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Abstract

The content of the dissertation falls in the area of formal verification of
probabilistic systems. It comprises four parts listed below:

1. the decision problem of (probabilistic) simulation preorder between
probabilistic pushdown automata (pPDAs) and finite probabilistic au-
tomata (fPAs);

2. the decision problem of a bisimilarity metric on finite probabilistic
automata (fPAs);

3. the approximation problem of acceptance probability of deterministic-
timed-automata (DTA) objectives on continuous-time Markov chains
(CTMCs);

4. the approximation problem of cost-bounded reachability probability
on continuous-time Markov decision processes (CTMDPs).

The first two parts are concerned with equivalence checking on probabilistic
automata, where probabilistic automata (PAs) are an analogue of discrete-
time Markov decision processes that involves both non-determinism and
discrete-time stochastic transitions. The last two parts are concerned with
numerical algorithms on Markov jump processes. In Part 1 and Part 2, we
mainly focus on complexity issues; as for Part 3 and Part 4, we mainly focus
on numerical approximation algorithms.

In Part 1, we prove that the decision problem of (probabilistic) sim-
ulation preorder between pPDAs and fPAs is in EXPTIME. A pPDA is
a pushdown automaton extended with probabilistic transitions, and gen-
erally it induces an infinite-state PA. The simulation preorder is a pre-
order that characterizes whether one probabilistic process (modelled as a
PA) can mimic the other; technically speaking, it is the one-sided ver-
sion of (probabilistic) bisimulation, which instead characterizes whether t-
wo probabilistic processes are behaviourally equivalent. We demonstrate
the EXPTIME-membership of the decision problem through a tableaux sys-
tem and a partition-refinement algorithm. Combined with the EXPTIME-
hardness result by Kucera and Mayr (2010), we are able to show that the
decision problem is EXPTIME-complete. The complexity result coincides
with the one by Kucera and Mayr (2010) on non-probabilistic pushdown
automata. Moreover, we obtain a fixed-parameter-tractable result on this

iii



iv ABSTRACT

problem, which again coincides with the counterpart by Kucera and Mayr
(2010) on non-probabilistic pushdown automata.

In Part 2, we prove that the decision problem of a bisimilarity metric on
fPAs lies in NP N coNP (and even in UP N coUP). The bisimilarity metric
considered here is an undiscounted one defined by van Breugel and Worrell
(2005), and is a quantitative extension of (probabilistic) bisimulation in the
sense that it measures the distance between states, for which zero distance
indicates (probabilistic) bisimilarity. It has a game logical characterization
when the underlying model is changed to stochastic game structures (instead
of fPAs) (cf. de Alfaro et al. (2008)). Our result significantly improves the
previous complexity results by van Breugel et al. (2008) and Chatterjee et
al. (2010) for the undiscounted case.

In Part 3, we develop a numerical approximation algorithm for accep-
tance probability by DTA on CTMCs, while correcting errors in the previous
work by Chen et al. (2011) with new proofs. DTAs are a deterministic sub-
class of timed automata (by Alur and Dill 1994) which can encode a large
class of linear real-time properties. In detail, we present an algorithm which
within a given error bound, approximates the probability mass of the set of
CTMC-trajectories that satisfy the linear property specified by a multi-clock
DTA. As far as we know, this is the first approximation algorithm for ac-
ceptance probability by DTA on CTMCs. Previous results such as the ones
by Amparore and Donatelli (2010) and Barbot et al. (2011) only consider
cases where the DTA has only one clock.

In Part 4, we study maximal cost-bounded reachability probability on
CTMDPs. In detail, we prove the existence of optimal cost-positional sched-
ulers, where the optimality is considered under all measurable schedulers for
CTMDPs. And we develop a numerical approximation algorithm that ap-
proximates (within a given error bound) the maximal probability to reach
a certain set of target states within a multidimensional cost-bound vector.
The time complexity of the algorithm is polynomial in the size of the CT-
MDP, the unary representation of the cost-bound vector and the reciprocal
of the given error bound, and exponential in the dimension of the cost-bound
vector. Due to its time complexity, the approximation algorithm is effective
for a wide range of applications where the dimension of the cost-bound vec-
tor is low. Our results extend the time-bounded case studied by Neuhaufler
and Zhang (2010). Meanwhile, we also point out a proof error in the work
on time-bounded case by NeuhaduBer and Zhang (2010) and correct it with
new proofs.



