is the same as in Def. 10. By constraint (2), if u, u’ € Dist(S1),
then an a-transition from p’ to p’ implies a combined a-transition from u to p
such that the mass of p is at least the mass of p’ and the conditional distribution
of p is in relation R with that of p’. And by constraint (3), if u, ' € Dist(Ss),
the similar conditions as in (2) hold for every transition from p. Note that if
the state space is not partitioned (as for PA), then simulation relations coincide
with alternating simulation relations:

Proposition 1. <, = <! for PA, where x € {sb,db}.
Theorem 1. <g, and <41, are preorders.

Although a state-based (alternating) simulation relation can be lifted from states
to distributions over states (by Def. 7), an example can be constructed showing
state-based (lifted to distributions over states) and distribution-based (alternat-
ing) simulation relations are not ordered in general but for closed PGA.

Proposition 2. <, /Xq, and <ap/Rap are incomparable for PGA; and <g1, /<sp
C <ap/Xap for closed PGA.

At the end of this section, we highlight that if PGA are in a state-based or a
distribution-based relation, their closed versions are also in that relation.

5 Game Abstraction

In this section, we show that PGA can act as appropriate abstract models for
PA. We do so by considering abstractions of PGA that are embeddings of PA.
Let G be a PGA with S = {S1,52}. Intuitively, the state space Sy of G is
partitioned and each partition is represented by a single state in the abstract
state space S5. This step induces a partition of S;. We propose two different
techniques for the partition of S: (a) S; states having similar behaviour under
the player 2 partition S} are grouped (state-based abstraction); (b) the (sub-
)distributions (over Sp) that have similar behaviour are grouped (distribution-
based abstraction). In the sequel, we show that the latter technique is more
precise as well as concise than the former one.

Let (a,7y) be an abstraction-concretization pair such that a : S — S’ is a
surjection and v : S’ — 29 is the corresponding concretization function. That is,
a(s) is the abstract state of s whereas y(s’) is the set of concrete states abstracted
by s’. The abstraction of distribution p is given as a(u)(s’) = u(y(s’)). The
functions « and ~y are lifted to sets of states or sets of distributions in a point-
wise manner.
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Fig.4: For game G (Fig. 2 right), G = as,(G) (left) and G’ = aqp(G) (right).

Definition 13. For PGA G, the state-based abstraction function o : S — S’
induces the PGA a(G) = G’ = (S, {S], S5}, A", A, () where A" = A; S! = a(S;)
fori e {1,2}; Vu',v" € S A(u') = A'(v') implies u' = v'; s, = a(sg) and for
every s’ € S':

1. if s' € Sy, then: (a) s % i iff Vs € y(s') : s = p such that a(p) = i, (b)
Js € y(s') : s 5 p implies ' 5y’ such that a(p) = ',
2. if s € Sh, then: (a) s % ' implies Is € y(s') : s = u such that a(u) = u',
(b) Is € y(s) : s 5 p implies ' ¢ ' such that a(p) = 1.
In the sequel, (asp,Ysp) denotes a pair of state-based abstraction-concretization
functions for PGA.

By constraint (1) all player 1 states in the concrete model whose transitions be-
come similar after abstraction — that can be found by considering their ordinary
transitions instead of combined transitions — are aggregated; thus every state
in S} has a unique set of transitions enabled from it. Besides, (2) transitions
of player 2 abstract states are derived from their concrete states, whose convex
combination simulate the (abstract) transitions of concrete states.

Ezample 3. Let G = ag,(G) (Fig. 4 left) where G is the PGA of Fig. 2 (see page )
with ven(f0) = {to}, vsu(t1) = {t1,ta,t3}, Yen(f2) = {ta,ts} and e (t3) = {te}-
Consider vy, v and vg4, v5 in Sp; the transitions of v; and vy are the same after
abstraction; therefore, they are merged into 7;. The same applies to v4 and vs.
Now consider the transitions from #1; for each concrete transition from ¢;, to
and t3, there is a corresponding abstract transition from ¢;; thus, #; simulates
(according to Def. 9) t1, to and t3 (after abstraction).

