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1 Introduction

Markov automata were introduced in 2010 by Eisentraut, Hermanns and Zhang [§]. The importance
of this model lies in its generality: it supports nondeterminism, probabilistic choice and timing with
exponential rates, as well as external and internal actions. Indeed, LTSs, DTMCs, CTMCs, PAs
and IMCs are all special cases of Markov automata [7]. Furthermore, in [4] Eisentraut, Hermanns,
Katoen and Zhang demonstrated that MAs can express the semantics of all GSPNs (by contrast,
the previous approach with CTMCs is only able to handle the so-called well-defined GSPNs).

Even though MAs are a young formalism, several significant results have already been established.
In [8, ] Eisentraut et al. defined strong, naive weak and weak bisimulations for MAs. Moreover,
[@] introduced the notion of parallel composition on MAs and demonstrated that various flavours
of parallel composition on LTLs, DTMCs, CTMCs, PAs and IMCs can be reduced to the new
operator on MAs. In [Id, £3], Timmer et al. introduced a process algebra for MAs, as well as
the notions of branching bisimulation (a kind of weak bisimulation on the states of an MA) and
confluence reduction (a reduction technique similar to partial order reduction). In [d4] Guck et al.
defined several properties of the states of an MA, of which minimum expected time and minimum
long run average are of particular importance. They also presented algorithms to compute the

aforementioned properties. Other notable publications include [5, G, 2].

1.1 Contribution of the thesis

In the present work, we continue the research into the properties of the various bisimulation re-
lations defined by [@, B, 03]. In particular, we set out to answer the question whether minimum
expected time and minimum long run average [d] are preserved under some or all of the bisimula-
tions. In the process, we also introduce the notions of the bisimulation quotient, quotient schedulers

and computations, and prove several related theorems.

1.2 Outline of the thesis

e In Chapter 2, we introduce preliminary definitions and notation, in most cases consistent
with [, 8, @, [4]. In particular, we introduce Markov automata, related probability spaces

and measures, and, most importantly, several kinds of bisimulations and state properties.

e In Chapter 3, we draw on the ideas of Martin Neuh#ufer [I1] and define quotient automata
under strong bisimulation, as well as quotient schedulers. We then prove that quotient

schedulers preserve the probability of certain sets of paths, called bisimulation-closed sets.

e In Chapters 4 and 5, we use the results of Guck et al. [9], as well as those in Chapter 3,
to prove that minimum expected time and minimum long run average are preserved under

strong bisimulation.



e In Chapter 6, we introduce computations on Markov automata (loosely based on the ideas
of Desharnais et al. in [B]). We prove that there exists a close connection between time-
abstract schedulers and computations. We also define expected time and long run average in

computations, thus enabling us to use computations to prove results about these properties.

e In Chapter 7, we use the results of Chapter 6 to prove that minimum expected time and

minimum long run average are preserved under branching and naive weak bisimulations.

e In Chapter 8, we again use the techniques developed in Chapter 6 to investigate the preserva-
tion of minimum expected time and minimum long run average under weak bisimulation. We
first prove that weak bisimulation preserves minimum long run average. Then we present a
counterexample demonstrating that weak bisimulation does not preserve minimum expected
time in general. Finally, we show that weak bisimulation preserves minimum expected time

under certain conditions.



2 Preliminaries

2.1 Distributions

The terminology and notation described in this section are taken from [, B, @, [d] without signif-

icant changes.

Definition 2.1 (Subdistributions). A subdistribution p over a countable set S is a function
w:S—[0,1]

such that

dou(s) < L

ses
The support of u is the set

Supp(p) = {s€S|u(s)>0}.

For every S’ C S, let

p(s) = D p(s).

seS’

Let |u| = p(S) denote the size of the subdistribution p. We say that p is a full distribution, or
simply a distribution, if |u| = 1.

In order to specify a subdistribution explicitly, we employ the set notation. For example,

p = {(s,0.6),(¢,0.4)}

denotes the distribution such that p (s) = 0.6 and u (¢) = 0.4.

Finally, let Dist (S) and Subdist (S) be the sets of distributions and subdistributions over S,

respectively.

Definition 2.2 (Operations on subdistributions). Let p and p’ be subdistributions. We

define their sum as

provided that Y ¢ (u(s) +p'(s)) < 1.



Furthermore, for every a € Rx>q such that a - |u| < 1, we let a - o (or simply ap) denote the
subdistribution defined by

p(s') s#s

0 s=¢.

Definition 2.3 (Quotient subdistribution). Let y be a subdistribution over S, and let R be an
equivalence relation on S. Then u/R is a subdistribution over S/R such that for every C € S/R,

(W/R)(C) = p(C).

Definition 2.4 (Subdistribution equivalence). Let p and p’ be subdistributions over S, and

‘R an equivalence relation on S. Then, p is equivalent to p/ with respect to R, written p =g p/, if

1/R=p'/R.

2.2 Markov automata

In this section we follow the standard approach of [[@, 8, O, 0] to define Markov automata and

closely related concepts.

Informally speaking, a Markov automaton (MA) consists of a finite set of states and a finite set
of labelled transitions of two kinds: immediate (also called probabilistic) and timed (also called
Markovian). An example of an MA can be seen in Figure O (immediate transitions are depicted
with single arrowheads, timed transitions - with double arrowheads). An immediate transition is
labelled with an action: «, 3, etc., while a timed transition is labelled with a transition rate, which

is a positive real number.

The semantics of immediate transitions is simple: upon entering a state with outgoing transitions
of this kind, a transition to be executed is chosen by a scheduler (schedulers are considered in
Section P) and executed without delay. Note also that an immediate transition leads not to a
single state, but rather to a distribution over the states, which is the principal difference between

MAs and IMCs.

The semantics of timed transitions is slightly more complex. First of all, the exit rate of a state is
the sum of the rates of the outgoing timed transitions. Then, upon entering a state with outgoing

timed transitions, we first delay for an amount of time distributed exponentially (the parameter



of the exponential distribution is given by the exit rate of the state), and then execute one of
the outgoing timed transitions. In the last step, the probability of choosing the particular timed

transition is proportional to the rate of this transition.

This informal explanation is formalized in this and the next sections.

Figure 1: A Markov automaton.

Definition 2.5 (Markov automaton). A Markov automaton (MA) is a tuple M A = (S, Act,—, =),

where

e S is a finite nonempty set of states,

e Act is a finite nonempty set of actions containing the internal action 7,

o — C S x Act x Dist (S) is a finite set of immediate transitions, and

e = C S xRy x S is a finite set of timed transitions.
Sometimes we also designate one of the states as the initial state, or specify an initial probability
distribution over S.
For each state s € S, let:

o IT(s) ={(s,a,p) € {s} x Act x Dist (S) | (s,a, ) € —} denote the set of outgoing imme-

diate transitions from s,

o TT (s) ={(s,A,8) € {s} xRso xS|(s,A,s) €=} denote the set of outgoing timed tran-

sitions from s, and

o Act(s) ={a € Act|3u € Dist(S). (s, o, u) € —} denote the set of actions enabled in s.



Finally, we impose the following requirements on the transition relation:

1. for each state s € S such that 7 € Act (s), it must hold that T7 (s) = 0,
2. for each state s € S and action a € Act, there is only one outgoing transition labelled with
a, i.e.

{(s.a,m) € {s} x {a} x Dist(S) | (s,asp) € =} < 1,

3. none of the states of M A are absorbing, i.e., for every state s € S,
[T (s)UTT(s)] > 0

(note that this is no restriction, since every absorbing state can be supplied with a timed

self-loop transition, allowing time to pass indefinitely without leaving the state).

A few remarks on Definition 23 are in order:

1. In literature, requirement 0 is referred to as the mazimal progress assumption.

2. Requirement B is necessary because of the way we define schedulers (see Section EZ3): in
particular, a scheduler returns a probability distribution over the actions, so that if multiple
outgoing transitions with the same label were allowed, non-determinism would not be resolved

completely.

3. Requirement B is not essential but makes working with MAs easier since all maximal paths

are now infinite.

4. Finally, note that an initial state or distribution is not included into the definition of an
MA. We find it convenient to specify an initial state separately when needed, because in the

context of state properties it is often required to consider each state as initial.

We now formally introduce exit rates and other related concepts.

Definition 2.6 (Exit rates). Let M A = (S, Act,—,=) be an MA. For each state s € S such
that T'T (s) # 0, let

E(s) = Z Z A

s'€S (s,\,s")ETT(s)

be the exit rate of s.

10



Definition 2.7 (Markovian action). We define
Act™ = Act U {71},

with T denoting a special action corresponding to a timed transition.

For each state s € S, let

Aet™ () Act (s) it TT (s)=10
cl(s) =
Act (s)U{T} otherwise.

Definition 2.8 (Extended action set). The extended action set is defined as

ActX = ActU{d(r)|r € Rsg}.

Furthermore, for every s € S, let

ActX(s) = Act (s) ifTT (s)=10
Act (s)U{d(E (s))} otherwise.

Definition 2.9 (Distributions). Let M A = (S, Act,—,=") be an MA.

For each state s € S, o € Act and u € Dist (S), whenever there is a transition s 5 1, we set
Hs,ao = M-

Next, for every s € S with TT (s) # 0, let ps  be the distribution over S defined by

PO
N (sAs)ETT(s)
MS,T (S ) - E (3) .

Then, for every s € S with TT (s) # 0, let
Hs,5(E(s)) = Ms,T-

Note that ps o is now defined for every s € S and o € ActT (s) U ActX (s).

Finally, we set ps o (s') = 0 whenever a & ActT (s) U ActX (s).

Let us now change the perspective on timed transitions. In particular, until now we have spoken

about multiple timed transitions from a state, each leading to a single other state. Note, however,

11



that conceptually those transitions represent a single transition to a distribution over the states.
For instance, the delay distribution is governed not by the rate of any particular transition, but
rather by the sum of the rates of all the timed transitions from the state. Similarly, the next state
is chosen from a distribution defined by all the transitions together. It is, therefore, quite natural
to convert the timed transitions from the given state to a single combined transition (see Figure
). In the following we will label such transitions with 6 (E (s)), which is consistent with Definition
R. Now we have two perspectives on timed transitions. In what follows, it will usually be clear
which one is being used. In a situation where any confusion is possible, we will refer to individual

timed transitions and combined timed transitions.

|
SN

Figure 2: A state with several timed transitions (left) and the corresponding combined timed
transition (right).

Note also that the two perspectives are completely interchangeable: specifying the rates of the
individual timed transitions is equivalent to specifying the exit rate of the state and a target

distribution over the states.

To summarize, the new perspective on the transition relation of an MA can be described as follows:

1. An immediate transition is labelled with an action («, 7, etc.), executed without delay, and

leads to a probability distribution over the states.

2. A timed transition is labelled with § (), where r € Ry is called the exit rate of the state,
and leads to a distribution over the states. Such a transition is executed after a probabilistic

delay distributed exponentially with the rate r.

3. There can be at most one timed transition from a state.

The new perspective is especially useful in the context of bisimulations (where the simulated
transition is either an immediate transition or a combined timed transition). In fact, sometimes
we don’t even care about the type of the transition. We, therefore, introduce unified notation for

both kinds of transitions.
Definition 2.10 (Unified transition relation). Let s € S and a € ActX. We write
e
5 = u

12



if o € ActX (s) and p = fis,q-

It is important to remember that a unified transition denotes either an immediate transition or a

combined timed transition.

The rest of this section is devoted to additional assumptions we make about Markov automata. In
particular, in many circumstances we wish to make sure that no state has both kinds of outgoing
transitions. We call such an MA semi-closed, for the following reason: an MA is closed if all
probabilistic transitions are labelled with 7; then, the maximal progress assumption makes sure
that no state has both kinds of outgoing transitions. We would like to enforce the last requirement
while keeping actions other 7. To the best of our knowledge, there is no established term for this

class of Markov automata. We decided to call such MAs semi-closed.

Definition 2.11 (Semi-closed Markov automaton). A Markov automaton M A = (S, Act,—, =)
is semi-closed if for each state s € S it holds that 7T (s) # () implies IT (s) = . In this case we
define

e the set of Markovian states to be MS ={s € S| TT (s) # (0}, and

e the set of probabilistic states to be PS =5\ MS.

Note that if an MA is semi-closed, then for every s € S it holds that:

e cither s has one or more outgoing immediate transitions,

e or s has exactly one outgoing combined timed transition.
At this point, it is important to note that in this paper we will sometimes work with general Markov
automata and sometimes make the assumption that the MA is semi-closed. At the beginning of
each chapter (or individual section) the reader will find a statement such as this: “let MA =

(S, Act,—, =) be an MA”, in which case we make no assumptions about Markov automata, or like

this: “let M A = (S, Act,—, =) be semi-closed”.

Furthermore, whenever an MA is assumed to be semi-closed, it is also assumed to be non-Zeno.

Definition 2.12 (Zenoness). A semi-closed Markov automaton M A = (S, Act,+—, =) is said to

be Zeno if it contains a strongly connected component consisting of only probabilistic states.

For the rest of this paper all semi-closed Markov automata are assumed to be non-Zeno.

13



2.3 Paths and schedulers

In this section we cover the semantics of Markov automata: paths, schedulers and probability
spaces. Brief descriptions of these concepts for MAs can be found in [, I4]. Much more detailed

treatments of the same topic in relation to such models as IMCs and CTMDPs can be found in

[, 072, 08).

Throughout this section, let M A = (S, Act,—, =) be an MA.
Definition 2.13 (Paths). A finite path of length n € N>¢ is a tuple

T = (S0, 0,%0, 51,01, ..., Sn) € S X ActT x R5g x § x ActT x ... x S,
usually written as

ag,to ai,ty Qn—1,tn—1
T = S S1 Sn-

Let |7| = n denote the length of 7.

Note that the value t; denotes the amount of time the path spends in the state s; before moving

to Si+1-

We impose the following restriction on the values tg, ..., t,—1: for each i € {0,...,n — 1} it must be
the case that «; = 7 implies ¢; > 0. In other words, upon entering a state, a path is not allowed

to execute a timed transition immediately, but must first wait for some positive amount of time.

We use the notation 7@t to refer to the sequence of states traversed by the path at time ¢ (note

that there might be more than one such state because of instantaneous probabilistic transitions).

Next, for every i € {0, ..., |7}, let 7 [i] denote the ith state on w, and let 7 [0...7] denote the prefic

. @o,to ay,t1 aj—1,ti—1
m[0...i] = so s1 ;.

Furthermore, for every finite path 7, let 7 refer to = [|x|].

The notion of finite paths is extended to infinite paths in the obvious manner. Let Paths™, Paths*,
and Paths” denote the sets of finite paths of length n, all finite paths, and all infinite paths in
M A, respectively.

Definition 2.14 (Time-abstract paths). A finite time-abstract path of length n € N>¢ is a
tuple

T = (80,0, 81,01, .., 8p) € S X ActT x § x ActT x ... X S|

14



usually written as
ag aq Qp—1
T = S)g—> S — ... —> Sp.

We define ||, 7 [i], 7 [0...7] and 7| in the same way as for finite paths.

Furthermore, let
Hﬂ- = {80} X {ao} X RZO X ..o X {Sn}

be the set of finite paths corresponding to 7.

Let Pathsy,,, Paths]

abs’

and Paths¥,  denote the sets of finite time-abstract paths of length n, all
finite time-abstract paths, and all infinite time-abstract paths in M A, respectively.

For a path m € Paths™ and a finite time-abstract path 7., € Pathsl, ., we say that m € ma, if
mell

Tabs *

Definition 2.15 (Events over paths). We first define the o-field of combined transitions as

follows:

§ = a({(TxAxS)|Te‘B(Rzo)/\AGQACtT/\SEQS}).

Then, for each n € N>, the o-field over Paths™ is defined as

Frathsn = o ({Sox My x ... x My, | So €25 A(Vie{1,..,n} .M €F)}).

The elements of §painsn are called measurable sets of finite paths of length n.

Furthermore, for every Il € Fpainsn, the cylinder of 11 is

Cyl(Il) = {m€ Paths” |7[0...n] € II}.
Next, we set

SPathsw = O (U {Cyl (H) | IT e SPaths"}) .
n=0

Finally, §pains is the standard o-algebra generated by the disjoint union

[e%S)
L'*j gPaths" W gPaths“’ .

n=0

15



Definition 2.16 (Events over time-abstract paths). For each n € Nsg, the o-field over
Paths}

ms 1s simply

SPaths” =

abs

2PCLthSn

abs |

Furthermore, for every Il € § Paths™, > the cylinder of 1I is

Cyl(II) = {m € Paths,, | 7[0...n] € IT}.
Next, we set

SpPathss,, = O (U {Cyl (IN) | T e 3Paths{;bs}> .

n=0

Finally, §paths,,. is the standard o-algebra generated by the disjoint union

00
Lﬂ SPathsgbs W SPaths:bs .

n=0

Definition 2.17 (Measurable rectangles). A measurable rectangle II of length n € N>¢ is a

measurable subset of Paths™ of the form
II = SoxAygxTygX..XxAp_1XTp_1 XSy,

where:

1. for every i € {0,...,n}, S; € 2%, and

2. for every i € {0,...,n — 1}, A; € 24" and T; € B (Rxo).

For the rest of this section we assume the Markov automaton M A to be semi-closed.

We now introduce schedulers and probability measures. Note that for simplicity we require a
scheduler to accept every finite path, even if it ends in a Markovian state. Of course, in the latter

case, the only action any scheduler can choose is T.

Definition 2.18 (Generic measurable scheduler). A generic scheduler on a semi-closed

Markov automaton is a mapping
D : Paths*™ x ActT — [0, 1]
such that for all w € Paths*,
D(n,-) € Dist(ActT (m))).

16



For every 7 € Paths* and A € 24¢t" | we set

D(rm,A) = > D(ma).

acA

A generic scheduler D is measurable if for all A € 24" D=1 (A) : Paths* ~ [0, 1] is measurable.

We assume all schedulers to be measurable. We denote the set of all generic measurable schedulers

on MA by GM.

Definition 2.19 (Stationary scheduler). A scheduler D € GM is said to be stationary if for
all @ € Act™ and for all finite paths 7, 7" € Paths*, 7| = 7| implies D (7,a) = D (7', ).

Note that in this case, the decision of the scheduler depends only on the last state on the path.

We, therefore, can regard such a scheduler as a function
D:Sx Act™ — [0,1]

and write D (s, a) instead of D (m, a).

Definition 2.20 (Deterministic scheduler). A scheduler D € GM is said to be deterministic
if for every finite path = € Paths* there exists an action o, € ActT (7)) such that D (7, a,) = 1.

Definition 2.21 (Time-abstract scheduler). A scheduler D € GM is said to be time-abstract
if for every my,mo € Paths™, maps € Paths®, and o € ActT,

abs

T € Taps ATy € Taps  1mplies D (71, ) = D (7, @) .

We then regard such a scheduler as a function

D : Paths*

abs

X ActT 5 [0,1]

and write D (7gps, ) instead of D (71, @) or D (ma, av).

Definition 2.22 (Unified transition probability densities). For each s € S, we define the

density function
Ns : RZO —> RZO
as follows:

E(s)e P&t if se MS
ns () =
ODirac (1) if s € PS,

17



where dp;rqc is the Dirac delta function. We then use the common convention that

/Tf (t) dDirac (dt) — f (0) ifoeT

0 otherwise,

so that we can use unified notation for both Markovian and probabilistic states.

Definition 2.23 (Probability measures over paths). Let ug be an initial distribution over S,
and let D € GM.

For each n € N>, we define the probability measure

n

Pr : %’Paths" — [07 ]-]

po,D

on (Paths™,§patnsn) as follows:

n

n—1
PI‘D(H) - ZZ/R ZZ {In(w).ﬂg(so)H(D(ﬂ[o...i],ai)ﬂsi,ai(sm)) Noy 4 (dtn_1).a (dto),
1=0

Hos S Act’/Rz0"g g

where:

1. the finite path

ag,to s ar,ty Qn—1,tn—1

is defined by the variables of summation and integration, and

2. In(m) =11if 7 € II and Ir; (7) = 0 otherwise.

Now, the probability measure

Pr :gPathsW — [07 1}
D

Mo,
on (Paths?,§pathsw) is obtained by defining it on every cylinder as follows:

(11|

P (Cyl () = Pr (D),

and then extending it to every Il € §pathsw-

In the rest of this work, we will omit the superscript n or w and simply write Pr,, p instead
of Prj; p and Prj . Moreover, if g = {(s,1)} for some s € S, we denote the corresponding

probability measure by Pr, p.