Zusammenfassung

Der Inhalt dieser Dissertation fallt in das Gebiet formaler Verifikation von
probabilistischen Systemen. Die vier Bestandteile sind:

1. Das Entscheidungsproblem von (probabilistischer) Simulationsquasi-
ordnung zwischen probabilistischen Kellerautomaten (pPDAs) und en-
dlichen probabilistischen Automaten (fPAs);

2. Das Entscheidungsproblem einer Bisimulationsmetric auf endlichen
probabilistischen Automaten (fPAs);

3. Das Approximationsproblem einer Akzeptanzwahrscheinlichkeit von
deterministischen Zeitautomaten auf zeitkontinuierlichen Markow-Ketten
(CTMCs);

4. Das Approximationsproblem kostenbeschréankter Erreichbarkeitsprob-
leme auf zeitkontinuierlichen Markow-Entscheidungsprozessen (CT-
MDPs);

Die ersten zwei Teile behandeln die Aquivalenzdberprﬁfung von proba-
bilistischen Automaten, wobei probabilistische Automaten (PAs) analog zu
zeitdiskreten Markow-Prozessen sind, welche sowohl Nichtdeterminismus al-
s auch zeitdiskrete stochastische Transitionen besitzen. Die beiden letzten
Teile behandeln numerische Algorithmen auf Markow-Sprungprozessen. In
Teil 1 und 2 legen wir den Fokus auf Komplexitatsprobleme; in Teil 3 und
4 behandeln wir hauptséchlich numerische Approximationsalgorithmen.

In Teil 1 zeigen wir, dass das Entscheidungsproblem (probabilistisch-
er) Simulationsquasiordnung zwischen pPDAs und fPAs in EXPTIME liegt.
Ein pPDA ist ein Kellerautomat welcher um probabilistische Transitionen
erweitert ist. Dies induziert im Allgemeinen einen PA mit unendlichem Zu-
standsraum. Die Simulationsquasiordnung ist eine Quasiordnung, welche
charakterisiert, ob ein probabilistischer Prozess (modelliert als PA) einen
anderen nachahmen kann; genau genommen ist dies die einseitige Version
(probabilistischer) Bisimulation, welche charakterisiert ob zwei probabilis-
tische Prozesse verhaltensiquivalent sind. Wir illustrieren die EXPTIME-
Zugehorigkeit des Entscheidungsproblems durch ein Tableausystem und einen
Partitionsverfeinerungsalgorithmus. Zusammen mit dem Resultat iiber die
EXPTIME-Schwere von Kucera and Mayr (2010) konnen wir zeigen, dass
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das Entscheidungsproblem EXPTIME-vollstandig ist. Das Komplexitats-
resultat fallt zusammen mit einem solchen von Kuéera and Mayr (2010) fiir
nichtprobabilistische Kellerautomaten.

In Teil 2 zeigen wir, dass das Entscheidungsproblem einer Bisimula-
ritatsmetrik auf fPAs in NP N coNP liegt (und sogar in UP N coUP). Die
Bisimulationsmetrik, welche hier betrachtet wird, ist eine undiskontierte,
definiert von van Breugel and Worrell (2005). Sie ist eine quantitative Er-
weiterung (probabilistischer) Bisimulation derart, dass sie die Distanz zwis-
chen Zusténden misst, fiir welche die Distanz Null Bisimularitdt anzeigt.
Weiterhin hat sie eine spiellogische Charakterisierung, wenn man das das zu-
grundeliegende Modell zu stochastischen Spielstrukturen abéndert (anstatt
von fPAs) (cf. de Alfaro et al. (2008)). Unser Resultat verbessert entschei-
dend das vorherige Komplexitétsresultat von van Breugel et al. (2008) und
Chatterjee et al. (2010) fiir den undiskontierten Fall.