Theorem 2. For PGA G, G < as,(G) and G Zgp asp(G)-

Definition 14. For PGA G, the distribution-based abstraction function a :
S — S induces the PGA «(G) = G’ = (5',{S1, 5%}, A", A, s,) where A" = A;
Sl = aS;) fori € {1,2}; Vu', 0" € Si: A(u') = A'(V') implies v’ = v'; sy =
a(so) and for all 1/ € Dist(S’):



1.V ey(W) s =By esuppu) Hs' + W () = | A alps)y = v,
2. if u' € Dist(SY), then:
(a) W =50 iff V€ y(1') : p > n such that |n| = |n'| and a(n), = i
(b) 3 € y(u') = = implies ' =0’ such that |n| = || and a(n), = n],
3. if 1’ € Dist(S%), then:
(a) W' =0 implies 3p € y(1') : = n such that |n| < |n'| and a(n), = e
(b) 3per(i') - p 5 n implies 1’ 2 n' such that |n| < || and a(n), = n-

In the sequel, (g, vap) denotes a pair of distribution-based abstraction-concr-
etization functions for PGA.

As in a state-based abstraction, all player 1 states in a distribution-based ab-
straction of a PGA have a unique set of transitions enabled from them. How-
ever, the distribution-based abstraction differs from the state-based one in sev-
eral ways: (1) asserts the splitting of every concrete distribution p of ' into
sub-distributions as per the support of ', ie., u = @S’ESupp(y/) s, and the
conditional distribution of ug is abstracted by ¢y By (2a), when ' is defined
over S7, then p' has an a-transition to some distribution n’ if its every concrete
distribution p has an a-transition to some distribution n such that the masses
of n and 7’ coincide and (the conditional distribution of) 7 is abstracted by
(that of) n’; moreover, (2b) all transitions from p are present (after abstraction)
from . In fact, all concrete distributions of p’ have similar behaviour after ab-
straction, that can be asserted by considering their ordinary transitions instead
of combined transitions. By (3a), when p’ is defined over S%, then y’ has an
a-transition to some distribution 7’ if a concrete distribution u (of x’) has an
a-transition to some distribution 7 such that the mass of 7’ is at least that of 5
and (the conditional distribution of) 7 is abstracted by (that of) n’. Moreover,
(3b) the transitions of concrete distributions of ' are simulated by the convex
combination of transitions of p’.

Ezample 4. Let G' = aqn(G) (Fig. 4 right) for G in Fig.2 with vap(ty) = {to},
~Yab(ty) = {t1,t2,t3}, vab(th) = {ta,t5} and van(th) = {te}. As the abstract
state space is the same as for the state-based abstraction in the previous ex-
ample, the transitions of concrete states vy and vy are the same after abstrac-
tion; therefore, they are merged into v]. The same applies to vy and vs. Now,
consider the transition vf, — [0.5t;,0.5t5] and its corresponding concrete tran-
sition Vo i> [[O.ltl, 0.3t2, 0.1t3, 0.5t4]]; note that [[O.ltl, 0.3t2,0.1t3,0.5t4]] can be
split into sub-distributions as per the support of [0.5¢],0.5¢5]. Consider the
abstract distribution [0.5¢]] and its concrete distribution [0.1t1,0.3t2, 0.1¢3]); for
[0.1¢1,0.3t2,0.1¢3]; = [0.1v1,0.3vg, 0.1v3] |, there is a [0.5¢, ], . [0.4v,0.1v5];

and [0.1v1,0.3v2,0.1v3]; € vab([0.40],0.1v5],); and for [0.1t1,0.3t2,0.1¢3], LA

[0.1v1,0.1vs], there is a [0.5¢(], LN [0.25v7,0.25v5], and [0.1vy,0.1v3], €
Yan([0.25v1,0.25v5] ). Now consider the b-transition from v} to ¢y ; we have
two concrete b-transitions: from vy to ¢y, and from wve to [0.7¢1,0.3t3]. For

Lty LN Ly, , there is a 1y LY tyr; and for [0.7¢1,0.3t3] LA [0.7v1,0.3v3], there
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Fig.5: For PA M (Fig. 1), G = ag,(apa(M)) (left) and G’ = aap (ap
(right). Considering each probabilistic transition as two transitions, |A
and |S1| = 7; whereas |A’'| = 14 and |S7]| =5
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is a ty LY [0.7v},0.3v5]. Same is the case with a-transitions from ¢, and
[0.7¢1,0.3t5].