18



Definition 2.24 (Probability measures over time-abstract paths). Let po be an initial

distribution over S, and let D € GM.
For each n € N>, we define the probability measure

n

Prb : %Puths:bs = [0, 1]

Mo,
on (Pathsgbs,gpathsgbs) as follows:
lgr = f’Lr 11,;),
HO’D(‘B) #OVD( )

TeP
where the probability measure Prj; ,, on the right side is the probability measure on (Paths™, §pathsn )-

Now, the probability measure

w

Pr : lﬁ.‘ffpaths‘;bS — [Oa 1]
Mo,

on (Paths:b 5 pathszbs) is obtained by defining it on every cylinder as follows:

w 11|
Pr (Cyl (11 = Pr (II),
By (cnm) = Pr )

and then extending it to every 1l € Fpatnse, -

n

As for paths, we usually omit the superscript n or w and simply write Pr,,, p instead of Pr};

and Pry . Moreover, if g = {(s,1)} for some s € S, we denote the corresponding probability

measure by Pr; p.

Lemma 2.25 (Probabilities of finite time-abstract paths under time-abstract scheduer).
Let D € GM be a time-abstract scheduler, and let ug € Dist (S) be an initial distribution over S.

Then, for every time-abstract path

o= sy Shs
it holds that
n—1
Pr(m) = o (s0)- [T @@ 0.3, i) - prsy a0 (s041)) -
’ i=0

2.4 Strong bisimulation

In this section we merely restate the definitions and results from [, §|.

Throughout this section, let M A = (S, Act,—,=>) be an MA.

19



Definition 2.26 (Strong bisimulation). Let R be an equivalence relation on S. Then, R is a
strong bisimulation on S if for all (s,s') € R, a € ActX and p € Dist (S), s = p implies s’ = 1/

for some ' such that p =g p'.

Two states s and s’ are strongly bisimilar, written s ~ §', if (s,s’) is contained in some strong

bisimulation.

Note that the definition of strong bisimulation is nothing more than the standard definition of

Segala and Lynch [T2] applied to Markov automata.

Lemma 2.27 (Coarsest bisimulation relation). The relation ~ is the coarsest strong bisimu-

lation relation on S.

Definition 2.28 (Direct sum of Markov automata). Let MA; = (51, Act1,—1,=1) and

M Ay = (S, Acty, —2,=2) be Markov automata. Then their direct sum is defined as

MA@ MAy, = (S1&JS2,ACt1UACt2,'—>1&J'—)2,2>1&J:>2).

Definition 2.29 (Strong bisimulation on Markov automata). Let M A; and M Az be Markov
automata whose initial distributions are p 1 and p 2, respectively. We say that M A; and M A,
are bisimilar, denoted by M A; ~ M As, if po1 =~ o2 in MA; & MAs,.

2.5 Weak bisimulations

Here, again, we closely follow [, B]. The notion of probabilistic weak bisimulation is considerably
more complex than both ordinary weak bisimulation and probabilistic strong bisimulation. In the
non-stochastic case, a transition is simulated by a sequence of transitions, all of which except one
are internal (i.e., labelled with 7). In the case of MAs, however, the target of a transition is not a
state but a distribution, so that we naturally come to the idea of a tree of transitions. By analogy
with ordinary weak bisimulation, on every maximal path in this tree all but one transition must

be internal.

The formalization of transition trees given in [id, 8] is fairly complex (it is presented below), but
behind it lies a very simple idea: a transition tree a simply a tree whose nodes correspond to states
in M A and whose links correspond to transitions from those states (see Figure B). Each transition
in the tree corresponds to either an immediate transition or to a combined timed transition in the

MA. Tt is a rule that each node of the tree is allowed to have at most one outgoing transition.

It is quite obvious that we can associate a probability with each node of a transition tree. For

example, in Figure B, the nodes of the tree corresponding to the states s and t each has the
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Figure 3: A Markov automaton (left) and a transition tree in it (right).

probability of 1, the node corresponding to u has the probability of 0.2, and each of the two nodes
corresponding to v has the probability of 0.8. Then, it is also clear that the leaves of the tree

induce a subdistribution over the states. For instance, the tree in Figure B induces the distribution
{(u,0.2),(v,0.8)}.

Next, suppose « is a transition label (i.e. either an action or §(r)) such that a # 7. We call
a transition tree T an a-tree if on every path from the root to a leaf there is exactly one non-t
transition, and this transition is labelled with « (see Figure B for an example). T is a 7-tree if all

the transitions are labelled with 7 (see Figure B).

Figure 4: An infinite § (2)-tree.

Now, we introduce finite convex combinations of transition trees. A finite convex combination of
a-trees (where « can be any label, including 7) is simply a finite weighted collection of a-trees from
the same state, such that the weights sum up to unity (see Figure B). Such a combination induces

a subdistribution over the states in the obvious way. For example, the finite convex combination
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Figure 5: A T-tree.

in Figure B induces the distribution {(u,0.55), (v,0.45)}.

weight; = 0.1 weights = 0.9

Figure 6: A finite convex combination of a-trees.

We say that a state s € S can execute an weak a-transition to a distribution p € Dist (S), denoted

s —q M, if there exists a finite convex combination of a-trees from s inducing pu.

We can now define the first kind of weak bisimulation by adapting the definition of strong bisim-
ulation (Definition 228) in the following way: when simulating a transition s = y, the state s’
executes a weak transition s’ &@ i’ (as opposed to an ordinary transition in the case of strong
bisimulation) such that y =x p'. The bisimulation resulting from this adaptation is called naive

weak bisimulation and is denoted =.

Before progressing any further, let us introduce these concepts formally. We will then show that
naive weak bisimulation is not always adequate, in the sense that it sometimes fails to equate
states that we would intuitively consider weakly bisimilar. We will then introduce another, more

complex, kind of weak bisimulation.

As before, let MA = (S, Act,—,=) be an MA.
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Definition 2.30 (Labelled trees). For two finite sequences of positive natural numbers o, 0’ €
N%,, we write 0 < ¢’ if o is a prefix of ¢/, i.e. if there exists a possibly empty sequence ¢ such

that (o o ¢) = o', where o denotes concatenation.

Let L be a (possibly uncountable) set. An L-labelled tree T is a partial function
T:NYy—L
such that:

1. for every 0,0’ € N such that o € dom (T) and ¢’ < o it holds that ¢’ € dom (T'),
2. for every o € N%j and i > 1, if (0 04) € dom (T'), then also o o (i — 1) € dom (T), and

3. e € dom (T).

The empty sequence ¢ is called the root of T.
For each o € dom (T), let Children (o) = {ooi| (o 01) € dom(T)} be the set of children of o.

We then introduce the following notation:

e let Inner (T) = {e} U {o € dom (T) | Children () # (0} denote the set of inner nodes of T}

e let Leaf (T) = {o € dom (T) | Children (o) = 0} denote the set of leaf nodes of T.
Note that if the tree has only one node, the root node, then this node is contained in both Inner (T)
and Leaf (T). In any other case the two sets are disjoint.
Definition 2.31 (Transition trees, induced subdistributions). Let
L = Sx RZO X (ACtX U {J_}) .

A transition tree T is an L-labelled tree that satisfies several conditions that are specified below.
Before we define the conditions, let us introduce the following notation: for a node o € dom (T')

whose label is T'(¢) = (s,p, @) € L, let:

1. State (o) = s be the first element of the node’s label,
2. Prob (o) = p be the second element of the node’s label, and

3. Act (o) = a be the third element of the node’s label.

Then, T" must satisfy the following conditions:

L. Prob(e) =3, creafr) Prob(c) =1,
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2. Yo € Leaf (T) . Act (o) = L, and

3. Yo € Inner (T')\ Leaf (T) . 3u . State (o) Aclo), w1 and

Prob(c)-p = {(State(c’),Prob(c"))| o’ € Children(o)}.

An internal transition tree is a transition tree where each Act (o) is either 7 or L.

Finally, we say that the distribution pr € Dist (S) defined by

pr = @ {(State (o), Prob(c))}

o€Leaf(T)

is induced by T.

Definition 2.32 (Weak transitions). For s € S, o € ActX and u € Dist (S) we write

if
e cither o = 7 and p is induced by some internal transition tree 7' with State (¢) = s,

e or « # 7 and p is induced by some transition tree T" such that:

— State (g) = s,

— on every maximal path from the root (i.e., on every path from the root ending in a leaf)

exactly one node is labelled with o and all other inner nodes are labelled with 7.

Furthermore, we write

if there is a finite indexed set {(ci, i) };cq1,.. ,y of pairs of positive real valued weights and distri-

butions such that:
o 5 w; for each i € {1,...,n},
e > ¢ci=1,and
o n=eB_y (ci-p).

Finally, we lift the notation to subdistributions as follows. For u,p’ € Subdist (S) and « € ActX

we write



if for each s € Supp (1) there exists a distribution ) such that s e, pl and

W= P (s ).

seSupp(p)

Definition 2.33 (Naive weak bisimulation). An equivalence relation R on S is called a naive
weak bisimulation relation on S if for all (s,s’) € R, a € ActX and p € Dist (S), s < p implies

s’ S i for some ' such that p =g 1.

We write s < s’ if (s, s’) is contained in some naive weak bisimulation relation on S.

Lemma 2.34 (Coarsest naive weak bisimulation relation). The relation < is the coarsest

natve weak bisimulation relation on S.

Thus, the only difference between strong and naive weak bisimulations is that in the latter case a
transition is simulated by a weak transition. Unfortunately, in [8] Eisentraut et al. observed that
naive weak bisimulation fails to equate some pairs of states that should intuitively be equivalent
(see the states s and ¢ in Figure @ for an example). They, therefore, proposed a still weaker

bisimulation, which we will now introduce.

The term for the new bisimulation is simply “weak bisimulation” (denoted =¢). The most unusual
thing about it is that it is a relation on subdistributions over the states. Intuitively, we can
describe it as follows. Suppose u1, uo are subdistributions over the states such that u; ~ po and
Supp (p1) = {s1,-..,Sn}. Then, ps can reach a distribution pus via 7-transitions, such that us can
be split into n subdistributions 3 = @, u& (one for each state in Supp (p1)). For each pf it
must hold that:

L {(si, p1 (si)} = pb, and

oy @ i oy ;] @
2. whenever s; can execute a transition s; — p/, p% can execute a weak transition p} —q p’

with (p1 (i) - 1) = 1.
In [8], Eisentraut et al. showed that the power of weak bisimulation comes from the fact that po
is allowed to execute 7-transitions before splitting into n subdistributions. In fact, if we remove
this step and require that po be split directly, the resulting relation (to be precise, its restriction

to subdistributions of the form {(s,1)}) coincides with naive weak bisimulation.

We now present a formal definition of weak bisimulation. The reader is encouraged to spend some
time on it, and then work through the example in Figure [@ until he or she clearly understands why

s~ t even though s % t.
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Definition 2.35 (Weak bisimulation). A relation R on Subdist (S) is called a weak bisimulation
relation if whenever (p1, pi2) € R, then:

L |pa| = |pal-
2. For every a € ActX and s € Supp (111), there exist u, u5est € Subdist (S) such that:

(a) p2 D (15 ® uset),
(b) {(s,p1(s))} R ps and (1 —s) R pb*, and
1’

(¢) whenever s =5 4/ for some g/, then p§ <sq p” with (uy (s) - 1)) R .
3. For every o € ActX and s € Supp (u2), there exist uf, uj®s* € Subdist (S) such that:

(a) p1 S (1§ © piest),
(b) pi R {(s,p2(s))} and pi*" R (g — s), and

(¢) whenever s <5 i, for some pfy, then p5 <se p” with 1’ R (ua (s) - ).

Two subdistributions p and u' are weakly bisimilar, written p & u/, if the pair (u, p’) is contained
in some weak bisimulation relation. We say that two states s’,s’ are weakly bisimilar, denoted
by s ~ s, if {(s,1)} =~ {(s/,1)}. Similarly, s ~ p if {(s,1)} = p, etc. Two Markov automata are

weakly bisimilar if their initial distributions are weakly bisimilar in their direct sum.

Lemma 2.36 (Coarsest weak bisimulation relation). The relation = is the coarsest weak

bisimulation relation on Subdist (S).

Lemma 2.37 (Weak bisimulation is an equivalence). The relation = is an equivalence rela-

tion.

Lemma 2.38 (Strong, naive and weak bisimulations). For every pair of states s,s’ € S,
s~s implies sx=s
and

sx=<s implies s~s'.
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Figure 7: s =t but s % t.

2.6 Branching bisimulation

Branching bisimulation for MAs, covered in this section, was introduced by Timmer et al. in
[, 3] (the original idea for LTSs was presented in [T5] by van Glabbeek and Weijland). It follows
the same general approach as naive weak bisimulation: in other words, a transition s — y is
simulated by a tree of transitions from the bisimilar state s’ to some distribution g/ with p =~ '
(where ~ is the symbol for branching bisimulation). The corresponding tree of transitions is similar

to the transition tree in the case of naive weak bisimulation, with the following differences:

1. Tt is not required that each node should have at most one outgoing transition.

2. If a # 7, then on every path from the root to a leaf the last transition must be labelled with
a, and the other transitions must be labelled with 7 (in the case of naive weak bisimulation

it is not required that the a-transition come last).

3. On every path from the root to a leaf, all states except the last one must be in the same

equivalence class under ~ as s and s'.

Note that if the first difference was absent, it would be completely obvious that branching bisimu-
lation is stronger than naive weak bisimulation. With it, however, the relationship between the two
bisimulations is not immediately obvious. In [I3], Timmer claimed that branching bisimulation is
stronger than naive weak bisimulation (although a proof was not provided). In this work we are

not going to rely on this claim.

Another observation is that in the case of branching bisimulation we do not need combinations of

transition trees since we allow a node to have multiple outgoing transitions.

As an example, consider Figure B. It is a good idea for the reader to make sure he or she has a

clear understanding of why s < s’ even though s % s'.

We next turn to a formal definition of branching bisimulation. In [I4, [3], Timmer et al. did not use

transition trees, but rather an equivalent definition involving termination-enabled schedulers. Here,
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Figure 8: s < s’ but s 2 5.

we follow their original approach. It is, however, important to keep the alternative characterization
in mind, particularly because it enables us to think about all three weak bisimulations within the

same framework.

Let MA = (S, Act,—,=) be a semi-closed MA.
Definition 2.39 (Stop action). Let
Actt = ActTU{l},

where the special action L signifies the fact that a scheduler does not pick any action, but chooses

to terminate instead.

For each s € S, let

Actt (s) = ActT(s)U{L}.

An attentive reader might notice that we have already used the symbol L in the definition of the
transition tree (Definition PZ3T). The use of the same symbol here is justified because in both cases
it serves the same purpose: to specify termination (a leaf of a transition tree or the fact that a

scheduler chooses not to continue).

Definition 2.40 (Measurable termination-enabled time-abstract scheduler). A termination-

enabled time-abstract scheduler on a semi-closed Markov automaton is a mapping

D : Paths®,, x Act* + [0,1]

abs

such that for all 7 € Paths*

abs?
D(m,-) € Distr (Act™ (m})).
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For every m € Paths’, and A € 24¢” e set

S

D(m,A) = > D(ma).

a€cA

A termination-enabled time-abstract scheduler D is measurable if for all A € 24" D-1 (A) :

Paths?, . — [0,1] is measurable.

We assume all termination-enabled time-abstract schedulers to be measurable. Let TETAS be

the set of all measurable termination-enabled time-abstract schedulers on M A.

Definition 2.41 (Probabilities of time-abstract paths w.r.t. termination-enabled time-ab-

stract scheduler). Let D € TETAS, and let o € Dist (S). Then, define the function

Pr : Paths},, — [0,1]
po,D

recursively as follows:

1. Pr (so) = o (so), and
wo,D

2. Py (7% s, ) = Pr(m) D (m.00m1) - finy s (80)

Definition 2.42 (Maximal time-abstract paths induced by termination-enabled sched-
uler). Let D € TETAS, and let s € S. Then, the set of maximal time-abstract paths from s
induced by D is defined as

abs

MazxPathsb (s) = {77 € Pathsl,, | m[0] = s A P]g (r) >0AD(m, L) > O} .

Definition 2.43 (Distribution induced by termination-enabled scheduler). Let D €
TETAS, and let s € S be an initial state. Then, the induced subdistribution u2 € SubDist (S) is

defined as follows: for every s’ € S,

W) = > Py () D (m, ).

s,D
7 € MazPathsb, _(s)

abs

7T¢:S/

Definition 2.44 (Branching transitions with respect to equivalence relation). Let s € S,

a € ActX and p € Dist (S). Moreover, let R be an equivalence relation on S. We write
S TR M
if:
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e either o = 7 and p = {(s,1)},

e or there exists some D € TETAS such that
p? o= n
and for every time-abstract maximal path

Ay —
s s N s, € MaxPathsh, (s)

it holds that
- OGp—1 = Q,

— foralli e {0,....,n —2}, a; =7, and

— forallie{1,..,n—1}, (s,s;) € R.

Definition 2.45 (Branching bisimulation). An equivalence relation R on S is a branching
bisimulation relation if for every (s,s') € R, a € ActX and u € Dist (S), s = p implies s’ S 1t/

for some p' such that p =g p'.

We write s = ' if (s, ') is contained in some branching bisimulation relation on S.

Lemma 2.46 (Coarsest branching bisimulation relation). The relation = is the coarsest

branching bisimulation relation on S.

As was noted above, in [[3] Timmer claimed that branching bisimulation is stronger than naive

weak bisimulation (although a proof was not provided).

Claim 2.47 (Branching bisimulation is stonger than naive weak bisimulation). For every pair of

states s, s’ € S,

s~ s implies sxs'.

2.7 Expected time
In this section we consider the concept of expected time in Markov automata. In this, we closely
follow [g].

Let us first outline the concept informally. Suppose s € S, G C S and D € GM. Then, the symbol
eTP (s, 0G) denotes the expected time to reach a state in G starting from s, if non-determinism is

resolved by the scheduler D. Next, eT™™" (s, 0G) is the minimum of eT'? (s, 0G) over all D € GM.

Again, we assume that the Markov automaton M A = (S, Act, —, =) is semi-closed.
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Definition 2.48 (Minimum expected time). Let G C S.

First, we define the function
Ve : Paths® — [0, 0]
as follows:
Ve () = min{t € R>o | GN7@QL # 0},

with min (§)) = +oo0.

Then, for a scheduler D € GM, the expected time to reach G is given by the function
eTP? (-, 0G) : S+ [0,00],
defined by

D = i ).
eT? (5,0G) = /pathswVG( ) ] (dm)

i

Finally, the minimum expected time to reach G from an initial state s € S is given by the function
eT™n (-, OG) : S+ [0,00],
defined as follows:

eT'HLiTL (S, <>G) — DIEIgM {eTD (87 OG)} .

Lemma 2.49 (Minimum expected time as least fixpoint). For every G C S, the function

eT™"™ s the unique fizpoint of the Bellman operator
1 .
m+§us7T(S/)'U(S/) ZfSEMS\G

[L()](s) = min {Z,us,a (s') v (s’)} if s€e PS\ G

0 if seq.

Lemma 2.50 (Minimum expected time given by stationary deterministic scheduler).
For every G C S, there exists a stationary deterministic scheduler D such that for every s € S it

holds that
eT™" (5,0G) = eTP (s,0Q).
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2.8 Long-run average

Once again, everything in this section is merely a restatement of the definitions and results from
[[].

As in the case of expected time, suppose s € S, G C S and D € GM. Then, the symbol
LRAP (s5,0G) denotes the expected fraction of time spent in the states in G starting from s, if
non-determinism is resolved by the scheduler D. Of course, LRA™" (s,0G) is the minimum of
LRAP (5,0G) over all D € GM.