In Teil 3 entwickeln wir einen numerischen Approximationsalgorithmus
fiir Akzeptanzwahrscheinlichkeiten von DTAs auf CTMCs, wobei zusatzlich
Fehler in einer fritheren Arbeit von Chen et al. (2011) durch neue Beweise
korrigiert werden. D'TAs sind eine deterministische Teilklasse von Zeitauto-
maten (von Alur und Dill 1994), welche eine grofie Klasse linearer Echzeit-
eigenschaften kodieren kann. Genauer gesagt, préasentieren wir einen Algo-
rithmus welcher innerhalb einer gegebenen Fehlerschranke die Wahrschein-
lichkeitsmasse einer Menge von CTMC-Trajektorien approximieren kann.
Diese erfiillen die lineare Eigenschaft spezifiert von einem DTA mit mehreren
Uhren. Soweit wir wissen, ist dies der erste Approximationsalgorithmus fiir
Akzeptanzwahrscheinlichkeiten von DTAs auf CTMCs. Vorherige Resultate
wie beispielsweise von Amparore und Donatelli (2010) und Barbot et al.
(2011) behandeln nur Félle wo der DTA nur eine Uhr hat.

In Teil 4 untersuchen wir maximale kostenbeschriankte Erreichbarkeits-
wahrscheinlichkeiten von CTMDPs. Wir zeigen die Existenz optimaler kosten-
positionaler Strategien. Dabei wird Optimalitéit aller messbaren Strategien
fiir CTMDPs betrachtet. Zusétzlich entwickeln wir einen numerischen Ap-
proximationsalgorithmus welcher (innerhalb einer gegeben Fehlerschranke)
die maximale Wahrscheinlichkeit approximiert, eine bestimmte Menge von
Zielzustanden innerhalb eines mehrdimensionalen Kostenschrankenvektors
zu erreichen. Die Zeitkomplexitiat des Algorithmus ist polynomiell in der
Grofle des CTMDP, der unéren Darstellung der Kostenschrankenvektors und
des Kehrwertes der Fehlerschranke. Sie ist exponentiell in der Dimension
des Kostenschrankenvektors. Aufgrund der Zeitkomplexitat ist der Approx-
imationsalgorithmus effektiv fiir ein breites Spektrum von Anwendungen
nutzbar, wo die Dimension des Kostenvektors klein ist. Unsere Resultate
erweitern den zeitbeschriankten Fall untersucht von Neuh&ufler and Zhang
(2010). Weiterhin zeigen wir zudem einen Beweisfehler in dieser Arbeit auf
und korrigieren ihn mit neuen Beweisen.
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Chapter 1

Introduction

1.1 Background: Formal Methods

This dissertation falls in the research area of formal methods. In general,
formal methods are mathematics-based techniques for modelling, verifica-
tion and synthesis of systems. The term ‘modelling’ refers to describing
systems through mathematical formalisms, the term ‘verification’ means
to check automatically whether a system satisfies a desired property, and
the task of synthesis is to generate automatically a system that satisfies a
prescribed property. Traditional systems targeted by formal methods are
computer systems such as software systems (e.g., programs, operating sys-
tems, protocols...) and hardware systems (e.g. CPU, routers, circuits. .. )
(cf. the textbook [7]). Recently, complex systems such as cyber-physical
systems (cf. eg., [54]) and biological systems (cf. eg., [10]) are also targeted
by formal methods. As systems become more and more complex in recent
years, it is more and more difficult to judge the functionality, reliability or
performance of a system. Formal methods are then incorporated to mod-
el, verify or synthesize systems with complex behaviours (e.g., concurrency,
non-deterministic and stochastic features, etc.).