In the previous example, only those states in S; whose transitions became the
same after abstraction were aggregated. The next example illustrates that S;
states having different transitions after abstraction can also be aggregated.

Ezample 5. For PA M (Fig. 1), let G = apa (M) be its induced game. Let G =
o (G) (Fig. 5 left) be the state-based abstract model of G with s, (f9) = {to},
Ysb(t1) = {ts}, v (t2) = {t1,t2,t3,ta}, Yo (ts) = {te,t7} and e (ts) = {ts,to}.
Let ¢’ = aqn(G) (Fig.5 right) be the distribution-based abstract model of G
with the same partition as above. Consider the distribution [0.8v1,0.2v5] such
that [0.1v1,0.3v2]; and [0.05v3, 0.05v4]); are the corresponding distributions for
v} and v} respectively. Note that v} L, [0.5t5, 0.5¢4] iff [0.05v3,0.0504] S

tty, [0.5t7,0.5t9]. Similarly, v} by vy iff [0.05v3,0.05v4] by tt,. Moreover, the
concrete distribution ¢,, has the same behaviour as [0.05v3,0.05v4] |, therefore,
v3, v4 and vs are merged into v5. This example shows that distribution-based
abstraction induces more concise models than state-based abstraction. Note that
for PGA G, R = {(s,aan(s) | s € S} is not an SBS relation.

Theorem 3. For PGA G, G <ap aan(G) and G Zap aan(9).

Both Th. 2 and 3 are of importance when showing (in Section 7) that abstraction
provides upper- and lower-bounds on extremal reachability probabilities in PGA
(and thus PA).

Distribution- vs. state-based abstraction. Like for simulation relations,
state-based abstraction is not a special case of distribution-based abstraction.



We observe that for every possible partition of state space, we can have a state-
based abstract model of PGA, but not a distribution-based abstract model;
however, for closed versions of PGA — PGA having A = {7} —, we can have
state-based as well as distribution-based abstract models.

Proposition 3. aqan(7(G)) is well-defined for PGA G.

By the above proposition, we mean that for every partition of state space of
a closed PGA, we can construct a distribution-based abstract model, which is
not the case with other PGA (not closed). However, for some PGA (not closed)
we can have partitions of state space that can define distribution-based abstract
models by aggregating states. Moreover, although we do not aggregate any states
when the partition is S, aqyp, is defined for this partition. In the sequel, we assume
that aqp(G) is defined for PGA G.

Now we prove that distribution-based abstraction is more precise than state-
based abstraction. In fact, when two abstract models, obtained by a state-based
and a distribution-based abstraction, have the same state space; then the latter
one is at least as precise as the former one. Formally,

Theorem 4. For PGA G, as,(S) = aap(S) implies aqn(G) < asp(G) where
<€ {<sb, Zsb}-

6 Composition

We define a composition operator for a class of PGA that can act as abstract
models of PA. The operator is defined in a TCSP-like manner, i.e., it is parametri-
zed by a set of actions that need to be performed simultaneously by both games;
other actions occur autonomously. For distributions p and p/, let the point-wise
product pllp’ : S xS — [0,1] be given as: u||p/(s,s) = p(s) - p'(s') for 5,8 € S.

Definition 15. The parallel composition of PGA G and G’ w.r.t. synchro-
nization set A C (AN A)\{r} is given as: G||3G" = (S x S, {S1 x 51,8 x
S\Sy x Si}, AU A, A, (s0,5))), where for alla € AU A" and (s,s') € S x S,
(5,8") B¢ ul|p iff one of the following holds:

1. if (s,8') € Sy x Sy, then (i) a € A, s B p and s 5 1/, or (ii) a € A,
a oy ’ ;) aq / _
s —=cpand g =g, or (i) a € A', 8" =y and 1y = p,
2. if (5,8') € Sy x Sy, thena € A, s 5. and s' 5. 4,
3. else, (i) s €Sy, s 5 pand 1y = ', or (ii) 8 € Sy, 8" Sy’ and 15 = pu.