Throughout this section, we assume that the Markov automaton M A = (S, Act,—,=>) is semi-

closed.

Definition 2.51 (Long-run average). Let G C S. For a scheduler D € GM, the function
LRAP (-,0G) : S+ [0,1]
is defined as follows:

t
LRAP (5,0G) = / (hm ! / I (mQu) du) Pr (dn),
Paths® t 0 s,D

t—o0

where

1 ifm@Qu N G#0
I (mQu) =

0 otherwise.

The minimum long-run average is given by the function

min _ : D
LRA™" (5,0G) = DlergM{LRA (s,0G)}.

Lemma 2.52 (Minimum long-run average is given by stationary deterministic sched-

uler).

Let G C S. Then there exists a stationary deterministic scheduler D such that for every s € S it
holds that

LRA™" (5,0G) = LRAP (s5,0G).
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3 Bisimulation quotient and quotient schedulers

In this chapter we define the bisimulation quotient M A/, of a Markov automaton M A and study
the connection between M A and M A/.. In particular, we introduce the notions of bisimulation-
closed sets of finite paths and quotient schedulers. Intuitively, a set of finite paths II is bisimulation-
closed if it has a natural counterpart set I in M A/~ (see below for a formal definition). Further-
more, we will show that every scheduler D has a counterpart Don M A/, imaginatively called
the quotient scheduler of D, such that for every bisimulation-closed set II, the probability of II
under D equals the probability of IT under D.

The notion of the bisimulation quotient is well-established in the field of model checking (see, for
example, [0, [T]). Furthermore, we adopted the idea of the quotient scheduler directly from [iIT],
where it was applied to CTMDPs. Note that our proofs are somewhat different from [ (for

example, they are more detailed).

3.1 Bisimulation quotient

Let MA = (S, Act,—,=) be an MA.

Definition 3.1 (Quotient Markov automaton). Let R be a strong bisimulation relation on

S. Then the quotient of M A under R is defined as MA/R = (S/R, Act,—',="), where:

1. Sff—/‘ and
[slr —" (1/R)
C'eS/R A=Y, >, XN
9 s'€C’ (s,\,8")ETT(s)
. )\S,Cl
sl =" C"

Furthermore, if pg € Dist (S) is the initial distribution over the states of M A, we designate po/R
as the initial distribution over the states of M A/R.

Theorem 3.2 (Bisimulation equivalence of M A and MA/.).
Let M A be a Markov automaton. Then MA ~ MA/ ..

Proof. By showing that the reflexive transitive symmetric closure of {(s,[s]_) | s € S} is a strong

bisimulation relation on the states of MA ® MA/ .. O

Lemma 3.3. For every s € S, all of the following holds:
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1. If TT (s) # 0, then E(s) = E([s]_), where E([s]_) is the ezit rate of the state [s]_ in
MA/ ...

2. If TT (s) # 0, then for every C' € S/~ it holds that ps ; (C) = pifs .1 (C), where figg_ 1 (C)
is the probability to move from [s]_ to C in MA/ ..

3. There exists a transition s —— p in M A if and only if there exists a transition [s]_ — (u/~)
in MA/..

3.2 Quotient schedulers

In this section we assume that the Markov automaton M A = (S, Act,—, =) is semi-closed.

Definition 3.4 (Bisimulation-closed measurable sets and rectangles). A measurable set

of finite paths II is bisimulation-closed if it has the form
I = {(So,aoﬂfo, ...78»”) S SO X AO X RZO X ... X An—l X RZO X Sn | (to7 ~--7tn—1) S T},
where:

1. for every i € {0,...,n}, S; € S is the union of one or more equivalence classes under ~;,
2. for every i € {0,...,n — 1}, A; C ActT, and

3. T is a measurable subset of (R>)".

We say that II is simple bisimulation-closed if for each i € {0,...,n} it holds that S; € S/.~.

As a special case, a measurable rectangle
II = SogxAgXTyX...XAp_1 XTp_1xS5,

is bisimulation-closed if for each ¢ € {0, ...,n} it holds that S; is the union of one or more equivalence

classes under ~. II is simple bisimulation-closed if for each i € {0, ...,n} it holds that S; € S/..
For the given bisimulation-closed set of finite paths

I = {(80,04077507 7571) € SO X AO X REO X ... X An—l X RZO X Sn | (t07 "'7tn—1) € T}7
let

I = {(So,Oéo,tO, ...,Sn) S (SO/N) x Ag x RZO X .o X Ap_1 X RZO X (Sn/,\,) I (to, ...,tn_l) S T}

be the corresponding set of finite paths in the quotient M A/ ..
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Now, suppose pg € Dist (S) and D is a scheduler. A natural question to ask is whether we can

define a scheduler D on M A/ such that

Pr (I) = Pr_ (ﬁ)
fo,D 1o/ ~,D

for every bisimulation-closed set of finite paths II.

The answer turns out to be yes, as we will show in the rest of this section. Before we turn to

formal proofs, let us outline the idea informally. Suppose

ap,to ai,ty Qn—1,tp—1
[SI]N

T = [so]. [sn].

is a finite path in M A/.. Note that T corresponds to a finite number of finite paths in M A. In

fact, the corresponding finite paths in M A form a simple bisimulation-closed rectangle
II = [so] x{ao} x {to} X [s1]o X -oe X [Sn]. -

Then all D needs to do is to compute the weighted mean of the decisions of D on all of these
corresponding paths, where the weights reflect the fact that the finite paths in IT have different
probabilities. Thus our first attempt might look like this:

> Pry,p (7)) D(m,a)

D(#a) = el (wrong!) .

’ > Py, (7)

mell

Unfortunately, this is not quite correct since Pr,,, p (7) = 0 whenever 7 contains a Markovian state
(because 7 contains precise values of tg, ..., t,—1 instead of intervals). However, we can easily solve

the problem by using the conditional probabilities Pr,, p (7 | to, ..., tn—1):

Z Pr,.p (7 [ to, .y tn-1) - D (7, )
D (5 nell

D(ma) = (correct!) .
Z Prth (7‘( | t(), ...7tn,1)
mell
Following [T, we call these conditional probabilities history weights, which reflects their use in

the definition of D. Nevertheless, it is useful to keep their underlying nature in mind.

We now turn to formal definitions and proofs.

Definition 3.5 (History weight, quotient schedulers). First, we define the history weight

function
hw : Dist (S) x GM x Paths* — Rx>q

recursively as follows:
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L. hw (po, D, s0) = o (s0) and

2. hw (,LL(),D,’/T M 5n+1> = hw (MOaDaﬂ) -D (W»an) Mo, (anrl)'

Now, let i be an initial distribution over S and let D € GM. Then, a quotient scheduler 5#0
with respect to D and pg is any scheduler on M A/, such that, for every finite path

ap,to ay,ty Qp—1,tp—1
[SI]N

T = [so]. [sn].

in M A/.. whose corresponding simple bisimulation-closed rectangle in M A is
II = [so] X {ao} x {to} X [s1]o X .. X [Sn]o s

it holds that

Zhw(MmDﬂT) 7& 0

mell

implies

Zhw (1o, D, m) - D (7, o)

~ ~ 11
DMO(W7QH) = =

Zhw (0, D, 7)

mell

for every a,, € ActT.

A few comments on Definition B3:

1. There can be multiple quotient schedulers with respect to D and pg.

2. Whenever |

respect to D and pg must return the same distribution defined by

rert hw (po, D, ) > 0 for some path 7 in M A/, every quotient scheduler with

Zhw (0, D, m) - D (m, o)

= ~ II
Dy, (7o) =

Zhw (:U/OaDaﬂ—)

mell

3. If > ey hw (o, D, ) = 0 (which happens only when hw (uo, D, 7) = 0 for every m € II),

the decision made by a quotient scheduler can be arbitrary.

Lemma 3.6. For every quotient scheduler 5#0 with respect to D € GM and po € Dist (S) it holds
that, for every path T € Paths* in M A/ and a,, € ActT,

Dy (7y ) - Zhw (po, D, m) = Zhw (1o, D, m) - D (7, cu) s
mell mell
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independently of whether Yy hw (o, D, m) =0 or not.

Lemma 3.7 (Correspondence between history weights in M A and MA/.).

Let ug, D, ZND#O, 7, and II be as in Definition @A. Then,

Zhw(uo,D,ﬂ) = hw(uo/mﬁuo,%)7

mell

where the history weight in the right-hand side is determined in M A/ ...

Proof. By induction on |7| = n.

Base case: n =0 (i.e. ™ = [sp],_). Then,

Zhw(lu’oaDaﬂ-) = Z Ho (S)

mell s€[so].

= o/~ ([s0]..)
= hw(uo/N,ﬁuo,%).

Induction step. Assume that the claim holds for a path 7 of length n, whose corresponding rectangle

in M A is II. Consider its extension

~  OQn,lp

— [snslo
with the corresponding rectangle

' = Tx{ay} x{ta} X [sni1]_-

Now,

Z hw (Mo,DﬂT/) = Z Z hw (,U,(),D,ﬂ' —)amt" s)

' ell’ mEIl s€[sny1],,

(by definition of hw) = Z Z hw (po, D, ) - D (T, 00) * im0, ()

mell s€[sn41].

moving Z inside | = Z hw (po, D, ) - D (7, auy,) - Z Py san (5) -

S€[sn+1] o mell s€[sn41].
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Next, for every m € I, m € [s,] . Then,

Z hw (Mo,D,W/) = Z hw (/io,DﬂT) -D (’/T,Ckn) : Z 1u’71'¢,0¢n (S)

' el mell SE[Sn+1] .
(since m) € [sn].) = Z hw (po, D7) - D (7, 0m) - Bys,.) e ([Sn41]2)
mell
(mOVing Hisn]._.an ([Sn+1]~) OUt) = Hsn)_,an ([SnJrl Z hw /~L07D 7T) D (777 an)
mell
(by Lemma E:E) = HKsnl..an ([SnJrl}N) : ‘5#0 (%7 O‘n) ’ Z hw (:u07 D, 7T)
well
(induction hypothesis) = Psnl cn ([sn+1].) '5#0 (7, ) - hw (uo/w, e )
(by definition of hw) = hw (,uo/N, o T BTN [sn+1]N> .

Lemma 3.8 (Probability of simple bisimulation-closed set of paths).

Let pg € Dist (S) and D € GM. Then, for every simple bisimulation-closed set of paths
I = {(So,ao,to, ,Sn) €5y x AO X RZO X ... X An—l X Rzo X Sp, | (to7 ...,tn_1) S T},

such that n > 0, it holds that
Pr (II) = / |7 (to, - =YY hw(po, Dyw) | s, (dto) .ms,_, (dtn-1)
(R=0) Ag...n—1 So..n
where:
1. So..n stands for Sg x S1 X ... x Sy, and Ag.. 1 stands for Ag X Ay X ... x Ap_1,
2. the finite path

ag,to Qp—1,tn—1
™ = S Sn

1s defined by the variables of summation and integration,
3. Ir (to, ..., tn—1) = 1 if (to, .., tn—1) € T and 0 otherwise, and
4. for every i € (0,....n —1), ng, is the probability density corresponding to the state S; of

MA/J..

Proof. First of all, note that if s ~ s’, then n, =9y =y .

Now, by Definition 2723,

n—1
ZZ/ Z { (®)-so(s0) | [ (D000 1e; 0 (5:00)) [ 2,y (1) ).

HU S ActT =0
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Then, observe that from Definition B3 it follows that

n—1

Ho (30) H (D (7!' [OZ] 7ai) Hsio (3i+1)) = hw (/1'0’ D,ﬂ') :
i=0

Therefore,

P (1) S / D > () hew(uo, D) e, (At 1)..1sq (dto)

s Actt/R>0 g g

() = > /R D D o (toestn ) B0, D), (din 1) (dto)

So Ao 205, S,

(since ns, = ns,) /(R o Z (IT<to,...,tn_1>-hw<uo,D,w)>}nso(dto»..nsn_l(dtn_l)
>0

LSo X AgX...X Sy

(rearranging) = / . Z Z(IT(to,...,tn_l)-hw(/_l,g,D,‘lr)) nso (dto)-.-ns,_y (dtn_1)
(RZO) | Ao...n—1 So..n

(moving Ir (to,...,tn—1) out)

/( - Lr(tomtar) Y Zhw(uo,Dm]nso<dto)...nsn1(dtn_1>-
RZO

Ao..n—1 S0..n

() Note that this step is possible by replacing the summation of Iy (w) over the entire sets S and

Act™ with the summation of I (to, ..., t,—1) over the specific sets S; and A;. |

Proof. First of all, observe that every bisimulation-closed set of finite paths is the disjoint union of

a finite number of simple bisimulation-closed sets of finite paths. Therefore, it is enough to prove

that the statement holds if IT is simple bisimulation-closed, that is, when each S; € S/..
As in Lemma B3R, let Sy, stand for Sy x S7 X ... X S, and analogously for Ag. ., _1.

Let us consider the cases n = 0 and n > 0 separately.
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If n =0, then

NE%(SO) = o (So)
to/~ (So)
Pr ({So}).

HO/NaDMO

If n > 0, then, using Lemma B3,

PEJ(H) = / |7 (tosestn1)- Z Zhw(,uo,D,'n') nsg (dto)..ms,, 4 (dtn_1),
1o, (RZO) Ao..n—1 So0...n

where

ag,to Qn—1,tn—1
™ = S Sn

is the path defined by the variables of summation and integration.

Now, let

~ «@p,to Qp—1,tn—1
m™ = S() . - - Sn,

where tg, ..., tn_1, g, ..., p_1 are again the variables of summation and integration. Furthermore,

let P be the corresponding rectangle in M A. Then, observe that

Zh’w(ﬂo,D,T{') = ZhW(ﬂo,D,ﬂ')

SO...n TEP
(by Lemma B7) = hw (MO/N7 l~)uo,%) .
Therefore,
Pr (I) = / NIrGtostn ) Y Y o, D) [ msy (Ao, (din1)-
Ho: (RZO) L Ao..n—1 S0...n
(as above) = / I o) Z hw(po/~ Dy %) | 150 (dto)-.ns,,_ (dtn_1)
(RZO) Ao..n—1
(sums over 1 element) = / Iz ot Z Z hw(po/~ Dy 7) | 0o (dto)-..ns,, _, (dtn_1)
(R>0) Ao, m-1 {So}%...x{Sn}
(by Lemma BR) = Pr_ (ﬁ)

N0/~>Dlto

Note that in the last step we used the fact that Iis a simple bisimulation-closed set of finite paths
in MA/.. O
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4 Preservation of minimum expected time under strong bisim-

ulation

In this chapter we prove that minimum expected time is preserved under strong bisimulation. At
this point, however, the reader might ask the following question: since in the following chapters
we are planning to prove an analogous result for weaker bisimulations (naive weak bisimulation,
for example), is the present proof not redundant? To see why it is not the case, suppose we
have proved the following statement: if G C S is closed under =< (in other words, G is the
union of zero or more equivalence classes under =), then, for every s,s' € S, s < s implies

eT™ (5, 0G) = eT™" (s',0G). Now, let us try to prove the analogous statement for ~.

Proof attempt. Suppose G C S is closed under ~ and s ~ s’. Then s =< s, and therefore

eT™™ (s,0G) = eT™" (s',0G). QED

Unfortunately, this is wrong for the following reason: the fact that G is closed under ~ does not
imply that G is closed under =, so that we cannot apply the result for naive weak bisimulation.
Indeed, it is easy to construct a relation that is stronger than naive weak bisimulation and for
which the preservation result does not hold. For example, consider Figure 8 and the equivalence
= defined by the equivalence classes {s,t},{u},{v}. Clearly, = is even stronger than strong

bisimulation, and yet eT™™ (s, {u}) # eT™™ (¢, O {u}).

Thus, it is indeed necessary to treat each kind of bisimulation separately. Furthermore, the proof
presented in this chapter is relatively short and illustrates the usefulness of the fixpoint character-

ization of minimum expected time.

Figure 9: eT™™ (5,0 {u}) # eT™™ (¢, O {u}).

Having justified the necessity of this chapter, we turn our attention to formal proofs. Throughout

the chapter, let M A = (S, Act,—, =) be a semi-closed MA.

Lemma 4.1 (Simplified characterisation of MET as least fixpoint).

Let the function

MST:S'—)REQ
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be defined as follows:

L ifse MS

0 otherwise.

Now, for every G C S, the function
eT™m (-, 0G) : S+ [0, 00]

s the unique fixpoint of the Bellman operator

MST (s)+ min 5,0 (8) v (8) ifse S\ G
[L ()] (s) = aeAcT(s) Sgsu

0 if s € G.

Proof. Follows directly from Lemma 249 and the definition of M ST O

Theorem 4.2 (Strong bisimulation preserves minimum expected time).
Suppose G C S is closed under ~ (in other words, G is the union of zero or more equivalence

classes under ~). Then, for every s,s’ € S,

s~s  implies eT™" (s5,0G) = eT™" (s',0G).

Proof. First of all, in the trivial case when G' = {) it holds that eT™" (s, 0G) = oo for all s € S,
so that the claim obviously holds. Therefore, assume G # 0.

Let G = G/~. Then, by Lemma B, the function eT™™" (-,(}6’) is the unique fixpoint of the

following operator:

_ MST(C)+ min Y fica (C)-w(C) ¢ iCeS/\G
Lw|©) = ocden(©) | i
0 if C € G,

where the tilde in M ST and g signifies that those values refer to the quotient automaton M A/ ..
Next, let

met : S+ [0, 0]
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be defined as
met (s) = eT™™" ([s]N ,0@) .

We now prove that met is the fixpoint of the following operator:

MST (s)+ min { tsa () - s’} ifseS\G
L) = o< | 2

0 if s € G.

To this end, let s € S, and consider two cases:

Case 1. If s € S\ G, then [s] _ € S/ \ G. Therefore,

o . N /
[L (met)](s) = MST (s)+ aeglcltrTl(s) /Ees,ug o (s") -met (s )}

— / !
(sum over eq. cl. separately) = MST (s)+ aeAmcltrTl( : E E tsa (8') - met (s )}

a€ActT(s) Cleny oot

(moving eTmin (C”, 05) out) = MST (s)+ aeﬁlciﬁl(é)

(by definition of met) = MST (s)+ min { Z Z Lhs.o eTMin (C’ OG) }

Z eTin (C’7 Qé) Z s, (s’)}

c’'eS/n~ s'ec!

(us,a (€)= tso (s')> = MST(S)+aeg16jtrT1(s){ > e (¢10G) o (C’)}

s'ec’ cles/n

a€ActT ([S]N)

) - [l (oa)] o
(eTmi" (-, Oé) is fixpoint of L) = eTmin ([S]N , Oé)

(by definition of met) = met(s).

c'eS/n~

(by Lemma B3 & Definition B1) = MST ([s].)+  min { Z eT™mn (C’l, 06) fis]_ (C')}

(by definition of

Case 2. If s € G, then [s] _ € G, so that

[L(met)] (s) = 0

- [ (o0
— eTmin ([S]N,oé)
= met(s).

Therefore, by Lemma B0, eT™" (s, 0G) = met (s) = eT™" ([S]N ,Oé) for all s € S. But then,
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for every s and s’ such that s ~ s’, it holds that

eT™" (5,0G) = eT™m" ([S]N ,Oé)
= emin ([s']N , oé)
= eI™"(s,0G).

This concludes the proof.
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5 Preservation of minimum long run average under strong
bisimulation

In the present chapter, we shall prove that strong bisimulation preserves minimum long run average.

Everything that was said at the beginning of Chapter 4 equally applies to minimum long run

average, so that we cannot derive the main theorem of this chapter from the analogous result for

weaker bisimulations.

As in Chapter 3, we closely follow the approach of Martin NeuhduRer [I1], with only a few differ-

ences:

1. We work with MAs instead of CTMDPs.
2. Our proofs are somewhat more detailed.

3. The results in [I1] are more general: in particular, our Lemmas 61, 52 and B3 are a special
case of Theorem 7.2 in [I[7] (note, however, that the proof of Theorem 7.2 in [I1] only considers
the simplest case and states that “the other cases are similar”; by contrast, we provide a full

proof for our case).