Two important concepts in formal methods are model and specification.
The concept of models describes in a mathematical sense how a system
evolves when time progresses. In other words, models are rigorous descrip-
tions for system evolutions. In general, a model of a system is composed
of a set of states and a set of transitions which defines how one state can
transit to another; then the behaviour of a system is described as a series
of transitions along the time axis. The concept of specifications describes
rigorously the desired behaviour of a system. For example, a specification
can be a property that a system should obey or optimize. In the following,
we describe different types of models and specifications.
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Models

Due to different interpretations of time propagation, a model can either
be discrete-time or continuous-time. In a discrete-time model (e.g., la-
belled transition systems [7], 56], discrete-time Markov chains [36] 68]), time
progress is discretized into steps and transitions occur only at those steps; in
a continuous-time model (e.g., hybrid systems [44], continuous-time Markov
chains [30}, [68]), transitions can occur at any time point on the dense time
axis. In general, discrete-time models are suitable for discrete-phase systems
(e.g., systems relying on a digital clock), whereas continuous-time models
are adequate for systems that interact with the real world, where an event
can happen at any time point.

Due to different interpretations of non-determinism, a model can also be
either probabilistic or non-probabilistic. A model is probabilistic if it allows
stochastic interpretation of non-determinism, while it is non-probabilistic if
no stochastic interpretation is allowed. Generally, an instance of a proba-
bilistic model need not to resolve all non-determinism as stochastic tran-
sitions, i.e., it can have both stochastic and non-deterministic features. A
probabilistic model that resolves all non-determinism (as stochastic transi-
tions) is typically called fully probabilistic.

Specifications

A specification can be either a property described by a rigorous linguistic
sentence or an instance of a model. When a specification is a rigorous linguis-
tic sentence, it usually specifies the logical property that the system should
satisfy or optimize; such specification can be in most cases encoded by a
temporal logical formula. Prominent temporal logics for specifications are
CTL [26] (Computation Tree Logic), LTL [62] (Linear-Time Temporal Log-
ic), CTL* [26] (the combination of CTL and LTL) and the most expressive
logic of p-calculus [50], together with their probabilistic or continuous-time
extensions [45] 67, 1T}, [4]. Among them some are branching-time logics (e.g.,
CTL) which focuses on state-based properties, some are linear-time logics
(e.g., LTL) which focuses on trajectory-based (or path-based) properties,
and others are a combination of the two (e.g., CTL* and p-calculus). The
research area to check whether an instance of a model satisfies a formula of
a temporal logic is known as model checking [T].

When a specification itself is an instance of a model, it usually describes
exactly the desired behaviour of the system. In general, the original instance
of the model (for the system) is compared with the specification to check
whether two instances are equivalent under some semantical setting. Typical
semantical equivalences are bisimulation equivalence [56 [61], [73], simulation
preorder [56, [73] and their probabilistic and continuous-time extensions [49}
67, 53, [8]. The research area to check whether two instances of a model are
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equivalent is known as equivalence checking.

The Main Results of the Dissertation

This dissertation mainly focuses on the formal verification of probabilistic
systems. We consider both discrete-time and continuous-time probabilistic
systems. For discrete-time probabilistic systems, we study the computa-
tional complexity of two equivalence-checking problems on probabilistic au-
tomata (PAs) [67] (which is an analogue of discrete-time Markov decision
processes). In detail, we present the following two results.

e The decision problem of the (probabilistic) simulation preorder be-
tween a probabilistic pushdown automata (pPDA) and a finite proba-
bilistic automaton (fPA) is in EXPTIME, and is EXPTIME-complete
when the hardness result by Kucera and Mayr [52] is imported. The
complexity result coincides with the one by Kucera and Mayr [52] on
non-probabilistic pushdown automata. Moreover, we obtain a fixed-
parameter-tractable result on this problem, which again coincides with
the counterpart by Kucera and Mayr [52] on non-probabilistic push-
down automata.

e The bisimilarity metric defined by van Breugel and Worrell [72] on
fPA is decidable in NP N coNP (and even UP N coUP) for the undis-
counted case. This result significantly improves the previous one by
van Breugel et al. [71] (cf. also [22], 25]).