Note that the state space of our composite game is disjointly dividable based on
the actions which are enabled. Although, we allow composition of S7(S2) states
with that of S5(S7) states, but only player 2 can make a move in such a state.
(1) asserts that states in S x 57 can either synchronize with each other or act
independently. Note that a state in Sy x S} is only reached by a synchronizing
action performed by players of type 1 in some S; x S state; and (2) asserts that
the next state is reached only by some synchronizing action. (3) tells that for a



state in S(144) X SE2_$), where x is a bit, no synchronization occurs and only
player 2 can make a move independently. Note that such a state can only be
reached by a non-synchronizing action.

Theorem 5. For any set A and x € {sb,db}, <, and <, are pre-congruences
w.r.t. || 5.

Like for APA [4], our state-based and distribution-based abstractions for PGA
are compositional. Intuitively, the composite PGA may be exponentially larger
in size as compared to the composing ones. This problem could be avoided by
applying abstraction prior to composition as illustrated by the following theorem.

Theorem 6. For PGA G and G', synchronization set A and abstraction func-
tions o, ab; 0z(G) || 10 (G) = (axxal)(G]|1G') up to isomorphism, where
x € {sb,db} and a,xal, is defined as (g, xal)(s,s") = (az(s),al(s)).

€T

7 Preservation of Reachability Probabilities

This section presents how optimal (i.e., maximal and minimal) reachability prob-
abilities are preserved under abstraction. We first define some notations and def-
initions. Let Pry} (T') be the probability of the set of paths from the initial state
so that reach some state in 7' C S under schedulers (1, ko) for PGA G.

Definition 16. [11] For PGA G, the optimal probabilities of reaching T C S
for players 1 and 2 are defined as: sup,, inf., Pril(T) and inf, sup,, Pril(T).

Intuitively, the reachability probability to a set T" of target states is optimal for
player 1 under scheduler & iff for every scheduler sy of player 2, inf,, Pry (T) =
sup,,, inf, Pry;} (7). Similarly, we can define optimal reachability probability for
player 2. For PGA G and T C S, we write:

- max" (T) = sup,, inf,, Pri}(T) and max*(T) = sup, sup,, Pril(T)
- min"(T) = inf,, inf,, Pri}(T) and min*(T) = inf,, sup,, Prii(T).

Note that the values max"(7') and min*(7') are the optimal reachability proba-
bilities for players 1 and 2 respectively, which can be achieved by DM-schedulers
[11]. The values max* (T) and min" (T') — for which both players collaborate with
each other — can be obtained similarly. For games with finite state spaces these
values can be computed through value iteration [13,14] or by linear program-
ming.

Let w : S — [0, 1] be a probability valuation function mapping a state s to the
probability of reaching target states 7' C S from s. The probability valuation
functions W = {w | w : S — [0,1]} form a complete lattice (W, <, L, T) with
order <, bottom element L. € W and top element T € W. We write w < w’
iff w(s) < w'(s) forse S. L(s) =0 and T(s) =1 for s € S. Moreover, w can
be lifted from states to distributions over states as w(u) = >, g p(s) - w(s) for
u € Dist(5).



Definition 17. Let PGA 7(G) and T C S. For reachability goals 1,2 € {min,
max} for players 1, 2 respectively, the probability valuation transformer Prt% :
W — W is defined forwe W, s€ S andn € N as:

1 seT, n>0
0 n=0,s¢T
Hw(p) |s > put s€S,n>0
2{w(p)|s > pu} s€S82,n>0

(Prta)" (w)(s) =

For n > 0, when s € 51, then for the next iteration the reachability probability
from s is the optimal value of the set {w(p) | s = u} w.r.t. objective 1; whereas
when s € Sy, it is w.r.t. objective 2. Note that Prt3 is a monotonic function over
W and, by Tarski’s theorem [20], has a least and a greatest fixpoint. This defini-
tion provides the basis to compute reachability probabilities. A similar function
has been defined in [11].

The next theorem shows that simulation/alternating simulation relations be-
tween PGA provide bounds on their reachability probabilities when players col-
laborate/compete with each other. In fact, simulation relations between PGA
bound max* and min" values, and alternating simulation relations max" and
min* values.