We now presents the results formally. Let M A = (S, Act,—, =) be a semi-closed MA.

Lemma 5.1 (nth state at time ¢ is measurable). For each t € R and n € Nx>q, the set

n—1 n
i=0 =0

is Borel-measurable (in the case of n =0, we set Zi_:lo t;=0).
Proof. First of all, if n = 0, then
Tto = {toERzo‘t<t0}

is clearly Borel-measurable.

Therefore, let us focus on the case when n > 0. We will show that

n—1
YARES ﬂ U (H [ci,di]> X [ep, 00).
€€Q50 i, d; € Qso i=0
Yot >t
Stdi<t+e
c; < d;
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C: If (tg,...,tn) € TP, then we can find rational numbers cy, ..., ¢, that approximate to, ..., ¢, from
below as closely as we please. Consequently, Z?:o ¢; approximates Z?:o t; from below arbitrarily

closely. Now, since t < Y1 ,t;, we can find ¢, ...,c, with Y1 ¢; > ¢.

Furthermore, for every ¢ € Qx, Z?:_Ol t; < t+e. By a similar reasoning, we can find dg, ...,d,_1
such that each d; approximates t; from above arbitrarily closely, and, consequently, Z?;OI d; ap-

proximates Z?;Ol t;. Then we can find such dy, ..., d,,—1 that Z?;()l di <t-+e.

O: If

n—1
(tor-rtn) € ) U (H [Ciadi]> X [en, 00),
Fed ci,di € Q>0 =
St >t
S di<t+e
c; < d;

there must exist ¢, ..., ¢, such that ¢t < Y1 j¢; and Y iy ¢; < Y i t;. But then ¢t < Y7 ;.

Moreover, for each € € Qsq, there must exist do, ...,d,_1 with Z?:_Ol t; < Z?:_Ol d; <t+e. But
the fact that the inequality Z;L;ol t; < t+e€ is true for every € € Qs implies that Z?;Ol t; <t O

Lemma 5.2. Let Sy, ...,S,+1 € S/~ and let t € R>g. Then the set

n—1 n
‘Bf”""’s”“ = {77 €S x Act™ x R>g X ... X Sp41 | (Z ti> <t< (Z ti>}
=0 3

18 measurable.

Furthermore, let

n—1 n
Nfo""’sﬂ’+1 = {ﬂ' S {SQ} X ActT x RZO X ... X {Sn—i-l} | <Z tz> <t< (Z t1>}
1=0 =0

in the quotient automaton MA/~.. Then, for every scheduler D € GM, every initial distribution

o over S and every quotient scheduler 13“0, it holds that

Pr (;Bt507--~75n+1) _ Pr (;ﬁfo,---7sn+1) '

to,D N0/~75M0

Proof. By Lemma B, the set

is Borel-measurable.
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Then,
tsoqun+1 = {’ﬂ' S SO x ActT x RZO X ... X Sn+1 ‘ (to, ,tn) S T?}
is a bisimulation-closed set of finite paths, and, analogously,

Proo S = e {So} X ActT X Rsg X oo X {Sna1} | (tosonrtn) € T}

Thus, by Theorem B,

S0s,5n =S50, ,5n
Pr (‘Bto +1) = Pr ( £ +1)»

ko, D l¢0/~7ﬁuo

as desired. O

Lemma 5.3. Suppose G C S is the union of one or more equivalence classes under ~ andt € R>¢.

Assume that G C MS. Then the set
BE = {r € Paths” | 7@t N G # 0}

is measurable.

Furthermore, let
PE = {re Paths® | nQt N (G/.) # 0}

be the corresponding set of paths in the quotient automaton MA/.. Then, for every scheduler

D € GM, every initial distribution pug over S and every quotient scheduler D,., it holds that

Mo

Pr (PF) =  Pr (973?)

Ho,D ILO/NaDuo
Proof. First, observe that
o] n—1 n
¢ = i {we Paths® | (Zm) <t< (th) Am[n] € C},
CeG/~ n=0 i=0 i=0

where ¢; is the amount of time 7 spends in the state 7 [i]. Note that the union is disjoint since a
path can traverse only one Markovian state at time ¢ (recall that a path is not allowed to execute

a timed transition immediately, but must wait for some positive amount of time).
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Next, let

n—1 n
?’C = {7‘(’ € Paths™t! | (Zu) <t< (th> ATn] € C’}
i=0

1=0
n—1
= L—lj {7T650XACtTXR>0X...XSn+1|(Zti>§t<<
(S/~)"" ~
S, =C
_ I+ oS
(S/~)"*?
S, =C

0415 .
where the sets 8;° *1 are as in Lemma B2,

Now, it is not difficult to see that

o= W om ()
CeG/~ n=0
- YWY (),
CceG/~. n=0 (S/N)n+2
Sp=C
and, analogously,
~§, _ H-J @ L—H Cyl (mSg ..... Sn+1)
CeG/. n=0 (S/N)n+2
Sy =

Therefore,

B = Y Y X b (wetn)

po,D pio,D
ceG/. n=0 n
(5/~)""
Sp=0C
(by Lemma m) = Z Z Z PI’~ (%tSo,..A,SnJFI)
CeG/~ n=0 2 1o/ ~>Dyg
(5/~)
Sp=C
= Pr ~tG> .
/J/O/~7D;LO
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Lemma 5.4 (Stationary scheduler on M A/, is quotient scheduler). Let D be a stationary
scheduler on M A/~ and let po € Dist (S). Define the stationary scheduler D on M A as follows:
for every s € S and a € ActT,

D(s,a) = D([s].,q).
Then, Disa quotient scheduler with respect to D and py.
Proof. We need to prove that if
R R T

is a path in M A/ with Y~y hw (po, D, ) # 0, then

Zhw (10, D, ) - D (7, )

D(7,0) = el ,
() > hw (po, D, )
mell
where
I = [So]N X {Oéo} X {to} X [51],\, X oo X [Sn]N

is the rectangle in M A corresponding to 7.

Now:
ZhW(Mo,D,W)'D(W,O{) Zh'LU(,U/(),D,ﬂ')'D(ﬂ"L,Oé)
mell _ mell
Zhw(MOaD’ﬂ-) Zhw(l}/O?D,ﬂ-)
mwell well
> hw (o, D,7) - D ([m] )
(by definition of D) = rell
Zhw (o, D, )
mell
> hw (po, D, 7) - D (7, )
[my], =7 forall T ell) = el
( ' ' ) Zhw(u07D7ﬂ-)
mell
Zhw (,U;(), D7 7T)
. N o~ =~ well
moving D (7, a) out) = D (7, ) I
( ! ) ' Zhw (/’[/07 D7 7T)
mell
= E (7~T¢, a)
(f) is stationary) = D(#a),
as desired. ]
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Theorem 5.5 (Strong bisimulation preserves minimum long run average).
Suppose G C S is closed under ~ (in other words, G is a union of zero or more equivalence classes

under ~ ). Then, for every s,s’ € S,

s~s'  implies LRA™"(s,G)=LRA™" (s Q).

Proof. First of all, in the trivial case when G = (), LRA™" (s,G) = 0 for all s € S. Therefore,
assume G # .

Next, note that LRA™™ (s,G) = LRA™™" (s,GNMS). Therefore, without loss of generality,
suppose G C MS, and let G = G/~.

Let s € S. We will show that
LRA™" (s,G) = LRA™™" ([S}N c?*) ,

where the right-hand side is determined in M A/ ...

First of all, by Lemma 253, there exists a scheduler D € GM on M A such that LRA™" (5,G) =
LRAP (5,G). Let D, be an quotient scheduler with respect to D and the initial distribution

{(s,1)} (note that such a quotient scheduler always exists). Then:

LRA™" (s,G) = LRAP (5,G)
1 t
(by Definition 51) = / <lim 7/ I (mQu) du) Pr (dm)
Paths« t—oo 1 0 Ss
1/t
(rearranging limit and integrals *) = lim f/ / I¢ (m@Qu) Pr (dm) du
t—oo t o v Paths® s,D
1 t

= lim - Pjg {m € Paths* | (rQu N G) # 0} du

t—oo t o

lim L Pr_ {7‘( € Paths® | (W@u n C:') # (D} du

t—oo t o [5]..Ds

— LRAD: ([S]N , é)

(by Lemma B73)

Y

LRA™™ ([s]N ,é) .

() The validity of this step is not immediately obvious: it is taken directly from [iT].

On the other hand, according to Lemma P57, there exists a stationary scheduler IND(S on MA/.
with LRA™™ ([S]N ,é) = LRAD: ([s] é) Let D be the scheduler on M A defined as follows:
for every m € Paths* and o € ActT,

~

D(ma) = Di([m].,a).
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By Lemma B4, D, is a quotient scheduler with respect to D and {(s,1)}. Therefore:

LRA™" ([s]N ,é) LRAP: ([S]N é)
(by Definition P51 and rearranging) = lim 1 t Pr {71' € Paths® | (W@u N é) + [Z)} du

tooot ) [sl..D,

1t
(by Lemma B3) = lim — Pjg {m € Paths* | (rQu N G) # 0} du

t—oo t o

LRAP (s5,G)

vV

LRA™" (5,G) .

Thus, for every s, s’ € S such that s ~ s’ it holds that

LRA™" (5, G) LRA™" ([s]~ ,é)

LRA™n ([s’]N , é)
= LRA™"(s,Q).
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6 Computations

In this chapter we introduce computations (the general idea and the term “computation” were

inspired by [3]).

The computation is a generalization of the transition tree (the reader might find it helpful to refer
to Figure M for an example). The main differences between computations and transition trees are

as follows:

1. A computation node is allowed to have any finite number of outgoing transitions, while a

transition tree node can have at most one.

2. A consequence of the previous point is that there is a probability distribution over the out-

going transitions of every node (unless the node has zero of them).

3. We introduce special e-transitions, which become useful in the context of weak bisimulations.
Recall that a state can simulate a 7-transition of a weakly bisimilar state by doing nothing:

this action of doing nothing can be represented in a computation by an e-transition.

W=

2.5

Figure 10: An MA (left) and one of the possible computations from the state s (right).

In order to understand the necessity of generalizing transition trees in this way, suppose s < s’ and
there is a transition from s, which s’ can simulate by a linear combination of transition trees. But

it is quite clear that this combination of transition trees is, in fact, a computation (see Figure @)

Now, suppose the transition from s is a 7-transition and some of the corresponding transition trees
from s’ consist of a single node, which is possible if some of the states in the target distribution
are bisimilar to s and s’ (see Figure @) We would, of course, still like to combine the trees into a

computation. There are several options:
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wetght; = 0.1 weighty = 0.9

Figure 11: A transition (top left), simulated by a combination of transition trees (above right),
which can be converted into a computation (bottom).

1. We could allow the probabilities of the outgoing transitions of the root node sum up to
something less than unity. Then, if the probabilities sum up to some value p < 1, we

interpret it as “stay where you are with probability 1 — p”.

2. We could still require the probabilities to sum up to unity, but introduce an e-transition

whose probability is 1 — p, with the same interpretation.

For various reasons, we decided to adopt the second variant. The result of combining the transition

trees into a computation is presented in Figure 2.
Throughout this chapter, let M A = (S, Act,—, =) be a semi-closed MA.

6.1 Motivation

Recall that our ultimate goal is to prove that such state properties as minimum expected time and

minimum long run average are preserved under various kinds of weak bisimulations. To be specific,
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weight, = 0.55 wetghty = 0.45

Figure 12: A 7-transition (top left), simulated by a combination of transition trees (above right),
which can be converted into a computation involving e-transitions (bottom).

let us consider minimum expected time and naive weak bisimulation. Suppose s < s’ and G C S

is closed under <. We need to prove that

eT™" (5,0G) = eT™™(s',0G).

In fact, due to the symmetry of < it is enough to prove that

eTmn (s,0G) > eTmn (s',0G).

Let us now think of a possible approach to the proof. First recall that by Lemma E750, there exists

a stationary deterministic scheduler D, with

eT™" (5,0G) = eTP=(s,0Q).

Now, we could prove the result by constructing a scheduler Dy (not necessarily stationary or

deterministic) such that
eTP: (5,0G) > TP (s,0G).

Note that it is in this step where we have to use the assumptions that s < s’ and G is closed under
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=. If we could do that, we would be able to write

eT™" (5, 0G) eTP: (5,0G)

Y

eTP (s',0G)

Y

eT™" (5, 0G) .

Unfortunately, it is not obvious how to construct D . Here is where computations enter the

picture:

1. Tt is intuitively clear that a time-abstract scheduler (in a combination with an initial state:
in our case, s) induces a computation (which we can construct by unrolling the MA, as
described in Section 633). For instance, the scheduler Dy induces some computation Cs from

S.

2. C, carries the same information as D,. We can, therefore, compute eT'?: (s, 0G) just by
looking at Cs (by a procedure defined in Section 64). Let us denote the computed value by
eT (5,0G). Of course, eI (s,0G) = TP+ (5,0G), but by using a different superscript
symbol we emphasize that the expected time is computed by looking only at the computation
Cs.

3. Furthermore, given a computation, we can reason backwards and find a time-abstract sched-
uler inducing this computation (the algorithm is also described in Section B3). For instance,
if Cy is some computation from s’, we can find a scheduler D, inducing Cy . Again, we can

compute the expected time in Cy satisfying eTC+ (s, 0G) = TP+ (s', 0G).

Now, the task is reduced to the following: prove that given a computation Cy from s there exists

a computation Cy from s’ such that eT'% (s,0G) > T (s',0G). Then,

eTP: (s,0G)
eTCs (s,0G)

eT™™ (5, 0Q)
(Step 1: construct Cy from D)
(Step 2: construct Cy from Cy) > T (s, 0Q)

(Step 3: construct Dy from Cy/) eTP+ (s, 0G)

eT™™ (s, 0G) .

At this point, the reader might doubt that constructing Cy with eT% (s, 0G) > T (s',0G) is
any easier than directly constructing Dy with eT'Ps (s, 0G) > eTP+ (s',0G). However, the former
indeed turns out to be simpler, if only because computations can be visualized and reasoned about

more easily than schedulers.

The chain of equalities and inequalities above specifies a proof plan consisting of 3 steps. In this

chapter we will take care of Steps 1 and 3, and a part of Step 2. For Step 2, we will define several
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conditions that must be satisfied by Cs and prove that under those conditions it indeed holds that
eT% (5,0G) > T (s',0G). In the next chapters we will complete Step 2 and the whole proof

by showing that a computation Cy satisfying the conditions can indeed be constructed.

Finally, it should be noted that we will compose analogous proofs for minimum long run average

and other weak bisimulations.

6.2 Computations

We now introduce computations formally. The section entirely consists of straightforward defini-
tions: the results that make computations interesting and useful for our purposes will come in the

next sections.

Definition 6.1 (Noop action). Let Act® = ActX U {e}, where € is a pseudo-action signifying the

fact that a state matches a 7T-transition of a weakly bisimilar state by doing nothing.

Furthermore, for every s € S, let Act® (s) = ActX (s) U {e}.

Definition 6.2 (Computation). A computation is a tuple C' = (Q, —, L, 09) such that:

1. @ is a finite or countable set of nodes.

2. L:Q ~ S is a node labeling function.

3. 0p € Q is the root node.

4. = C Q x Act® x (0,1] x Dist (Q) is a transition relation, such that:

(a) for each (o,a,p,u) € =, a € Act® (L (o)),

(b) for every e-transition (o,¢,p,u) € — it holds that p = {(¢’,1)} for some o’ € Q with
L(o") = L (o),

(c) for each o € @, the set of outgoing transitions

{(o,a,p, ) € {o} x Act® x (0,1] x Dist (Q) | (o, ,p, ) € =}

is finite,

(d) for each o € Q, Z p € {0,1},

(o,a,p,p) € —
(e) for each (o, a,p, ) € = with o € ActX,

D L) 1@} = pr@)a

a’eqQ

(f) C is a tree rooted in oy, i.e., there is no ingoing transition to oy, there is exactly one

ingoing transition to every other o € @), and every o € @ is reachable from oy.
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We say that C is a computation from the state s € S if L (op) = s.

Definition 6.3 (Parents, children, leaves). Let C = (Q,—, L,00) be a computation. For
each node o’ € Q \ {0y}, let Parent (¢’) be the unique o € @ such that there exists a transition
(0,0,p, 1) € — with o’ € Supp (). Let us denote this transition by InTrans (o).

Furthermore, for each node o € Q, let

Children () = {0’ € Q|o = Parent(c’)}.
Let Children™ be the reflexive and transitive closure of Children.
Next, the set of leaves of C' is defined as

Leaves (C) = {o€ Q| Children(c)=0}.

Definition 6.4 (Probabilities in computation). For a computation C' = (@, —, L, 09), let:

1. Pr(op) =1, and

2. for every o € Q \ {oo} with InTrans (o) = (Parent (o), a,p, 11,

Pr(c) = Pr(Parent(o))-p-pu(o).
Next, for each 0 € Q \ Leaves (C) and o € Act®, define

Pr(o,a) = Z .

(o,a,p,p) € —

Finally, for each o € Q \ Leaves (C), define

Pr(o,6 (E(L (o Lo MS
Pr(o,7) — O( (B (L(0)))) t;)e.

Note that for every o € @ \ Leaves (C) it holds that

Pr(c,e) = 1-— Z Pr (o, )

acActX(L(o))

= 1- Z Pr(o,a).

a€ActT(L(0))
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Definition 6.5 (Noop-trees). Consider a computation C' = (Q,—, L,0¢). For every o € Q,
let Reache (o) be the set of nodes reachable from o via zero or more e-transitions (note that

o € Reach. (0)). Formally, Reach, (o) is the smallest set such that:

1. 0 € Reach, (o), and

2. whenever ¢’ € Reach, (o) and there exists a transition (o', ¢,p, u) € — with o” € Supp (n),
it holds that ¢” € Reach, (o).

Furthermore, let
In. = {0'€Q|3(o,e,p,p) €~ .0" € Supp(p)}
be the set of nodes of C' whose incoming transitions are e-transitions.

Definition 6.6 (Non-terminating computations). Let C = (Q,—, L,09) be a computation.

We call C non-terminating if:

1. Leaves (C) = () and

2. for every o € @, the probability to execute only e-transitions forever is 0, that is, for every

o€ Q,

> Pr(o))-(1-Pr(d';e)) = Pr(o).

o’€Reach (o)
Definition 6.7 (Independent set of nodes). Consider a computation C = (Q,—, L,0q). A
set of nodes B C Q is said to be independent if for every pair of distinct 0,0’ € B it holds that

o' ¢ Children* (o).

Definition 6.8 (Subdistribution induced by subset of computation nodes). Let C' =
(Q,—, L,00) be a computation. Furthermore, suppose B C @ is independent. Then the subdistri-

bution over S induced by B is defined as

wp = @{L(0),Pr(o)).

ceB

In the case when B = {o} for some o € Q, we simply write /i, instead of jif,1.
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Definition 6.9 (Subdistribution induced by computation). Let C = (Q,—,L,0q) be a

computation. The subdistribution over S induced by C, denoted ¢, is defined as

HC =  HLeaves(C)-

Definition 6.10 (Simple computation). A computation C' = (Q,—, L,0q) simple if:

1. for every o € @, there is exactly one outgoing transition from o, and

2. there are no e-transitions in —.

Note that a simple computation is non-terminating.

Definition 6.11 (Traces of time-abstract paths). The observable action trace (or simply the

trace) of a time-abstract path 7 is given by the function
Tr: Paths’,, — (ActX)",
defined as follows:

1. Tr (so) = € (note that & denotes the empty sequence and is distinct from €), and
Tr(m)oa if o € Act\ {7}
2. Tr(ﬂ'i%?): Tr(m)od(E(r)) fa=1A7T €MS

Tr(m) otherwise.

Note a subtle point in the inductive part of this definition: Definition 214 allows a time-abstract
path m 5 s even if 7 is not a Markovian state. This is why the additional condition 7| € MS is
necessary. It is, however, clear that the probability of such a path is 0 due to the fact that every

scheduler must choose actions belonging to ActT (7)), so that we can ignore the issue.