For continuous-time probabilistic systems, we study the model-checking
problem on continuous-time Markov chains (CTMCs) and continuous-time
Markov decision processes (CTMDPs). In detail, we present the following
two results.

e We develop a numerical approximation algorithm for acceptance prob-
ability by DTA on CTMCs, while correcting errors in the previous
work by Chen et al. [24] with new proofs. DTAs are a deterministic
subclass of timed automata (by Alur and Dill [I]) which can encode
a large class of linear real-time properties. In detail, we present an
algorithm which within a given error bound, approximates the prob-
ability mass of the set of CTMC-trajectories that satisfy the linear
property specified by a multi-clock DTA. The worst-case complexity
of the approximation algorithm for CTMC-DTA is double exponential
in the input size. As far as we know, this is the first approximation
algorithm for acceptance probability by DTA on CTMCs. Previous
results such as the ones by Amparore and Donatelli [31] and Barbot et
al. [9] only consider cases where the DTA has only one clock.

o We study maximal cost-bounded reachability probability on CTMDPs.
In detail, we prove the existence of optimal cost-positional scheduler-
s, where the optimality is considered under all measurable schedulers
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for CTMDPs. And we develop a numerical approximation algorithm
that approximates (within a given error bound) the maximal proba-
bility to reach a certain set of target states within a multidimensional
cost-bound vector. The time complexity of the algorithm is poly-
nomial in the size of the CTMDP, the unary representation of the
cost-bound vector and the reciprocal of the given error bound, and ex-
ponential in the dimension of the cost-bound vector. Due to its time
complexity, the approximation algorithm is effective for a wide range
of applications where the dimension of the cost-bound vector is low.
Our results extend the time-bounded case studied by Neuh&ufler and
Zhang [59]. Meanwhile, we also point out a proof error in the work on
time-bounded case by Neuhédufler and Zhang [59] and correct it with
new proofs.

1.2 Outline of the Dissertation

Chapter [2] and Chapter [3] introduces mathematical preliminaries needed for
this dissertation. Chapter [2] briefly introduce lattice theory and Knaster-
Tarski’s Fixed-Point Theorem. Chapter 3| briefly goes through measure the-
ory and abstract Lebesgue integral.

Chapter [4 and Chapter [7] introduces the formal mathematical model-
s concerned in this dissertation. Chapter 4| introduces PAs [67] and be-
havioural equivalences on PAs. Chapter[7]introduces the notion of CTMDPs
and the notions of related measurable spaces and measure spaces, following
the definitions in [74} [58].

Chapters [B, [0, [§] and [9] present the main contributions of this disser-
tation. Chapter 5| illustrates the complexity to decide (probabilistic) sim-
ulation preorder between pPDAs and fPAs. Chapter [6] demonstrates the
membership of UP N coUP for the bisimilarity metric [72] on PAs. Chap-
ter [§ deals with the approximation algorithm for acceptance probability of
CTMC-paths (CTMC-trajectories) by DTAs. Chapter [9] handles the ap-
proximation algorithm for maximal cost-bounded reachability probability
on CTMDPs.

Finally, Chapter [10] concludes the dissertation.

1.3 Origins of the Chapters and Credits

Chapter || is based on the proceeding paper [42], whose detailed informa-
tion is “Hongfei Fu, Joost-Pieter Katoen: Deciding Probabilistic Simulation
between Probabilistic Pushdown Automata and Finite-State Systems. F-
STTCS 2011: 445-456”.

Chapter |§| is based on the technical report [37], for which an extension
is published as a proceeding paper [39] with detailed information “Hongfei
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Fu: Computing Game Metrics on Markov Decision Processes. ICALP (2)
2012: 227-238”.

Chapter |8 is based on the proceeding paper [40] whose detail is “Hongfei
Fu: Approximating acceptance probabilities of CTMC-paths on multi-clock
deterministic timed automata. HSCC 2013: 323-332”.

Chapter @] is based on the proceeding paper [41] with detail “Hongfei
Fu: Maximal Cost-Bounded Reachability Probability on Continuous-Time
Markov Decision Processes. FoSSaCS 2014: 73-87”.

Besides, there are several papers published during my PhD study but
are not included in this dissertation. They are listed as follows:

e Chaodong He, Yuxi Fu, Hongfei Fu: Decidability of Behavioral E-
quivalences in Process Calculi with Name Scoping. FSEN 2011: 284-
298 [47];

e Hongfei Fu: Model Checking EGF on Basic Parallel Processes. ATVA
2011: 120-134 [38).