Theorem 7. For z € {sb,db}, let PGA G and G’ with G <, G’ and G %, G'.
Let T C S such that T" ={s' € 8’ |Is €T : 5 <, s} and T" = {s' € S |
Is €T :s =X, s'}, then: (1) min¥(T”) < min"(T) and max*(T) < maxA(T"),
(2) min*(T) < min*(7") and max" (T") < max"(T)

As abstractions of PGA preserve simulation and alternating simulation relations,
their optimal probabilities are bounded by their abstract models. This is laid
down in the following corollary, a direct consequence of Th. 2, 3 and 7:

Corollary 1. Let G = apa(M) for PA M, and x € {sb,db} with G’ = a,(G).
Let T C Sy such that T' = a,(T). Then min" (T") < min(T) < min*(T") and
max" (7") < max(7T) < max*(T").

Note that for every s € T, we have s <5 a,(s) and s <, a,(s) for « € {sb,db}.
Moreover, the target states are only player 2 states as they represent the par-
titions of the concrete states of PA. Next, as one of the main results of this
work, we show that distribution-based abstraction of PA is more precise than
state-based abstraction. This result is a direct consequence Th. 4 and 7.

Corollary 2. Let G = apa(M) for PA M, Gy = asp(G) and Gap, = aan(9)
with agy(S) = aqp(S). Let T C Sy such that Ty, = ash(T) and Tay, = agn(T).
Then min(T') < min* (Typ,) < min® (Typ,) and max” (Ty,) < max” (Typ) < max(T).

Ezample 6. The minimum probability in PA M (Fig. 2) to reach state sg is

0.05. By Corollary 1, this probability lies in [0, 0.25] for ag,(G) = G (Fig. 4 left).
Instead, aan(G) = G’ (Fig. 4 right) yields [0, 0.125].



8 Distribution-based Game Abstraction of MDP

In [6], abstract models of Markov decision processes (MDP) are given as stochas-
tic games (SG). These abstractions coincide with our state-based abstractions.
The abstract models of MDP induced by our distribution-based abstraction are
PGA that generalize SG. By Th. 4, our distribution-based abstraction induces
more precise abstract models than state-based abstraction. This shows the su-
periority of our distribution-based abstraction technique over [6]. The following
corollary follows from Def. 5 and Th. 4. It asserts that our distribution-based
abstraction induces more precise abstractions than [6].

Corollary 3. For PA M/, let G = apa(M). If as,(S) = aqp(S), then:
aap(7(G)) <sb asp(7(9)) and aap(T(G)) Rsb asb(7(9)).

One may argue that although PGA-based abstract models of MDP are at least
as precise as SG-based ones this comes at the expense of larger games, — e.g.
more space is required to store the target distributions of player 2 transitions.
The following example shows that for abstracting G — an embedding on MDP
— with agqp(S2) = asp(S2), aan(G) is at least as precise as ag,(G) and |agy (S)] <
|ash ()] (Recall that the same partition of player 2 states does not imply the
same partition for player 1 states, as shown in Example 5).

Ezample 7. The maximum probability in PA M (Fig. 1) to reach states {ss, s9}
equals 0.3. By Corollary 1, this probability lies in [0.25,0.5] for the state-based
abstraction G (Fig. 5 left). Instead, distribution-based abstraction G’ (Fig. 5
right) yields [0.3,0.3]. Moreover, ignoring player 2 transitions — such that the
successor states from player 2 states are decided non-deterministically as in [6]
— yields [0.25,0.5] in G and G’. However, in terms of number of transitions and

states, the size of G is smaller than G (see Fig. 5).

As a side result of our achievement, we put the result of [9][Th. 2] in perspec-
tive: game-based abstraction is the optimal state-based abstraction, but not the
optimal abstraction preserving reachability probabilities.

9 Conclusion

We gave two abstraction techniques — state-based and distribution-based — for
PA, and presented PGA as abstract models for PA. We defined a composition
operator for a class of PGA that act as abstract models for PA; and gave two
notions of simulation and alternating simulation relations for PGA that are pre-
congruences w.r.t. composition. Our distribution-based abstraction is more pre-
cise as well as concise than the one in [19]. Future work includes the application
of this work to practical case studies, and the extension of abstraction-refinement
framework, in [19], for PA.
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