Definition 6.12 (Induced paths and traces of computation nodes). Let C = (Q,—, L, o)
be a computation. For every o € @), we define the time-abstract path induced by a node, denoted

Ty, as follows:
1. mgy = L (00), and

2. for every o € Q \ {00} with InTrans (o) = (Parent (o), a,p, 11,

T Parent(o) =L (U) if a € Act
To = T Parent(o) 5L (O’) if « € ActX \Act

T Parent(o) ifa=ec
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Next, the observable action trace (or simply the trace) of a node o € @, denoted T'r (o), is defined

as

Tr(oc) = Tr(n,).

Definition 6.13 (a-computation). Let o € ActX. A computation C = (Q,—,L,0q) is an
a-computation if:

L |uc| =1,

2. for every o € @, Reach, (o) is finite, and

3. for every o € Leaves (C) it holds that

(a) either « =7 and Tr (o) =€, or

(b) a#7and Tr (o) = a.

6.3 Induced computations and schedulers

In this section we will define induced computations and schedulers, which is the first half of Steps
1 and 3 of the proof plan in Section B (the second half is to specify how to calculate expected

time and long run average in computations).

Lemma 6.14 (Simple computation induced by scheduler). Let s € S be an initial state,
and let D € GM be a stationary deterministic scheduler. Then there exists a simple computation

Cs.p = (Q,—,L,0¢) such that:
1. L(og) =s, and

2. for every m € Paths?, it holds that

abs

Pr (r) = > Pr (o).
{ceQ|ro=nmAoc¢In}

Proof. The computation Cs p = (Q,—, L, 0¢) is constructed as follows:

1. We start with a single node o labelled with s.

2. We expand the computation by adding transitions as specified by the scheduler D. In the

end, there is exactly one node for every m € Paths,  with Pry p (7) > 0.

It is quite clear that Cs p satisfies the requirements of this lemma. O

60



Definition 6.15 (Induced scheduler). Let C' = (Q,—, L,09) be a non-terminating computa-

tion.

Then define the induced time-abstract scheduler
D¢ : Paths?,, x Act™ — [0,1]

as follows:

> Pr(o)-Pr(o,a)

{Uteﬂ'U:ﬂ'}
) —

D¢ (7,

Pr(o)
{oeQ|rs=nAo&In}

provided the denominator is non-zero. If the denominator is zero, D¢ (7, @) is the uniform distri-

bution over ActT (7).

The next lemma proves that the expression above does indeed define a scheduler.

*
abs’

Lemma 6.16 (D¢ is a valid scheduler). For every m € Paths

Z Dc(ﬂ',a) = 1

a€ActT

and
D¢ (m,-) € Dist(Act™ (1)) .

Proof. First of all, if

> Pr(o) = 0,

{oceQ|mro=nNc&In.}

then D¢ (7, o) is the uniform distribution over ActT (7)), so that the claim obviously holds. There-

fore, suppose that

> Pr(o) > 0.

{oceQ|mo=nNo&In.}
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Now, it holds that

> Pr(o)-Pr(o,)

S potray - Y edne
a€ActT a€ActT Z Pr (J)
{oceQ|mo=nNoEI}

Z Z Pr(o)-Pr(o,a)

a€ActT {ceQ|n,=n}

(denominator independent of o) =
Pr (o)

{oeQ|mo=nNo&In}

Z Pr(o)- Z Pr (o, )

{oceQ|ms=m} a€ActT

> Pr (o)

{oceQ|mo=nAc&In:}

(moving outer sum inside) =

At this point, observe that

{oe@|m,=n} = L—Ij Reach, (o).

{o€eQ|mo=nNo&In}

Then we can continue the chain of equalities as follows:

>, Pr(o)- Y Pr(oa)
{o€Q|mo=m} a€ActT
D¢ (m,a) =
ae;t'r C(Tr a) Z PI‘(O’)

{oeQ|r,=nAo&Inc}

Z Z Pr(o’) - Z Pr(o,a)

{oceQ|ms=nAo¢In.} o’€Reach. (o) a€ActT

Z Pr (o)

{oceQ|ro=nNo&In:}

Z Z Pr(c’)- (1 —Pr(c e))

{oc€Q|ms=nAo¢In.} o’€Reach. (o)

> Pr (o)

{oceQ|mo=nAo&In:}
> Pr (o)
{ceQ|m=nAo&In}
Pr (o)
{oeQ|mo=nNo&Inc}
= 1.

(by considerations above) =

(by Definition B4) =

(by Definition BB) =

This completes the proof of the first claim. The truth of the second claim follows from the fact
that for every a € ActT, D¢ (m,a) > 0 implies Pr(o,«) > 0 for some o with 7, = m. Now, if
a € Act, then Definitions B2 and B2 imply o € Act (L (o)) C Act™ (L(0)), and if @ = 71, then
L (o) € MS by Definition B4 and thus, again, o € ActT (L (0)). O
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Proof. The proof is by induction on |r|.

Base case. If m = s¢, then

1 ifsg=s
Pr (m) =
sDo 0 otherwise
Pr(og) ifsp=s
0 otherwise
= > Pr(o).
{ceQ|ro=mAoc&In.}
Induction step. Let
7 = 73 s,

Now, if Prs p, (m) = 0, then, by the induction hypothesis,

> Pr(o) = 0.

{o€Qlro=nno¢In.}
But then it must be the case that
{ocQm=nrogIng = 0,
which implies that
{eeQ|mo=n"No&In} = 0,

and thus,

S,DC

= > Pr (o).

{oceQ|ro=n'AogIn}
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If, on the other hand, Pr, p. () > 0, then, by the induction hypothesis,

> Pr(c) > 0,

{ceQ|mo=nAo&In}

so that, by Definition B13,

Z Pr (o) - Pr(o,a)

{gteﬂ-o':ﬂ—}

Dc (71', Oé) =
> Pr (o)
{oceQ|mo=nAoc&In.}
By Lemma P23,
Pr (') = Pr (7) Do (m an)- fir, a, (Snt1) -
s,D¢o s,D¢e

Now, if o, & ActT (7)), then clearly Pry p, (') = 0. But thenalso {c € Q | 17, =7' Ao & In.} =
() and the result holds. Therefore, assume a,, € ActT (7).

Then,
Pr (7r/) = Pr (m) D¢ (m an)- Ko, (Sn+1)
s,D¢c s,D¢c
> Pr(o)-Pr(o,on)
.. _ {UEQlﬂ'U:ﬂ—}
(by Definition E14) = Pr («)- oy o (Sng1)
e S P
{oeQ|mo=nNo&Inc}
(induction hypothesis) = Z Pr(o)-Pr(o,an) | - thry,an (Snt1) -
{o€Q|ns=7}

At this point, observe that w, = 7 implies L (¢) = 7). Therefore, we can continue the chain of

equalities as follows:

Pr() = > Pr(o)-Pr(o,am) | - firyan (Snt1)
{Uteﬂa:ﬂ'}
(L (O’) = ﬂl) = Z Pr (U) - Pr (07 O‘n) "HL(0),an (5n+1) .
{oc€Q|m =7}

At this point, we would like to replace Pr (o, a;,) with Z(a’amp’u)eﬁp. If a,, # T, the validity
of the substitution follows directly from Definition E4. If, on the other hand, a,, = T, then a
minor technical problem arises: the transitions from ¢ in C' are not labelled with T, but rather

with 0 (F (L (0))). Therefore, in the case when «, = T, let us change the notation and set
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an, =0(E(L(0))). Then, in both cases,

RZRCORETED DENS TR (D DR TSP ety
{ceQ|nm,=mr} (o,an,p,p) € =
(moving everything inside) = Z Z Pr(o)-p- pr(o),an (Snt1) -

{o€Q|mo=n} (0,an,p,1) € =

Now, from Definition B2 it follows that for every transition (o, o, p, 1) € — it holds that

BL(o)an (Sn41) = > p(o’).

{o’€Supp(pn)|L(o’)=sn+1}

Therefore, for every o € Q,

> Pr(o) p-lise)a, (Sni1) = > Pr(o)p- > (o’

(0,0n,p,1) € = (0,0n,p,1) € — {o’€Supp(p)|L(0’)=5n+1}

(moving Pr (o) - p inside) = Z Z Pr(o)-p-p(o)
(00 :p,p) € = {0’ €Supp(p)|L(0")=5n+1}
(by Definition 64) = Z Z Pr (o).

(0;0n,p,1) € = {0’ €Supp(p)|L(o’)=sn+1}

Next, it is not difficult to see that

{c€eQ|mo=n"NogIn} = H—J H—J {o' | o' € Supp(u) N L(o")=sp41}-

{c€Q|ne=7} (0,an,p,u) € =

Putting everything together, the chain of equalities above can be continued as follows:

A
SE)YC (') {GEQ%_W} (m%%%) ) _>Pf (o) p KL (o),0n (8n+1)
= > > > Pr(c')
{o€Qlmo=n} (0,00n,p,1) € = {0’ €Supp(u)|L(0")=sn+1}
- Y R
{o€Q|mo=n'AoZIn }
as desired. 0

6.4 Expected time in computations

In this section we will complete Steps 1 and 3 of the proof plan in Section B (only for the expected
time case - long run average will be covered in the next section) by specifying how to calculate

expected time in a computation and proving that T (s, 0G) = eT'? (s, 0G) whenever:

e the computation C from s is induced by the time-abstract scheduler D,
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e or the scheduler D is induced by the computation C from s.

Lemma 6.18 (Mean of function under time-abstract scheduler). Let ug € Dist (S) be an
initial distribution over S and let D € DM be a time-abstract scheduler. Furthermore, suppose

7 € Paths), for some n € N>g and

f: Paths™ — R.

Then,

Ho,D

‘/Cyl(nw)f (71'/ [O’I’L]) #10371'D (dﬂ'/) = Pr (77) : /(‘R>O)" f (ﬂ-l) N 0] (dtO) - Trn—1] (dtn—l);

where:

1. I is the rectangle in Paths™ corresponding to the time-abstract path 7 (see Definition [Z-14)

and

2. @ on the right is the finite path defined by the states and actions in m and the variables of

integration.

Proof. Suppose

ap [ 1

Then, for every n’ € Paths® with ' [0...n] € 7,

n—1 n—1
po (s0) [T (D (7 [0.:d], ) sy a0 (si41)) = ppo (s0) [ (D (7 [0.1:1], @) s, (si41))
i=0 i=0
(by Lemma DZH) = u];),lb (),

where the first step is possible because D is time-abstract.

Then, using Lemma =23 and the equality that we have just derived,

/Cyl(nw)f (71'/ [On]) #Eilb (dﬂ") — /(Rzo)nf (71-/) . #ErD (7‘(‘) Nx[0] (dto) e M[n—1] (dtnfl)

(moving Pr(m) Out) = P /(R )nf(ﬂ' [0...n]) nz(o) (dbo) - -Nrf—1 (dtn—1)

as desired. O

Lemma 6.19 (Expected time split by time-abstract paths). First, define the function
el : Paths), . +— R>q
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as follows:

1. €T (s9) =0, and

2. el <7r 2z an) =T (m)+MST (7)), where the MST function was defined in Lemma 1.

Now, suppose s € S, D € GM is time-abstract, and G C S. Let

& = {me Paths, |7 € G A Vie{0,..,|r|—-1} .7[i] € G}.

abs

Then,

S eT(m)- Py (m) if 3 Pr(m) =1

eT? (5,0G) = { rew €6

00 otherwise.

Proof. First of all, observe that

due to the fact that no path in & is a prefix of another path in &.

Now, recall that, by Definition ZZg,

D = Y ).
eT? (5,0G) = /pathswVG( ) ] (dm)

Next, let

P = {me€ Paths” | Vg (1) < oo}.

Then, it holds that

P = | oy,
TEB

(recall that by Definition 214, II; is the rectangle in Paths™ corresponding to the time-abstract

path 7). Then,

Pr(P) = Y Pr(Cyl(Il))

s,D s,D
Ted
(by Definition 23) = Pr (I1,)
! s,D
(by Definition 224) = Pjg (7).
Ted *
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Thus, if ) s Prs.p (7) <1, then Pry p (Paths® \ P) > 0, so that

eTP (s,0G)

(retaining only 2nd integral)

(Vi () = oo Vr € Paths® \ P)

(ng (Paths® \ P) > 0)

v

/ Ve () P (dr)
Pathsvw S,
/P Vo (m) Py (dr) + /P Ve ) P (0)

/ Ve (7)) Pr (dn)
Paths«\P s,D

Pr (dm
Paths*\ P S7D( )

00 - Pll; (Paths“ \ P)

o0 -

On the other hand, if }°__, Pry p (7) = 1, then

eTP (5,0G)

Now, for every m € &,
/ Ve () Pr (d)
Cyl(11y) 5D
(rearranging sum and integral)
(by Lemma GIR)
<m0ving SIF”r (m) outside>

(all integrals except ith one equal 1)

(mean time to stay in  [i])

(by definition of eT)

where t; is the amount of time the path 7’ € Cyl (

/Paths“’ VG (Tr) 51’315 (dTr>
/P Vo (r) Py (dn)

Z/Cl( )VG(W’) Pr (dr').

s,D
Ted

w| -1

>

=0

/
Fb L)

)

/Cyl(H,,)

|m|—1

Z -/Cyl(H 57 dﬂ- )
|7T|—1
2 [55 x

/ " ti Nrfo] (dto) - M[jm| 1] (dt\ﬂl—l)
(Rzo)'"

., tirfo) (dLo) - Mafjm| 1) (dt|z)-1)

I1,) stays in the ith state (which is always the

same state 7 [i] since all the paths belong to the same time-abstract path 7).
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But then, continuing the chain of equalities above,

eT? (5,0G) = / Ve (7') Pr (dn')
e/ Cyl(Ily) P
— YT Pr (),
Te®
as desired. 0

Definition 6.20 (Expected time in computations). Let the function

el : Q— Rxg
be defined as
el (o) = el (m,).
Next, suppose G C S. Let
G = {0eQ|nm, €6 ANogln}.

Now, define the expected time to reach G in the computation C' from s as follows:

> eT(o)Pr(o) if Y Pr(o)=1
eT (5,0G) = { oeg oeg

00 otherwise.

Lemma 6.21 (G is independent). Let C = (Q,—, L,0¢) and D € GM. Suppose G C S, and
let

& = {me€ Pathsy,|m, € G A VYiec{0,..,|r| -1} .7[i] € G}
(as in Lemma B13) and
G = {o€eQ|nm, €6 AN odlIn.}
(as in Definition B20). Then G is independent.

Proof. The proof is by contradiction. Suppose ¢,0’ € G are such that o # ¢’ and ¢’ € Children* (o).
Clearly, the time-abstract path 7, is a prefix of ., that is, 7, = 74 [0...4] for some i € {0, ..., |7,|}.
Moreover, since o’ ¢ Ine, it must be the case that ¢ < |m,/| (see Definition EI1). But then
7o [i] € G, which contradicts the definition of &. O
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Lemma 6.22 (Trace equality implies expected time equality). Let C = (Q,—,L,09).

Then, for every pair of nodes 0,0’ € Q,
Tr(o)=Tr(c") implies €T (c)=eT (o).
Proof. By a straightforward induction on the structure of C' we can prove that for every o € @,
el (o) = elr.(Tr (o)),
where the function eT7r, is defined as:

1. €Ty (€) =0 and

2. For a sequence a € (ActX)" and an action o € ActX,

elr, (a if v € Act
elr, (aoa) = - (a)

eTry(a)+ 1 ifa=d(r).

The key to the proof is the fact that, by Definition B2, every transition from every node o € @
must be labelled with an action in ActX (L (o)) (with a single exception when o = €). Thus,
whenever an outgoing transition of a node o is labelled with § (r) for some r € R, we can be
sure that L (¢) € M S and, moreover, M ST (L (o)) = 1/r. Analogously, if the label is « € Act, we
know that L (¢) € PS and MST (L (o)) = 0.

The details of the proof are rather uninteresting, so that we leave them out for brevity. O

Lemma 6.23 (Expected time for time-abstract scheduler and in computation). Let
Cs = (Q,—, L,00) be a computation from a state s and D be a time-abstract scheduler such that

for every w € Paths®, it holds that

abs

Pr(m) = Z Pr(o).
{o€eQ|mo=nNo&Inc}

Let G CS. Then
eTP (5,0G) = eI (s,0Q).
Proof. Recall that
& = {me€ Pathsy, |m, € G A VYie{0,..,|r|—-1} .7[i] € G}
was defined in Lemma G119, while
G = {0€eQ|m, €6 N océ&lIn}
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was defined in Definition B220.
First, note that

g = M{UEQ\WU:ﬁAaglne}.

TeEB

Then, using the assumption,

Prim = >, b0

TESG T€® {oeQ|r,=nAc¢In.}

> Pr(o).

4%

Now, Lemma B implies that

> Pr(o) < 1

oeg
If Y ,egPr(o) =), co Prsp (m) <1, then, by Lemma BET9 and Definition 621,

eTP (5,0G) = oo
= eT% (5,0G).

On the other hand, suppose » s Pr(0) = ). s Prsp (7) = 1. In this case,

eT? (5,0G) = Y el (m)- SJB(W)

Ted
(by assumption) = Z eT () - Z Pr (o)
Te® {oeQ|mo=nNo&In:}
(by Definition E20) = Z Z eT (o) - Pr (o)

Te€® {oceQ|r,=nAoc&Inc}

= Y el (0)-Pr(o)

o€g
(by Definition E20) = T (5,0G).

Lemma 6.24 (Minimum expected time by simple computation). Let s € S and G C S.

Then there ezists a simple computation Cs from s such that:

eT™" (5,0G) = eT% (5,0G).
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Proof. By Lemma P50, there exists a stationary deterministic scheduler D such that eT™" (s, 0G) =
eT? (s,0G). Moreover, by Lemma 614, the induced simple computation Cs p and D satisfy the
conditions of Lemma 6223. Thus,

eI™" (5,0G) = eTP (s,0Q)
eTCsp (s,0G),

as desired. 0

Lemma 6.25 (Expected time by induced scheduler). Let C = (Q,—,L,00) be a non-

terminating computation from s € S. Then, for every G C S,

eTPe (5,0G) = eI (s,00).

Proof. The result follows directly from Lemmas 6223 and GT4. O

6.5 Long run average in computations

In this section we will complete Steps 1 and 3 of the proof plan in Section B by specifying how
to calculate long run average in a computation and proving that LRA® (s, 0G) = LRAP (s,0G)

whenever:

e the computation C' from s is induced by the time-abstract scheduler D,

e or the scheduler D is induced by the computation C' from s.

Definition 6.26 (Unified transition probability densities by action). For every action
a € ActX, let

N : R>0 = Rxg
be defined as follows:

r-e "t ifa=4(r)

Na(t) =
O Dirac (t) if v € ACt,

where dp;rqc 1s the Dirac delta function.
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Lemma 6.27 (Unified transition probability densities by states and actions). For every

s €S and o € ActX (s),

Ns = TNa-

Proof. Follows immediately from Definitions 222 and B20. O

Definition 6.28 (Probability of mth state at time ¢ given trace). Let a € (ActX)" be a
sequence of actions containing at least one action belonging to ActX \ Act (i.e., an action of the

form 0 (r)). Let ayg, ..., a;;, denote the actions from ActX \ Act in a.

Then, define
P(a) = / T (t0r e t) Ty (A10) <o, ()

where Iz is the indicator function for the set T} defined in Lemma B

In the case when a € (ActX)" does not contain any actions in ActX \ Act, we set

Pt (a) = 0.

Definition 6.29 (Set of time-abstract paths corresponding to set of states). Let G C S.
Then, let

Lo = {m € Paths,, ||r| >0A7[xr] —1] € G}.

abs

Lemma 6.30 (Probability to be in G at time t). Let s € S be an initial state and let D € GM
be a time-abstract scheduler. Suppose G C MS. Then, for every t € Rx,

Sjg{ﬂepathswm@maﬂ} = > P (m) - P (Tr (7))

TeELg

Proof. For every m € £¢, let
PUES {71" € Cyl (Iy) | (to, s tjm|—1) € @tﬂ_l}

(recall that the set S’:lf‘*l was defined in Lemma B7).