1.4 Basic Notations

In the whole dissertation, we use the following convention for notations. We
denote by N the set of natural numbers excluding zero, and by Ny the set of
non-negative integers. We denote by R the set of real numbers, by R>q the
set of non-negative real numbers and by R the set of positive real numbers.
Given c € R¥ (k € N), we denote by c; (1 <i < k) the i-th coordinate of c.
We extend {<,>} to real vectors and functions in a pointwise fashion: for
two real vectors ¢,d, ¢ < d (resp. ¢ > d) iff ¢; < d; (resp. ¢; > d;) for all ¢;
for two real-valued functions g, h, g < h (resp. g > h) iff g(y) < h(y) (resp.
g(y) > h(y)) for all y. Given a set Y, we let 1y be the indicator function of
Y,ie,1ly(y) =1ifyeY and 1y(y) =0 fory € X — Y, where X DY is
an implicitly known set.
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Chapter 2

Lattice Theory

In this chapter, we briefly introduce lattice theory and the Knaster-Tarski’s
Fixed-Point Theorem. For a detailed introduction, we refer to the text-
book [13] (cf. also [29]). The content of this chapter will be fundamental
for Chapter [6] and Chapter [9]

Below we fix a non-empty set X and a partial order <C X x X on X.

Definition 2.1. Let Y C X be a subset of X and y € X be an element of
X. The following definitions are standard in lattice theory:

e y is an upper bound of Y if x 2y for all x € Y, and dually y is a
lower bound of Y if y < x for allx € Y;

o y is the largest element of Y if y is an upper bound of Y and y € Y,
and dually y is the least element of Y if y is a lower bound of Y and
yey;

e y is the supremum of Y if y is the least element of the set of upper
bounds of Y, i.e., the least element of the set

{reX|z=2x forallz€Y}

e y is the infimum of Y if y is the largest element of the set of lower
bounds of Y, i.e., the largest element of the set

{reX|z=<zforallzeY} .

We denote by | |Y (resp. []Y) the supremum (resp. infimum) of a
subset Y C X. Generally, | |Y and []Y may not always exist. The pair
(X, =) such that | |Y and [ Y always exists is called a complete lattice.

Definition 2.2. The pair (X, <) is a complete lattice iff for allY C X, both
LY and [1Y exists. If (X, =) is a complete lattice, then the top element T
of X is defined as | | X and the bottom element L of X is defined as[]X.

7
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Note that if (X, <) is a complete lattice, then T and L are resp. the
largest and the least element of X.

In this dissertation, we are interested in fixed-points of monotone func-
tions on a complete lattice, which is also a central part of lattice theory.

Definition 2.3. Let h: X — X be a function and x € X.

e z is a fixed-point (resp. pre-fixed-point, post-fixed-point) of h if
h(z) =z (resp. h(x) Xz, x < h(x)).
e h is monotone if h(x) <X h(y) for all z,y € X such that x < y.

The central theorem concerning fixed-points of monotone functions is
Knaster-Tarski’s Fixed-Point Theorem, which is illustrated as follows.

Theorem 2.1 (Knaster-Tarski’s Fixed-Point Theorem). Assume that (X, <
) is a complete lattice. Then every monotone function h : X — X has a
fized-point. The least fized-point Ifp(h) of h (the least element of the set of
fized-points of h) exists and satisfies that

lfp(h) =[ {z e X | h(z) 2 2} .

The greatest fized-point gfp(h) of h (the largest element of the set of fized-
points of h) exists and satisfies that

gfp(h) =| [{z € X |z < h(x)} .

Proof. We first prove the case for Ifp(h). Let 2* :=[]{z € X | h(z) < x}.
By definition, z* < x whenever z € X and h(z) < . Since h is monotone,
h(z*) = h(z) = x whenever z € X and h(z) = x. Thus, h(z*) is a lower
bound of the set {x € X | h(z) < z}, which implies that h(z*) < z*. Hence,
¥ €{r € X | h(x) 2 x}. By h(z*) < z* and the monotonicity of h, we have
h(h(z*)) < h(z*), which implies h(z*) € {x € X | h(z) < z}. By definition,
x* < h(xz*). Thus, z* = h(z*) and z* is the least fixed-point of h.