Then, analogously to Lemma B=3,

{r" € Paths” | '@t NG # 0} = H‘J BY

Tela
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so that

P {r € Paths |T@tNG#0} = Y P

TeELa

Therefore, we only need to prove that for every m € £4 it holds that

Pr(F7) = Pr(m)- P (Tr(m).

To this end, suppose m € £4. Let

g Qn—1

T = 8 — .. —— 5,
Then,
Pr (P7) — / Tews (to, s tn_1) Pr(dr)
s,D t Cyl(IL,) gy s,D
(by Lemma BI8) = PE (m) - /( ) Ifffl (tos s tn—1) Ns (dto) -1, _, (dtn—1).
s, Rso n t

Now, if Pr,s p (w) = 0, then clearly

Pr (B7)
= Pr(m)- B (Tr(m).

If, on the other hand, Prs p () > 0, then it must be the case that for every i € {0,...,n — 1} it
holds that a; € ActT (s;). In particular, o; = 7 if and only if s; € MS. Using this fact, let us
set a; = 0 (E (s;)) whenever s; € MS (in other words, let us convert the actions «; from ActT to
ActX). Then, by Lemma B2, 15, = 1,. Thus,
51735 (&Tj?—) = 31735 (7T) . /(R>O)" 15?71 (to, ...,tnfl) Nevo (dt()) v Nap_1 (dtnfl) .

We now show that we can remove the integrals corresponding to probabilistic actions without
affecting the validity of the equation. Indeed, the first thing to note that whenever «; € Act,
Mo, Permits only one value of ¢;, namely ¢; = 0. In effect, we can simply remove the integrals

corresponding to probabilistic actions and replace the corresponding variables t; with zeros. Let

i0, .., 4m be the indices of actions belonging to ActX \ Act in «y,...,a,—1. Note that a,_1 =
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0 (F (sp—1)), so that i, = n — 1. Then,

n—2 n—2
(to,ontn_1) €T & ti<t< Y tittn
i=0 i=0
m—1 m—1
& ti, SE< Yt +taa
§=0 §=0
=4 (tio, ...,tim) € ‘I;n,
so that
I‘I?—l (t07---7tn—1) = Ig:n (ti07~-~7tim)-
Therefore,
Pr(Py) = Pr (71')/ Ion—1 (toy ooy tn_1) Nag (dto) -+ Na,, _, (dtn—1)
s,D t s,D (Rzo)n < 0 1
= Pr(m- /(]R>o)m+1 Iz (tigs s tiy,) Moy (dtig) Mo, (dis,,)
(by Definition B28) = PE) (m) - P (Tr (m)) .

i

Lemma 6.31 (LRA split by time-abstract paths). Let D € GM be a time-abstract scheduler.
Suppose G C M S. Then, for every s € S,

t
LRAP (s,0G) = lim 1 / > Pr(m) Py (Tr(r)) du.
0
Proof. By Definition 2251,
D L
LRA" (5,0G) = ~/Paths“’ (tliyolo t/o Ic (mQu) du) SPB (dm),

where

1 ifm@Qu N G#0
I (mQu)

0 otherwise.
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Now,

1/t
D _ im =
LRA” (5,0G) = /Pathgw (tlggo t/ Io (mQu) du) SP[r) (dm)
(rearranging *) = lim / / ¢ (mQu) r (dm) du
t—oo t Paths“’ s,D
= [lim E Pr {m € Paths* | TQuN G # 0} du
—00
1 "
(by Lemma 630) = lim f/ Pr (7) - Py, (Tr (7)) du.
t—oo t ,D
0 weg
() The validity of this step is not immediately obvious: it is taken directly from [i]. O

Definition 6.32 (LRA in computation). Let C' = (Q, —, L, 0¢) be a computation from a state
s. Furthermore, suppose G C M S. Then, let

LRA® (5,0G) = lim t > Pr (o) - P, (Tr (o)) du.

t—oo ¢
0 {oeQ|n,eLaNogIn:}

Lemma 6.33 (LRA by scheduler and in computation). Let C; = (Q,—, L,00) be a compu-
tation from a state s and D be a time-abstract scheduler such that for every m € Paths, . it holds

S
that

Pr(m) = Z Pr(o).

{oeQ|r,=nNo&Inc}
Let G C MS. Then
LRAP (5,0G) = LRA% (s5,0G).

Proof. Using Lemma B3,

LRAP (5,0G) = lim - / Z P P, (Tr(m)) du

t—oo
Tela

(by assumption) = lim — / Z Z Pr(o) | - P, (Tr(w)) du

t—oo ¢
r€lc \{oceQ|r,=nAocgIn.}

1
(by Definition E12) = tlim n Z Z Pr(o)- P, (Tr (o)) du
e 0 regq {oeQ|mo=nNo&Inc}
1 t
(merging two sums) = tlim n Z Pr(o) - P, (Tr (o)) du
—00
0 {seQlrocLorogine
(by Definition E32) = LRA% (s5,0G).
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Lemma 6.34 (Minimum LRA given by simple computation). Let G C MS. Then, for

every s € S, there exists a simple computation Cs from s with

LRA™™ (5,0G) = LRA% (5,0G).

Proof. Follows immediately from Lemmas 252, 614 and B6=33. O

Lemma 6.35 (Long run average by induced scheduler). Let C = (Q,—, L,00) be a non-

terminating computation from s € S. Then, for every G C MS,

LRAPC (5,0G) = LRAC (5,0G).

Proof. The result follows directly from Lemmas 6233 and B14. O

6.6 Weakly simulating computations

At this point, we have completed Steps 1 and 3 of the proof plan in Section EI. We now turn
our attention to Step 2, which is arguably the hardest part of the entire proof. In particular, we
need to show that if s is weakly bisimilar to s’ (with respect to the chosen weak bisimulation),
G is closed under the chosen bisimulation and C is a non-terminating computation from s, then
there exists a nonterminating computation Cy from s’ with eT'% (s, 0G) > eT% (s, 0G) and
LRAC%: (5,0G) > LRA®+ (s', 0G) (strictly speaking, we do not have to use the same Cy for both
expected time and long run average, but it turns out that we can). Note that we can safely assume
that Cs is non-terminating because we get a simple computation from Step 1. Furthermore, we
need Cy to be non-terminating since it is required by the construction of the induced scheduler

(see Definition BTH).

In order to develop a sense of the problem, let us consider the construction of Cy for naive weak
bisimulation. Consider the Markov automaton M A and the computation Cy from the state s

presented in Figure [3. We want to construct Cy from the state s'.

The idea is simple enough. We construct Cy recursively: start with a single root node 7 corre-
sponding to s’ and expand the computation downwards by simulating the transitions in Cy one
by one. To this end, consider the transition og LI {(01,0.5),(02,0.5)} in Cs. It can be sim-
ulated by the computation from s’ depicted in Figure I@. Note that by the definition of =<, the
distribution induced by the leaves of the computation on the right is equivalent to the distribu-
tion {(u,0.5),(v,0.5)}. Clearly, the nodes v; and 75 correspond to the node o1, and the node ~3

corresponds to the node os.
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0.5 0.5

Figure 13: A Markov automaton (left) and a computation Cy from s (right).

Let us capture this correspondence by a mapping w from the nodes of C; to sets of nodes of C,.
Thus, w (01) = {71,72} and w (02) = {~3}. Moreover, we can set w (o¢) = {70}-

- . . " 5(1),1 .
Continuing the process recursively, we simulate the transition 07 ——— 09 by attaching appro-

priate transitions to every node in w (o1). We continue the process to infinity, simulating all the
transitions in C one by one. The result is presented in Figure I3 (the dashed arrows denote the

mapping w).

At this point, we might start noticing that the way we constructed Cs implies that:

1. For every node o of C; and every v € w (o), Tr (o) = Tr (7).
2. For every node o of Cs, Pr(0) = }_. ¢ (o) Pr(7)-

3. The mapping w preserves the ancestor / descendant relationships between the nodes. For

example, every node in w (03) must have a parent belonging to w (1), etc.

By exploiting these (and a couple of other) properties of Cy/, we can now prove that eT'% (s, 0G) >
eTC (s',0G) and LRA (s,0G) > LRA® (s',0G).

We could construct a separate proof for each kind of bisimulation. However, this would be wasteful
because large chunks of the proofs would be identical. Fortunately, it turns out that we can factor
the common parts out in the following way: we can define a set of conditions on Cy that are
sufficient for T (s, 0G) > €T (s',0G) (or LRA% (5,0G) > LRA®+ (s',0G)) to hold. The 3
observations above are a subset of these conditions. We then consider each bisimulation separately
and prove that a computation satisfying the conditions can be constructed (very similar to how

we have just done it for naive weak bisimulation).

One minor complication is that the conditions for minimum expected time and minimum long run

average turn out to be slightly different, which leads us to define three sets of conditions on Cj::

78



Figure 14: Cs (left) and a computation simulating the transition og @l {(01,0.5),(02,0.5)}
(right).

1. Conditions A: those that are shared by minimum expected time and minimum long run
average.
2. Conditions B: those that are specific to minimum expected time.

3. Conditions C: those that are specific to minimum long run average.

Thus, if Cy satisfies Conditions A and B, it must hold that eT'%s (s, 0G) > eT'°s (s',0G), and if
it satisfies Conditions A and C, it must hold that LRA (s, 0G) > LRA% (s',0G).
Here is our plan:

1. In Section BB (the present one) we will define Conditions A. We call any computation

satisfying Conditions A a weakly simulating computation.

2. In Section B20 we will define Conditions B and prove that Conditions A and B together imply
eTC (5,0G) > eTC (s',0G).

3. In Section B8 we will define Conditions C and prove that Conditions A and C together imply
LRA%: (5,0G) > LRA® (s',0G).

4. In the following chapters we will consider each bisimulation separately and prove that given
a computation Cy it is possible to construct a computation Cy such that Conditions A, B

and C hold (for some bisimulations this goal can only be achieved partially).

We now turn to a formal definition of a weakly simulating computation. We will also prove several

lemmas that will become useful in the following sections.
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Figure 15: Cs (left) and Cy (right).

Definition 6.36 (Weakly simulating computation). Let C = (Q, —, L, 0g) be a non-terminating
computation. Then a non-terminating computation C’ = (Q’, —', L', 7o) is said to weakly simulate

C, denoted C < C’, if there exists a function w : Q — 29" such that:

1. for every o € Q and v € w (o),

2. for every o € Q,

Pr(0) = Y. Pr(y),

YEW(o)

3. for every o € @, w (o) is independent,

4. for every o € Q and ¢’ € Children (o),
w(o’) C  Children* (w (o))

(where Children™ (w(0)) = U, g, (o) Children® (7)), and
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5. for every o € Q and ¢’ & Children* (o),

w (") N Children* (w (o)) = 0.

Lemma 6.37 (Images of distrinct nodes are disjoint). Let C, C' and w be as in Definition

E=3d. Then, for every o,0’ € Q,
o#ao  implies w(o)Nw(a’)=0.

Proof. Suppose o # o'. Then it must be the case that either o ¢ Children* (¢’) or o ¢
Children* (o). Without loss of generality, suppose o’ € Children* (o). But then, by Condition B
of Definition B30,

w (o) N Children® (w (o)) = 0.

But w (o) C Children* (w (o)), and the result follows. O
Lemma 6.38 (w preserves independence). Let C, C' and w be as in Definition G=30. Then,
for every independent B C Q, w (B) is independent.

Proof. Suppose B C (@ is independent. Let v, € w (B) be distinct. We shall prove that

v & Children* ().

Let 0,0’ € B be such that v € w (o) and 7' € w (0’). If 0 = o', the result follows from Condition
B of Definition 6238. Thus, suppose o # ¢’. Then, since B is independent, it follows that o’ ¢
Children* (o), so that, by Condition B of Definition 638,

w (o) N Children* (w (o)) = 0.

But ' € w(0’) and v € w (¢), which implies that v & Children* (v), as desired. O

To understand the next lemma, assume o € @ and v € w (o). Then, suppose that we start in
~ and traverse the computation downwards, always choosing the next transition according to the
transition probabilities. Then, we will encounter some node from w (Children (c)) (i.e., a node

corresponding to some child of o) with probability one.
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Lemma 6.39. Let C, C' and w be as in Definition B=38. Then, for every o € Q and v € w (o),
Pr(y) = 3 Pr(v).
v’ €Children* (v)Nw(Children(o))
Proof. When reading this proof, the reader might find it useful to take a look at Figure I8.

Suppose o € Q. First of all, Children (o) is a independent set of nodes, so that, by Lemma B35,
w (Children (0)) is also independent. Then clearly Children* (y)Nw (Children (o)) is independent
for every v € w (o). Then, for every v € w (o),

Pr(y) > > Pr(y').

v’ €Children* (v)Nw(Children(o))

This gives us the first half of the result.

Next,

S Pr(yY) = Pr(o)

v Ew(o)
(by Definitions 62 and 64) = > Pr(o)
o’€Children(o)
(by Condition B of Definition E338) = Z Z Pr(v')
o’€Children(o) v €w(o’)
(by Lemma E31) = Z Pr ().

v’ €w(Children(o))

Now, for every v € w (o),

Pr(y) = > oPr(y") | - Pr (")
v ew(o) v ew(e)\{~}
(x) < Pr(y) | - ( Pr(y)
v’ €w(Children(o)) v ew(o)\{v} v’ €Children*(v")Nw(Children(c))
(e > s
v’ €w(Children(o)) v’ €Children* (w(o)\{~v})Nw(Children(c))

(+5) = ) Pr(y).

y'€Children* (y)Nw(Children(o))

(*) In this step we use the fact that Pr(v) > >_. cconitarent ()nw(Chitaren(oy) PT (') for every o

and v € w (0), as was shown at the very beginning of this proof.

(*x) In this step we use the fact that w (Children (¢)) C Children* (w (o)) (Condition B of Defi-
nition B38).

This completes the proof. O
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o \

Children* (v) Nw (Children (o)) Children* (v'"") Nw (Children (o))

Figure 16: Illustration to Lemma B=39.

6.7 Minimum expected time in weakly simulating computations

In this section we will prove that Conditions A (defined in Section B8) and B (defined in the
statement, of Lemma BE40) together imply that T (s, 0G) > eI (s, 0Q) .

Lemma 6.40 (Expected time in weakly simulating computation). Let C, C' and w be as

in Definition G238, and let G C S. Suppose that for every o € Q,~v € Q' it holds that
L(c) e GAyew (o) implies L' (v)€G.
Then,
eTC (5,0G) > €T (s,0G).

Proof. First of all, the claim is trivially true if e7'C (s, 0G) = co. Therefore, suppose T (s, 0G) <

Q.

To avoid confusion, let
G = {oeQ|n,eBNc&In}
and

¢ = {yeQ |meBAyEZIn},
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where
& = {mePathsi, |7 € G A Vie{0,..,|n|—1} .7[i] € G}

was defined in Lemma B619.

By Definition E20, €T (s, 0G) < oo implies that

ZPI‘(O’) = 1

o€g
Then,

1 = ZPr (o)

ocg
(by Definition 638) = » Y Pr(y)
o€G vew(o)
(by Lemma B37) = Z Pr(v).

yew(9)

Now, consider a node v € w(G). For every o € G it holds that 7, € &, which implies that
L (o) € G. By assumption, it must then hold that L’ () € G. Then, v must reside in a subtree
rooted at some node v;op € G’ (which is the topmost node labelled with a state in G on the path

from the root to 7). Then, continuing the chain of equalities above:

1= ) Pr(y

vEwW(G)

> > Pr(y).

Ytop€G' yEChildren* (Viop)Nw(G)

At this point, observe that, by Lemmas 621 and 638, w (G) is independent. Together with the

fact that }°_ ¢, g) Pr(v) =1 this means that for every v, € ',

yew

> Pr(7) = Pr(yup)-

yEChildren* (Ytop)Nw(G)

Therefore,

1= > > Pr ()

Ytop€G' YEChildren* (viop)Nw(G)

> Pr(viop) -

Ytop€G’
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Then, by Definition 620,

T (s, 0G)

D" T (uap) - Pr (Yrop)

Ytop€G’

Now, observe that, by Condition 0 of Definition 38, for every 0 € Q and v € Q', v € w (o)

implies T (o) = Tr (), which in turn implies €T (o) = T (y) by Lemma 6E22.

Thus,
eT® (5,0G)
(by Definition B=38)
(v € w (o) implies €T (o) = €T (7))
(as before)

(as before)

(since €T (Yiop) < €T (7))

(as before)

as desired.

Z eT (o) - Pr(o)

oceg

ZeT(U)- Z Pr(v)
o€eg yew(o)

> eT(y)-Pr(y)
oc€G yew(o)

D €T (7)) -Pr(v).
yeEw(G)

2 >

Vtop€G' yEChildren* (Viop)w(G)

Z eT (Veop) - Z

el (v) - Pr(v)

Pr (v)

YtopE€EG’ yeChildren* (viop)Nw(G)
Z T (Vtop) - P (Veop)

Ytop€EG’

T (s,0G),

Proof. By Lemma B4, there exists a simple computation C from s such that

eI™" (5,0G) = eT%(5,0G).
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Then:

eT™" (5,0G) = €T (s,0G)
(by assumption and Lemma 620) > €T (s, 0Q)
(by Lemma 623) = TP (s, 0G)
)

(by Definition EZ8) > eT™" (s',0G),

as desired. O

6.8 Long run average in weakly simulating computations

In this section we will prove that Conditions A (defined in Section BB) and C (defined in the
statement, of Lemma BE22) together imply that LRAC (s,0G) > LRAC (s',0G) (in fact, we will

even prove that the conditions are sufficient for the two values to be exactly equal).

Lemma 6.42 (Long run average in weakly simulating computation). Let C, C' and w be
as in Definition B30, and let G C MS. Suppose that for every o € Q with L (o) € MS, every
v € w (o) and every v € Children* () with L' (v') € MS and Tr (y) =Tr (v') (i.e. for every '

with L' (v") € M S reachable from -y via zero or more T7- and e-transitions) it holds that

L(o)eG ifandonlyif L' (v)eQq.

Then,
LRAC (s,0G) = LRA% (s,0G).
Proof. From Definition BZ32 it is clear that it is enough to prove that, for every u € R>o,

> Pr (o). P, (Tr (o)) = > Pr(y) - Py (Tr (7))

{ceQ|rs€LcNo&In} {veQ/|myeLaAYEIn}

To simplify notation, let

Qe = {oceQ|m,€LagNhod&In}.
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Then,

>~ Pr(o)- P, (Tr (0)) S Y. Pr(m) |- Pu(Tr(0))

0€Qc 0€Qa \vew(o)
(by Condition O of Definition E38) = Z Z Pr(y)- P, (Tr (7))
0€Qc yew(o)
(by Lemma E37) = Y Pr(y)-P,(Ir (7).
vEW(Qs)

Thus, we need to prove that, for every u € Rx,

ST Pr(9) - Pu(Tr(y) = > Pr(v)- P, (Tr (7).

vEW(Qa) {veQ/|myeLaAvyEIn}

Let us now investigate the connection between the sets w (Q¢) and {y € Q" | 7, € L5 Ay & In.}.
When reading the next paragraphs, the reader is advised to take a look at Figure 2.

First, consider a node v € w (o) with o € Q¢, which means that 7, € £¢ and o ¢ In. (note
that the latter condition is actually redundant since C' is simple and, therefore, does not contain
e-transitions). Let o, = Parent (). Because m, € £¢, L(0p) € G and the transition from o, to

o must be labelled with a = 6 (E (L (0p)))-

Now, Condition @ of Definition implies that there exists a node ~sqr¢ € Q' such that vgpart €
w (op) and v € Children® (Ystart). Furthermore, from Condition I of Definition BZ38 it follows that

Tr(y) = Tr(o)
= Tr(op)oa

= Tr (Vstart) O .

In other words, the path from ~,;4,+ to v in C” contains exactly one a-transition, all other transitions
being labelled with 7 or € (note also that it implies that v # vstart). Let Start (v) = Ystart, and let
Src () and Dst (y) be the source and target nodes of the a-transition on the path from Start ()
to 7.

By the same reasoning, Start (), Src () and Dst () can be defined for every v € w (Q¢).

We shall now prove that

{r}/dst S Q/ | Tygst S ‘QG A Ydst ¢ Ine} = Dst (U} (QG)) .

(«<=) First, consider the node Dst(y) for some v € w(Qg). By construction, Dst () is the
target of an a-transition (for some a € ActX \ Act), and thus Dst (y) € In.. Moreover, for the
corresponding Src () it holds that L' (Src(vy)) € G since L (0,) € G € M S, Start (v) € w(op),
L' (Src(y)) € MS and Tr (Src(y)) = Tr (Start (). Therefore, mpg () € L£a-
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(=) Conversely, suppose vqst € Q' with m,,,, € £ and Vg5t & Ine. We need to find a node
v € w(Qg) such that v4se = Dst (7). Let vore = Parent (yast). It must be the case that 4
is the target of a transition labelled with « = 6 (E (L’ (7sre))). Moreover, L' (ysrc) € G. Now,
on the path from the root node vy to 7s.c, there must be at least one node belonging to w (Q).
Let Ystqrt be the last such node. Let o, be such that w (0p) = Vstart- Next, from Lemma it
follows that there must exist at least one v € Children* (yqs¢) with v € w (Children (op)). Let
o € Children (op,) be such that v = w (o). Then Tr (o) = Tr(y), Tr(op) = Tr (Vstart) and
Tr (o) is longer than Tr (o,) by at most one action. We know that there is an a-transition on
the path from 440+ to 7. It follows that every other transition on the path is labelled with either
7 or €, and furthermore, the transition from o, to ¢ is labelled with . Then, L (¢,) € G since
L(op) € MS, Ystart € w(op), L' (Vsre) € G € MS and Tr (Vstart) = I7 (Ysre). It immediately
follows that o € Q¢, v € w(Qg) and g5t = Dst (7).

We have now established that

{veQ |m elanygIng = Dst(w(Qg)).

At this point, let us take a step back and observe what we have achieved so far:

LRAC (5,0G) = LRA (s,0G)
f
Vu€Rso. Y Pr(7)-Pu(Tr(y) = > Pr(v) - Py (T7 (7))
vEW(Qa) {veQ’|myeLanygIn.}
(3
VueRsg. > Pr(y)-Pu(Tr(y) = ST Pr(quse)  Pu(Tr (vase)) -
vEWw(Qg) ~ast €Dst(w(Qg))

Now, on the left we sum over all v € w (Q¢). For every such =, there is the corresponding Dst (7).
Furthermore, several such nodes v € w (Q¢) can have the same value of Dst () (see Figure [8), so

that we can split the sum }__ ., o, into the double sum > "« b 0(06)) 2oirew(@o)|Dst(y) =y}

to get:
LRAC (s,0G) = LRA® (s,0G)
1)
Vu. > Pr(y)Pu(Tr(7) = > Pr (Yast) Pu (Tr (Vast))
vEW(Qa) Yast€EDst(w(Qg))

vu. Y > Pr(7) P (Tr (7)) = > Pr(qas) Pu(Tr (vast)

Yast€Dst(w(Qg)) {ve€w(Qac)|Dst(v)=7dst} Yast€Dst(w(Qa))

Next, for every v € w (Q¢) it holds that Tr (Dst (y)) = Tr (). Thus,
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LRA® (5,0G) = LRA® (s',0G)

V. 3 3 Pr(7) P, (Tr (7)) = > Pr (ast) Pu (T7 (Vast))

Yast€Dst(w(Qg)) {v€w(Qc)|Dst(v)="vast} Yast €Dst(w(Qg))

Va. > Pu(Tr (ast) > Pr(y) = > Pu(Tr (ast)) Pr (yast)

YastEDst(w(Qa)) {vew(Qa)IDst(v)="vast} Yast EDst(w(Qg))

Vyast € Dst (w(Qc) > Pr(y) = Pr(yus).
{vew(Qq)|Dst(v)="ast }

Therefore, in order to finish the proof, we need to show that for every v45: € Dst (w (Q¢)) it holds
that

Pr(yas) = ) Pr (7).

{vew(Qa)|Dst(v)="ast}

Indeed, suppose v4s: € Dst () for some v = w(Qg), and let o € @ be such that v = w (o).

Furthermore, let 0, = Parent (¢). By construction,

{yew(Qg) | Dst(y) =vast} = Children™ (vgst) Nw (Children (o,)) .

Now, by Lemma B=39,

Pr(Start (7)) = Pr(v')
~v'€Children* (Start(y))Nw(Children(oy))
and by Lemma 638, Children* (Start (7)) Nw (Children (o,)) is independent. We can interpret
these two facts as follows: if we traverse C’ from Start () downwards (respecting the transition

probabilities), we encounter ezactly one node belonging to w (Children (o,)) with probability one.

But there can be no ' € w(Children (o,)) on the path from Start(y) to Dst(y) because the
transition InTrans (Dst (7)) is the first transition on the path that is not labelled with 7 or e.
Thus,

Pr(ast) = > Pr(v)

yeChildren* (yast)w(Children(oy))
= > Pr (7).

{vew(Qq)|Dst(y)="dst }

This completes the proof. O]
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o' € Q¢ .

@ Start(v)
(T/€)*
a = 6(E(L(vp)))

Sre(y)

a=6(E(L(op)))
Dst(v)

(7/€)

o€ Qg CTTttw T

L(oy) € G w
@ o ‘ ) Start(y) = Start(v')
a = 6(E(L(ap)))
Sre(y) = Sre()
a = 0(E(L(ap)))
(r/e)"
o€ Qg Cw o

Figure 18: Illustration to Lemma B2 (second part).
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Proof. First of all, observe that for every s € S,

LRA™" (5,0G) = LRA™"(5,0(GNMS)).

Now, by Lemma B34, there exists a simple computation C' from s such that

LRA™™ (5,0 (GNMS)) = LRA® (5,0 (GNMS)).

Then:
LRA™™ (5,0G) = LRA% (5,0 (GNMS))
(by assumption and Lemma 642) = LRAS (s',0 (G N MS))
(by Lemma B33) = LRAP< (s',0(GNMS))
(by Definition E51) > LRA™™ (s, (G N MS))
= LRA™"(s,0G),
as desired. 0
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7 Property preservation under naive weak bisimulation and

branching bisimulation

The goal of this chapter is to finish the proof that minimum expected time and minimum long
run average are preserved under both naive weak and branching bisimulations. We refer the
reader to the discussion at the beginning of Chapter 4 for an explanation why we need to treat
each bisimulation separately. The reader should also be familiar with the contents of Chapter 6,

particularly the discussions in Sections B and B8.

Recall that by now we have all parts of the proof in place, except one: we need to show that if
s = s’ (respectively s ~ s'), G is closed under =< (respectively ~) and C; is a non-terminating
computation from s, there exists a non-terminating computation Cy from s’ such that Conditions

A, B and C hold (the conditions are defined in Sections 68, B24 and BEX).

Fortunately, we can save ourselves some work by noticing that naive weak bisimulation and branch-
ing bisimulation are quite similar: indeed, both can be characterized as follows: a transition s — j
is simulated by an a-computation C from the bisimilar state s’ such that uc == p (respectively
e =~ ). The difference between the two bisimulations lies in the restrictions they impose on C
- for example, in the case of naive weak bisimulation C' must correspond to a finite convex linear
combination of transition trees, etc. As it turns out, we can prove that an appropriate Cy/ can be

constructed for every bisimulation that matches a transition with a computation.

The plan is now as follows:

1. Define a class of bisimulations, called relazed bisimulations, as follows: an equivalence relation
R is a relazved bisimulation if whenever (s,s’) € R and s — p, then there exists an a-

computation C' from s’ such that pc =x p.
2. Prove that both < and ~ are relaxed bisimulations.

3. Prove that if R is a relazed bisimulation, (s,s’) € R, G is closed under R and C; is a non-

terminating computation from s, there exists a non-terminating computation Cy from s’, for

which Conditions A, B and C hold.

Let us now realize this plan. Throughout this chapter, let M A = (S, Act,—,=) be a semi-closed
MA.

Definition 7.1 (Relaxed bisimulation relations). An equivalence relation R on S is a relazed
bisimulation relation on S if for every (s,s') € R, a € ActX and p € Dist (S), s = p implies that

there exists an a-computation Cy from s’ such that pc, =r p.

Lemma 7.2 (Computation induced by a weak transition). Suppose s 3)@ u for some s € S,

a € ActX and p € Dist (S). Then there exists an a-computation Cs from s with pc, = .
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Proof. By Definition 232, there exists a finite indexed set {(Ciﬂui)}ie{l o} of pairs of positive

real valued weights and distributions such that:
e s <5y, for each i € {1,...,n},
e > ¢ =1, and

o =@ (ci-p).

In other words, there exists a finite convex combination of transition trees from s such that its

induced distribution is equal to u. We now construct the corresponding a-computation as follows:

1. We start with a single node o labelled with s.

2. We append the transition trees not consisting of a single state s to oy:

(a) the coefficients ¢; become the probabilities of the transitions going out of oy,

(b) the probabilities of all other transitions are 1.

3. Each tree consisting of a single node s becomes an e-transition from oy, with the probability

given by the corresponding c;.

It is clear that the leaves of C are in a one-to-one correspondence with the leaves of the transition

trees. It follows immediately that
ke, = M.

We now make sure that the resulting computation Cy = (@, —, L, 09) is an a-computation (see

Definition B13). Indeed:

L ue,| = lpl =1,
2. the only node with outgoing e-transitions is og, and |Reach, (0¢)| < n, and

3. every leaf of O has the right trace (either « if a # 7 or € otherwise) due to the analogous

requirement on the transitions trees in Definition PZ32.

Lemma 7.3 (Naive weak bisimulation is relaxed bismulation relation). The relation < is

a relaved bisimulation relation on S.

Proof. The result follows immediately from Definition 2233 and Lemma 2. O
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Lemma 7.4 (Branching bisimulation is relaxed bismulation relation). The relation ~ is

a relaxed bisimulation relation on S.

Proof. Suppose s ~ s’ and s % u for some o € ActX and p € Dist (S). Then, by Definitions 223
and P24, there exists some D € TETAS such that

and

e either a =7 and D (s, L) =1,
e or for every time-abstract maximal path

/7 @0

s 20 g Xy 2l o ¢ MaxPaths® (s")

abs

it holds that

- Qp-1 = Q,
— forallz€{0,....,n—2}, a; =7, and

—forallie{1,...,n—1}, s’ ~s;.
We now construct the corresponding a-computation as follows:

1. We start with a single node o labelled with s'.

2. We expand the computation by adding transitions as specified by the scheduler D. In the

end, there is exactly one node for every m € Paths’, with Pry p (w) > 0.

3. Whenever D (7, L) > 0 for some node ¢ € @, we add a new node 0, and add an e

transition from o to 04, with the probability D (7, L).

It is not difficult to see that the conditions of Definitions B3 and [l are satisfied. O

Lemma 7.5 (Order of transitions in computation). Let C' = (Q,—, L, 0¢) be a computation.

Then there exists a total order < on the set — of transitions of C' such that for every o,0’ € @,

o' € Children* (o) implies InTrans (o) < InTrans (o').

In other words, for every transition t from a node o it holds that every transition on the path from

oo to o occurs before t in <.
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Proof. Recall that, by Definition 632, C' is a finitely-branching tree rooted in og. Then let < be
the order in which the transitions are discovered during breadth-first search on C. Obviously, <

satisfies the requirement above. O

Lemma 7.6 (Existence of weakly simulating computation for relaxed bisimulation). Let
R be a relazxed bisimulation relation on S. Suppose s,s' € S and (s,s') € R. Let C = (Q,—, L,00)
be a simple computation from s. Then there exists a computation C' = (Q',—',L',vo) from s
such that C < C'. Moreover, the corresponding function w satisfies the following condition: for

every o € Q andy € Q', v € w (o) implies (L (0),L' (7)) € R.

Proof. Suppose (s,s") € R and C = (Q, —, L, 0¢) is a simple computation from s. We construct C’
and w inductively. In particular, we start with a single node labelled with s’, and add transitions

to simulate the transitions in C' in any order satisfying the requirement of Lemma 3.
Base case. Cy= ({~o},0, Ly, v0) with Ly (7o) = s, and wo (00) = {70}-

Induction step. Given a computation C), = (Q,,—", L, ,v0) with the first n transitions of C
simulated, and the corresponding wy,, we construct C},; and wy1; as follows. Suppose the next
transition to be simulated is (o, o, p, 1) (note that p = 1 since C' is simple). Let v = L (o). Note
that by Definition 610, C' does not contain e-transitions, and therefore o € ActX (s).

By the induction hypothesis, for every v € w,, (o) with ' = L/, () it holds that (v,v’) € R. Then,

by Definition [, there exists an a-computation C., from v" with He, =R Hoa-

We now extend C/, as follows (while reading the rest of the proof, the reader might find it helpful

to refer to the example located right after this lemma). For every v € w, (0):

1. Append C, to .

2. Then, the subdistribution induced by the newly added leaves is equivalent to Pr () - iy o

with respect to R. Now, for every such leaf 7/, whose associated state is v"':

(a) let EC = {0’ € Supp (u) | (L (0"),v") € R} be those children of o whose states belong

to the same equivalence class under R as v”, and let m = |EC/,

(b) arbitrarily assign the indices 1,...,m to the nodes in EC (let us refer to the nodes as
Oy ey O’m)

(c) split 7/ into m nodes {7}, ..., 7/, } and replace the transition
InTrans(y') = (Parent(y'),3,p', 1)
with the transition

(Parent (’y/> 7ﬁ7p/7 /’[’/l/) )
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where

(d) add each v} to w1 (04).

Having constructed an infinite sequence of computations C!, and functions w,,, we set

' = (O Q;w EOJ _>{n7 [j L;/VO)
n=0 n=0 n=0

and

It is not difficult to see that the conditions in Definition 638 are satisfied. Furthermore, for every

ce@andyeQ,vew(o)implies (L(o),L (7)) € R.

We also need to prove that C’ is non-terminating (see Definition BB). It is clear that Leaves (C') =
(). The second condition in Definition BB is a bit trickier, and we will consider it separately in

Lemma [2. ]

Example. Suppose the next transition to be simulated is as follows (C; and Cy are equivalence

classes under R, and v € @), is such that v € w, (0)).

The algorithm then proceeds as follows.

Step 1. The computation simulating the a-transition from v is appended to 7:
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Step 2. For each newly added leaf, for example, the one denoted by ~' in the figure above, we
determine the values of EC and m according to the equivalence class of the state associated with

~', and denote the nodes in EC by o1, ..., 0pm:

EC

m=|EC| =2

Step 3. Finally, 4/ is split into m = 2 nodes corresponding to the nodes o1, ..., 0, (with the ingoing

transition updated accordingly):
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After every leaf has been processed in this way, the entire transition has been simulated.

Lemma 7.7 (Weakly simulating computation is non-terminating). For every v € Q' it

holds that

S Pr(y)-(1-Pr(1.9) = Pr(y).

vy’ €Reache(v)

Proof. First of all, for every i € {0,...,00}, let Reach’ () be the set of nodes reachable from ~ by

exactly i e-transitions. Then, clearly,

Reach, (y) = H—J Reach? (7).
=0

Let n be maximum i such that Reach! () is non-empty, setting n = oo in the case when all the

Reach! () are non-empty. For each i, let

Pr (Reach’ (y)) = Z Pr(vy).

y'€Reachi ()
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Now,
> Pr(y)-(1-Pr(y,e) = > Y Pr(y)-(1-Pr(v,e)
v’ €Reach(v) =0 ~’€Reachl(y)

Z (Pr (Reachl (y)) — Pr (Reach™" (7)) .
=0

Now, if n is finite, then Pr (Reach?*! (7)) = 0, so that the sum is clearly Pr (Reach? (v)) = Pr (v),

as desired.

If, on the other hand, n = oo, then

Z Pr(y) (1 =Pr(y,e)) = Z (Pr (Reachl (7)) — Pr (Reach™ (v))) .
i=0

v’ €Reachc(7)

We now show that this infinite series converges to Pr (). Consider the partial sum of the first

n + 1 terms:

n

Z (Pr (Reachl (7)) — Pr (Reach" (v))) = Pr(Reach? (7)) — Pr (Reach*" (v))
=0
= Pr(y) — Pr(Reach" (v)).

Thus, we only need to show that

lim Pr (Reach! (vy)) = 0.

i—00

Suppose it is not so. Then there is a non-zero probability to execute only e-transitions starting
from ~. But then there is a non-zero probability to execute only 7-transitions in C, which implies
that the Markov automaton exhibits Zeno behaviour. But this contradicts our general assumption

that the automaton is non-Zeno. The result follows. O

Lemma 7.8. Let R be a relaxed bisimulation relation on S. Suppose s € S does not have outgoing
T-transitions and s’ € S is such that (s,s’) € R. Then for every state t reachable from s’ via zero

or more T-transitions it holds that (s,t) € R.

Proof. The proof is by induction on the number of T-transitions from s’ to t.
Base case. In the case when s’ =t the claim holds by assumption.

Induction step. Suppose v € S is reachable from s’ via n 7-transitions and v + u/ with t €
Supp (1'). By the induction hypothesis, (s,v) € R. Then, by Definition 1, there exists a 7-
computation C from s such that uc, =g p’. But s has no outgoing 7-transitions by assumption.

Therefore, ue, = {(s,1)}. It follows immediately that (s,t) € R, as desired. O
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Lemma 7.9 (Preservation of minimum expected time under relaxed bisimulation). Let
R be a relazed bisimulation relation on S. Let s,s' € S. Suppose G C S is the union of zero or

more equivalence classes under R. Then
(s,8) €R  implies eT™™ (5,0G) = eT™™ (s, 0G).
Proof. By Lemmas @ and B2,
eT™" (5,0G) > eT™" (s,0G)

(note that the requirement of Lemma B2 is satisfied because G is closed under R).

By symmetry, it also holds that eT™" (s, 0G) < eT™" (s', OG), so that, in fact,
eTmin (8, OG) —_ eTmin (S/, OG) 7

as desired. 0

Lemma 7.10 (Preservation of minimum long run average under relaxed bisimulation).
Let R be a relazed bisimulation relation on S. Let s,s" € S. Suppose G C S is the union of zero

or more equivalence classes under R. Then
(s,8) € R implies LRA™™ (s,0G) = LRA™™ (s, 0G).

Proof. By Lemma BZ3 and the symmetry of R, we only need to prove that for every simple
computation Cs = (Q,—,L,00) from s there exists a weakly simulating computation Cy =
(Q',—', L', 7o) from s’ such that the corresponding function w satisfies the following requirement:
for every o € Q with L (o) € M S, every v € w (o) and every v € Children* (v) with L' (v') € M S
and Tr (y) = Tr (v') (i.e. for every o' with L' (v') € M S reachable from ~ via zero or more 7- and

e-transitions) it holds that

L(c)e G ifandonlyif L'(y)eG.

To this end, suppose Cy = (Q,—, L, 0¢) is a simple computation from s. Then, by Lemma 8,
there exists a weakly simulating computation Cy = (Q',—', L', v0) from s’ such that for every

o€ @ and v € w (o) it holds that (L (o), L’ (v)) € R.

Now, let 0 € @ with L (o) € MS (note that it implies that L (¢) has no outgoing 7-transitions),
v € w (o), and v € Children* (y) with L' (v') € MS and Tr (y) = Tr (7).

Since v € w (o), (L(0),L (7)) € R. Furthermore, L’ (7') must be reachable from L’ () via zero
or more T-transitions (because 7 is reachable from v via zero or more 7- or e-transitions). Then,

by Lemma (R, (L (0),L' (v)) € R.
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Now, since G is closed under R, it follows that

L(oc)eG ifandonlyif L' (v)€Q@G,

as desired. O
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8 Property preservation under weak bisimulation

Now, we would like to reproduce our proof from the previous chapter for the case of weak bisimu-
lation. Unfortunately, it turns out that, in general, weak bisimulation does not preserve minimum
expected time. Let us consider a counterexample first, and then try to understand what goes

wrong.