Now we consider the case for gfp(h). The proof is by dual to the one for
Ifp(h). Let 2* := | {z € X | z < h(z)}. By definition, z < z* whenever
x € X and z < h(z). Since h is monotone, x < h(x) < h(z*) whenever
xz € X and x = h(z). Thus, h(z*) is an upper bound of the set {z € X |
x = h(x)}, which implies that z* < h(z*). Hence, 2* € {x € X | 2 < h(z)}.
By z* < h(z*) and the monotonicity of h, we have h(z*) < h(h(z*)), which
implies h(z*) € {x € X | © < h(z)}. By definition, h(z*) < z*. Thus,
x* = h(z*) and z* is the greatest fixed-point of h. O

Intuitively, Knaster-Tarski’s Fixed-Point Theorem gives a infimum (resp.
supremum) characterization for the least (resp. greatest) fixed-point of h.



Chapter 3

Measure Theory

In this chapter, we briefly introduce basic concepts of measure theory. For
the details of measure theory, we refer to the textbooks [12, 32]. The content
of this chapter will be fundamental in Chapter

In this chapter, we extend the set R of real numbers with two objects
—oo (which indicates negative infinity) and +oo (which indicates positive
infinity), with the following routine (cf. [32, Page 85]):

e forallz e R, —0co < & < 400;

e forallz € R, z + (—00) = —o0 and x + (400) = 400;

e for all x which is either a positive real number or +o0, z-(—00) = —00
and z - (+00) = +00;

e for all x which is either a negative real number or —oo, z:-(—00) = 400
and x - (+00) = —00;

e 0:(4+00)=0and0-(—o0)=0.

In some cases, we abbreviate +o00 as oo.

3.1 Measure Space

The notion of measure space deals with a non-negative real measure on
subsets of a certain set which mimics certain notion of “size” or ”length” on
sets. A first notion encountered to introduce measure space is the notion of
o-algebra.

Definition 3.1. Let Q be a set. A set S C 2% is a o-algebra on Q iff the
following conditions hold:

1. D e S§;

2. forall X € S, Q\X € S;

3. for all infinite sequences { X, }nen such that X,, € S for all n € N,
Unen Xn €S .



10 CHAPTER 3. MEASURE THEORY

If Q is a set and S is a o-algebra on Q, then (Q,S) is called a measurable
space on .

Given any sets Q and C C 2%, there is a (unique) smallest o-algebra that
contains C. This smallest o-algebra, denoted by o(C) (with € implicitly
known), is given as follows:

o(C) = ﬂ{S | S is a o-algebra on Q and C C S} .

It is straightforward to verify by definition that o(C) is a o-algebra on €,
and o(C) is the smallest o-algebra that contains C. Often, the o-algebra
o(C) is said to be generated by C.

To define the notion of measure on a measurable space, we import the
auxiliary notion of countably-additive function.

Definition 3.2. Let Q be a set and C C 2%. A function p : C — [0, +00] is
countably-additive on C if u satisfies that for all sequences { X, }nen Wﬂ C,
if (i) Upen Xn € C and (i) X, N Xy = 0 whenever n,m € N and n # m,
then 3 en 1(Xn) = (U pen Xn)-

Then the notion of measure is given in the following definition.

Definition 3.3. Let (2, S) be a measurable space on Q. A function p: S —
[0,4+00] is called a measure for (2, S) iff p is countably additive on S. If
p:S — [0,400] is a measure for (Q2,S), then (2, S, ) is called a measure
space. If (2,8, u) is a measure space and () = 1, then (2, S, 1) is also
called a probability space and u is called a probability measure.

If (Q,8,u) is a probability space, then normally elements X € S are
called events and u(X) is referred as the probability that event X happens
(i.e., a randomly chosen z € Q falls in X).

Below we illustrate the Borel o-fields B(R), B(R>p) and the Borel mea-
sure on B(R).