Theorem 8.1 (Weak bisimulation does not preserve minimum expected time).
There exist a semi-closed Markov automaton M A = (S, Act,—,=), a set G C S closed under ~,
and a pair of states s,t € S such that s ~ t and eT™™" (s, 0G) # eT™™" (t, OG).

Proof. Consider the Markov automaton M A in Figure [9. Arrows with single arrowheads denote

immediate transitions and arrows with double arrowheads denote timed transitions.

Figure 19: s & ¢, but eI™™ (s, [v].) # eT™™ (¢, 0 [v].).

We first show that the states e, f and g belong to three different equivalence classes under .
Indeed, if e and f were weakly bisimilar, f would be able to execute some 7-transitions and
reach a state with an outgoing timed transition with rate 4 (in order to match the corresponding
transition from e), which is not the case. The same reasoning applies to the other two pairs of

states.
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Next, we claim that s ~ t. We prove it by showing that the following relation R:

ta)f = {(ea) (o)}
tea) (o)) = {e2) (0) (1))

{1} R {1}
b R u YV € Subdist (S)

is a weak bisimulation relation.

First, we will prove that the pair of distributions p; = {(v, %)} and pe = {(f, i) , (g, %)} satisfies

the requirements of a weak bisimulation relation:
L | =5 = |pe|.
2. For v € Supp (p1). Let p§ = po and pb* = (). Then:

() p2 e (13 p5es),
() {(v, 1 (v))} = p1 R p2 = p3 and (p1 —v) =0 R 0 = p5et,

(c) the transition
o () (oa))

can be matched by
fy e i

(by doing nothing) since

o {() (D = o

3. For f € Supp (u2). Let uj = {(f7 %)} and pjest = {(g, %)} Then:

.
(a) p1 =g (U5 ® pie),

®) i = {(HD) RAGDY = A m ()} and =t = {(g.9)} R {(5.9)} =
(12 = ),
(c) Since p§ = {(f. 1)} = {(f. n2 (f))}, clearly every transition from f can be matched by

the same transition from pf.

4. For g € Supp (u2) - completely analogous.

Now, we show that the pair of distributions p; = {(e, %) , (v, %)} and g = {(e7 %) , (f, i) , (g, i)}

satisfies the requirements of a weak bisimulation relation:
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L | =1=|p2l.
2. For e € Supp (p1). Let u§ = {(e, %)} and pbest = {(f, %) , (g, %)} Then:

.
(a) p2 =g (U5 ® ps*),

(0) {le;ma (@)} = {(e3)} R {(e:3)} = psand (1 =€) = {(v,3)} R {(£,3):(9:3)} =

rest

H2 I and
(c) since {(e, 1 (€))} = {(e,3)} = 3, every transition from e can be matched by the same
transition from 3.

3. For v € Supp (u1). Let 5 ={(f,1),(9,%)} and p5°* = {(e,3)}. Then:

(a) p2 S (15 @ psest),
(b) {(v,p1 ()} ={(vs3)} RA(F3):(9:3)} =msand (m1 —v) = {(e,;3)} R {(e,3)} =

rest

H2 I

(¢) the transition

- 1 1
o {(r2) (o3}
can be matched by

S

s T

(by doing nothing) since

{5 () =

4. For e € Supp (u2). Let pi = {(e, %)} and pi°* = {(v,3)}. Then:

(a) p1 =g (U5 @ pie),

(0) ui = {(e3)} R {(e,3)} = {(euz ()} and pi*" = {(v.3)} R {(£,2).(9:9)} =

(42— €), and
(c) since u§ = {(e,3)} = {(e, u2 (€))}, every transition from e can be matched by the same
transition from pu3.

5. For f € Supp (u2). Let p§ = {(f, 1)} and p7** = {(e,3), (g, %) }- Then:

(a) p1 =g (15 ® pies),

) w5 ={(£.3)} RA D)} ={(fsn2 (M)} and pt = {(e, 5), (9:3)} R {(e3).(9:9)} =
(e — f), and

(c) since p§ = {(f, 1)} = {(f.u2(f))}, every transition from f can be matched by the

same transition from uj.
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6. For g € Supp (u2) - completely analogous.

Next, we show that the pair of distributions u1 = {(s,1)} and ps = {(¢,1)} satisfies the require-

ments of a weak bisimulation relation:

L ] =1=|pzl.

2. For s € Supp (ju1). Let u§ = po and p¢s* = (). Then:

(a) po e (15 ® useh),
(b) {(s,11(5))} = w1 R po = p and (1 —v) =P R @ = p5°**, and

o (D)
i o {6 (1) (o)
o {2 (AN (6D D) = (62626

3. For t € Supp (u2). Let u§ = py and pj®** = (). Then:

(¢) the transition

can be matched by

(2) 1 e (4 @ piest),
(b) pi =p1 R pz={(t,p2 ()} and pi* =0 R O = (uz — t), and

(c) the transition

can be matched by

since

Thus, s =~ t.
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Next, we will prove that [v], = {v}. Indeed, v % f and v % g, because neither f nor g can reach a
distribution weakly bisimilar to {( 1, %) , (g, %) } Furthermore, v # e since v cannot reach a state
with an outgoing timed transition with rate 4. Finally, v % s and v % ¢ because both s and ¢ have

transitions leading to distributions involving e, while v cannot match such a transition.

Finally, observe that every path starting in s must pass through v, so that eT™" (8,0 [v]z) is
finite. By contrast, eI (t, O [v] ) = oo since there is a non-zero probability of never reaching v

~

starting from ¢. The result follows. O

This negative result may come as a surprise: after all, it is not difficult to see that in the case of
weak bisimulation, a transition s < y can be simulated by an a-computation C' from the bisimilar
state s’. So what goes wrong? The answer is that, by contrast with relaxed bisimulations, the
resulting distribution uc does not have to be equivalent to p with respect to the probabilities they
assign to the equivalence classes under =. In other words, in general it is not the case that
Lo =~ p. Instead, it is only required that pco =~ p. Indeed, let us consider the MA in Figure
[9 again. The transition s = {(v,0.5), (e,0.5)} is matched by ¢t = {(e,0.5), (f,0.25), (g,0.25)}.
Now, it is true that {(v,0.5),(e,0.5)} =~ {(e,0.5), (f,0.25), (g,0.25)}. However, these distributions
do not assign the same probabilities to the equivalence classes under =, in particular to [v],. It is

not difficult to see that this is indeed what causes the problem.

In spite of this negative result, we will prove that weak bisimulation does preserve minimum
expected time under certain conditions. In particular, under the condition that every equivalence
class under = in the target set G contains at least one state with no outgoing 7-transitions. This

result is by no means obvious. Let us first outline the idea informally.

First, it has already been mentioned that if s ~ s’, a transition s = p can be simulated by an
a-computation C' from s’ such that u ~ puc. We now claim that we can do even slightly better.
Suppose Supp (u) = {s1,...,8n}. Now, recall that from the definition of weak bisimulation it
follows that o can execute some 7-transitions and reach a distribution p’ that can be split into n
subdistributions y such that for each ¢ € {1,...,n}, s; &= u;. We can then attach the 7-transitions
to the leaves of C' and obtain a computation C’ whose leaves can be partitioned into n subsets ®;

with s; ~ ue, for each i.

. o . « . .
In other words, given a transition s — pu, there is a computation C’ from s’ whose leaves can be

partitioned into subsets corresponding to each state in Supp (u).

Now, a moment’s thought is enough to realize that, given a non-terminating computation Cy from
s, we can construct a weakly simulating computation Cy from s’ such that for each node o of Cj
it holds that p1o ~ fi,(s). Of course, in general, this is not enough to prove that eTC (5,0G) >
eTC (s',0Q). In particular, we would like to assert that for every o corresponding to a state in

G and every v € w (o) it holds that L (o) ~ L’ (), but the latter is not implied by piy & fly(o)-

Suppose, however, that every equivalence class under = in GG contains a state with no outgoing 7-

transitions. It turns out that in this case pi; & iy () does imply L (o) ~ L’ () whenever L (o) € G
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and v € w (0)! To see why, consider the following lemma.

For the rest of this chapter, let M A = (S, Act,—, =) be a semi-closed MA.

Lemma 8.2 (Weak bisimulation between state without 7-transitions and distribution).
Suppose s € S has no outgoing T-transitions and us € Dist (S) such that s = us. Then s = s’ for
every s € Supp (12).

Proof. Suppose s’ € Supp (uz2). According to Definition E=33, there exist uf, u¢* such that:

1. s ;@ (4§ @ piest), and

2. p§ = {(s',uz2(s"))} (note that it follows that |u3| = ps (s')).

But since s has no outgoing 7-transitions, the only choice for p§ is pi = {(s, u2 (s’))}. Therefore,

{(s;p2 ()}~ {2 ()}

Then, clearly,

as desired. O

At this point, it becomes quite clear that we have a proof. For every node ¢ with L (o) € G,
L(o) = ﬁa) * flw(o) = v for some state v with no outgoing 7-transitions. But then, for every
v € w(o), L' (y) = v, so that L' (y) € G, and by Lemma BEZ0, eT™" (s,0G) > eT™" (s, 0G).

This argument is formalized later in this chapter.

By a similar argument we can show that weak bisimulation preserves minimum long run average,

even in the general case.

We now turn to formal proofs.

Lemma 8.3. Suppose s € S has no outgoing T-transitions and s’ € S is such that s = s'. Then
for every state t reachable from s’ via zero or more T-transitions it holds that s ~ t.

Proof. The proof is by induction on the number of T-transitions from s’ to t.

Base case. In the case when s’ =t the claim holds by assumption.

Induction step. Suppose v € S is reachable from s’ via n 7-transitions and v +» u/ with t €
Supp (1'). By the induction hypothesis, s ~ v. Then, by the definition of weak bisimulation, there

exist p$, uiet such that:

107



L s S (i) @ pi*™),
2. p§ = {(v,1)} (note that it follows that |uf| = 1), and
3. 15 o powith poa gl
But since s has no outgoing 7-transitions, the only choice for p§ is pi = {(s,1)}. Thus it must be

the case that s <> p with u ~ /. But then it again follows that u = {(s,1)}, so that s ~ .
Then, by Lemma B2, s ~ t. O

When reading the statement and proof of the following lemma, the reader might find it useful to

take a look at Figure P0.

Lemma 8.4. Suppose u,p’ € Subdist (S) and p ~ /. Let m = |Supp ()| (assume m > 0).
Then, for every s’ € Supp(u'), there exists a T-computation Cs from s’ and a partitioning of

Leaves (Cy/) into subsets corresponding to the states in Supp (u):

Leaves (Cy) = L‘ﬂ Dy 5,

s€Supp(u)

such that for every s € Supp (1),

{(sm(s)} = s,

where

w = P (u’ (s") ~uq>5,5,) :

s'€Supp(p’)

Furthermore, for every s € Supp (1), a € ActX and i € Dist (S), s < " implies 11, <> " for

"

some p"" € Subdist (S) with p(s) - p” =~ p

Proof. Let s € Supp (1). By Definition BZ38, 1/ <5q (1 @ p"est) for some pf, u™est € Subdist (S)
with {(s, 0 (s))} ~ p® and (u — s) = u"®*t. Then, Lemma 2 says that for every s’ € Supp (1)

there exists a 7-computation Cy s and a partitioning
Leaves (Cy5) = Pgs 50 W Dpresy s
with

@ p (8- po,, ~ {(s,p(s))}

s'€Supp(p’)
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and

@ ,U// (S/) ’ ’uq)rest,s’ ~ /'L - S

s'€Supp(u')

We can now apply the procedure again to ®S’€Supp(u/) w(s")-pe ., , and g — s and append the
corresponding computations to the leaves in @4 . Applying the procedure |Supp (u)| times, we

obtain the computations Cy: and the sets @, , satisfying the requirements above. O

|

M(Sl) 851 = Mél

Figure 20: Illustration to Lemma E4.

Lemma 8.5 (Existence of weakly simulating computation). Suppose s,s' € S and s ~ .
Let C = (Q,—, L,00) be a simple computation from s. Then there exists a computation C' =
(Q', =, L' ,v9) from s such that C < C'. Moreover, the corresponding function w satisfies the

following condition: for every o € Q, po = flw(o)-

Proof. Suppose s ~ s’ and C' = (Q,—, L, 09) is a simple computation from s. Analogously to the
proof of Lemma I8, we construct C’ and w inductively. In particular, we start with a single node
labelled with s’, and add transitions to simulate the transitions in C in any order satisfying the

requirement of Lemma [3.
Base case. Cy= ({~o},0, Ly, v0) with Ly (7o) = 8, and wo (00) = {70}

Induction step. Given a computation C, = (Ql,,—", L. ,v) with the first n transitions of C

simulated, and the corresponding wy,, we construct C},,; and wy1; as follows. Suppose the next
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transition to be simulated is (o, «, p, 1) (note that p = 1 since C' is simple). Let v = L (o). Note
that by Definition 610, C' does not contain e-transitions, and therefore av € ActX (s).

By the induction hypothesis, s & piy, (o). By Lemma B4, we can append a 7-computation to
every v € wy (o) so that the distribution induced by the new leaves (let us denote this set of
leaves by @) can simulate any transition from v, including the a-transition under consideration.
Then, using Lemma [, append the corresponding a-computation to each of the nodes in ®. The
subdistribution induced by the newly added leaves (let us denote this set by ¥) is weakly bisimilar
t0 pchitdren(o)- Finally, we apply Lemma B4 again, appending the corresponding 7-computation to
each of the nodes in ¥. The newly added leaves (denoted ©) can be partitioned into |Children (o)

subsets

0 = | O,

o’€Children(o)
with
:u’U/ ~ ,LL@U,

for each ¢’ € Children (o). We then set wy4+1(0') = O, for each ¢’ € Children (o) (and

Wnt1 (0) = wy, (0) for every o € Q).

Having constructed an infinite sequence of computations C/, and functions w,,, we set

' = (G Q;w G _>/n7 G L%JYO)
n=0 n=0 n=0

and

It is not difficult to see that conditions in Definition are satisfied. Furthermore, by construc-

tion, for every o € Q, fio = ()

The fact that C’ is non-terminating (see Definition EH) can be established as in Lemma 1. [

Theorem 8.6 (Preservation of minimum expected time under weak bisimulation).
Let s,s' € S. Suppose G C S is the union of zero or more equivalence classes under = such that

each equivalence class in G contains a state with no outgoing T-transitions. Then,

s s  implies eT™" (s5,0G) = eT™" (s',0G).
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Proof. By Lemma BEZ1 and the symmetry of ~, we only need to prove that for every simple
computation Cs = (Q,—,L,00) from s there exists a weakly simulating computation Cy =
(Q',—', L' ,v0) from s’ such that the corresponding function w satisfies the following requirement:

for every o € @, € @' it holds that

L(c) e GAy€ew (o) implies L'(y)€G.

To this end, suppose Cys = (Q,—, L,00) is a simple computation from s. Then, by Lemma B3,
there exists a weakly simulating computation Cs = (Q',—', L', v0) from s’ such that for every

0 € Q, lo = [ly(s)- Note that the latter condition implies that

1
Pr (o) Hu(o):

L(o) =

Now, suppose o € @ is such that L () € G. Then there must exist a state ¢ € S with no outgoing
T-transitions such that L (o) ~ t. But then ¢ =~ % “fhw (o), and by Lemma B3, for every v € w (o)
it holds that L (o) ~ t ~ L’ (). Therefore, L' () € G. The result follows. O

Theorem 8.7 (Preservation of minimum long run average under weak bisimulation).

Let s,8' € S. Suppose G C S is the union of zero or more equivalence classes under . Then,

s~ s impliecs LRA™" (s,0G) = LRA™" (s',0G).

Proof. By Lemma BZ3 and the symmetry of ~, we only need to prove that for every simple
computation Cs = (Q,—,L,00) from s there exists a weakly simulating computation Cy =
(Q',—', L' ,y0) from s’ such that the corresponding function w satisfies the following requirement:
for every o € Q with L (o) € M S, every v € w (0) and every v € Children* (y) with L' (') € MS
and Tr (y) = Tr (v') (i.e. for every ' with L’ (v') € M S reachable from ~ via zero or more 7- and
e-transitions) it holds that

L(c)e G ifandonlyif L'(y)eQqG.

To this end, suppose Cs = (Q,—, L,00) is a simple computation from s. Then, by Lemma EJ,

there exists a weakly simulating computation Cy = (Q',—', L', v0) from s’ such that for every
oc Q7 Mo = P (a)-

Now, let 0 € @ with L (0) € M S (note that it implies that L (o) has no outgoing 7-transitions),
v € w (o), and v € Children* (y) with L' (v') € MS and Tr (y) = Tr (7).
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By Lemma B2, L (o) ~ L' (y). But L' (7') must be reachable from L’ (y) via zero or more 7-
transitions (because «' is reachable from +y via zero or more 7- or e-transitions). Then, by Lemma

B3, L(o) = L' (7).

Now, since G is closed under ~, it follows that
L(c)e G ifandonlyif L'(y)e€QqG,

as desired. O
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9 Conclusion

In this work we have investigated the preservation of certain properties of the states of a Markov

automaton under four different bisimulation relations. In particular:

1. Following [, R, [, I3, 4], we defined the syntax and semantics of Markov automata, four
different kinds of bisimulations on the states of an MA as well as two state properties:

minimum expected time and minimum long run average.

2. We defined the strong bisimulation quotient M A/~ of a Markov automaton M A, quotient
schedulers and bisimulation-closed sets of finite paths, and showed that the probabilities of

such sets of paths are preserved by quotient schedulers.

3. We used the bisimulation quotient and the fixpoint characterization of minimum expected

time to prove that this property is preserved under strong bisimulation.

4. We used the concept of quotient schedulers to show that minimum long run average is pre-

served under strong bisimulation.

5. We defined computations and explored the connection between time-abstract schedulers and
computations. Furthermore, we defined expected time and long run average can in computa-

tions and showed that the new definition is consistent with the definition involving schedulers.

6. We used computations to prove that minimum expected time and long run average are

preserved under naive weak and strong bisimulations.

7. We also showed that, in general, minimum expected time is not preserved under weak bisim-
ulation, but is preserved if every equivalence class under ~ in the target set contains a state

with no outgoing 7-transitions.

8. Finally, we proved that minimum long run average is preserved under weak bisimulation.

We hope that our results will prove useful in the field of model checking of Markov automata, since
they provide a way to replace an MA with a smaller bisimilar automaton that still satisfies the
same properties. We also feel that the notions of quotient schedulers and computations are general

enough to be useful in proving other results about Markov automata.

9.1 Future work

We would like to conclude by listing several ideas for future research.

1. In this work we restricted ourselves to minimum expected time and long run average. It is

quite clear that in the case of long run average our approach can be easily extended to the
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mazximum case. In fact, here is the proof:

LRA™ (5,0G) = LRAP (s,0G)

= LRAP (5,0(GNMS))

= LRA® (5,0 (GNMS))
LRA% (s',0(GNMS))
LRAP< (5,0 (GNMS))
LRA™™ (s',0 (GNMS))
LRA™™ (s', 0G).

(by Lemmas 614 and 633

(by assumption and Lemma EZ2

)
)
(by Lemma BGZ35)
)

(by the definition of LRA™**

IN

Maximum expected time is more problematic, however, as can be seen from the following

“proof™:

eT™ (5,0G) = TP (s,00)
= eT%(5,0G)
(problem!) > T (s, 0G)
eTPe (s, 0Q)
eI (s, 0G) .

IN

It is now clear that the case of maximum long run average works out because we proved
strict equality in Lemma 622, and the same is not true for Lemma B640. Investigating the

preservation of maximum expected time is, therefore, the first idea for future research.

. We think that our approach involving computations can be used to prove the preservation
of other properties, for example minimum time bounded reachability. In fact, we conjecture
that minimum time bounded reachability is preserved under strong, branching and naive
weak bisimulations (and possibly under weak bisimulation if each equivalence class in the

target set contains a state without 7-transitions).

. To the best of our knowledge, no efficient (polynomial) algorithms exist to compute the four
bisimulations. The development of such algorithms seems to be a prerequisite for applying

our results in practice.
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