Definition 3.4. The o-algebra B(R) (resp. B(Rx>q)) is the o-algebra gen-
erated by the set of all open intervals (a,b) C R (resp. (a,b) C R>g). The
Borel measure ppy for the measurable space (R, B(R)) is the unique measure
such that pp ((a,b)) = b — a for all non-empty open intervals (a,b) C R.

3.2 Lebesgue Integral

In this section, we briefly introduce (abstract) Lebesgue integral. Below we
fix a measure space (€2, S, u). The following definition illustrates the notion
of measurable functions.

14in” here means X,, € C for all n € N.
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Definition 3.5. Let (2, 8’) be a measurable space. A function h : Q —
is measurable (w.r.t (', 8")) if for all X € §’, h"}(X) € S.

The following definition illustrates the notion of simple functions, which
is a central notion to define abstract Lebesgue integral.

Definition 3.6. A function h : Q@ — [0,400) is a (non-negative) simple
function on Q if there exists n € N, a finite sequence {X;} 1<i<n of sets irﬂ
S and a finite sequence {d; }1<i<n of real numbers such that h =7 | d;-1x,

Intuitively, simple functions are piecewise constant functions. By defini-
tion, it is not hard to verify that simple functions are measurable functions
w.r.t (R, B(R)). Here, we restrict simple functions to non-negative functions;
this restriction is not essential and does not affect the definition of Lebesgue
integral.

The following definition introduce Lebesgue integral on simple functions.

Definition 3.7. Let h : Q — [0,4+00) be a (non-negative) simple function
on § such that h = Y, d; - 1x, (c¢f. Definition for notations). The
Lebesgue integral of h w.r.t p, denoted by [ hdpu, is defined by:

/hd# = di - p(X;)
i=1

The Lebesgue integral is well-defined on simple functions, regardless of
the representation of the simple function; see [32, Proposition 4.1.4] for more
details. The following definition introduces Lebesgue integral on general
non-negative functions.

Definition 3.8. Let h :  — [0, +00] be a function. The (Lebesgue) integral
of h w.r.t p, denoted by [ hdp, is defined as follows:

/hd,u = sup {/gd,u | g is a simple function on Q and g < h} ,

where for arbitrary functions g1,g2 : Q@ — [0,400], g1 < g2 means that
91(z) < ga(x) for all x € Q.

Note that by definition, for non-negative function g1, g2 : Q — [0, +o0],
Jg1dp < [godp whenever g1 < go. In this dissertation, we may also
write “ [ hdp” as “[ h(z) p(dz)”, stressing the role of the variable z; we will
abbreviate “up,(dx)” in an integral as “dz”.

Remark 3.1. Note that a standard mathematical definition of Lebesgue
integral applies only to measurable functions, while Definition[3.8 works also
for non-measurable functions. This fact will be used in Chapter[9 to define
a monotone operator on a lattice of general functions.

2¢f. Definition for the meaning of “in”.
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For non-negative measurable functions, the next proposition is useful.
In the following, we write x,, T x if the sequence {x, },en of real numbers
converges to x when n — 400 and x, < z,41 for all n € N (note that z
may be +00).

Proposition 3.1. Let h : Q — [0,+00] be a function. If h is measurable
w.r.t (R,B(R)), then there exists a sequence {h, : Q@ — [0,+00)} of simple
functions on Q such that h,(x) T h(x) for all x € Q; moreover, for all such
sequences {hp : @ — [0,4+00)}, [hydpt [hdu .

Proof. See [32, Proposition 4.1.5]. O
The following definition illustrates Lebesgue integral on all functions.

Definition 3.9. Let h: Q — [—o0, +00] be a function and define two func-
tions h™ and h™ by: ht := max{h,0} and h™ := —min{h,0}. The integral
J hdu is called defined if at most one of the two integrals, namely [ h*du
and fh* du, is equal to +oo. When [ hdu is defined, it is given by:

/hdu::/h+du—/h_du .

Moreover, h is called integratable if h is measurable w.r.t (R, B(R)) and
[ |h|dp < 400 ; the set of all integratable functions is denoted by L1 (2, S, p).

For a function h : Q — [—o00,+00] and a set X C Q, we denote the
integral [y hdp to be [h-1xdpif [h-1xdp is defined.

Below we state some mathematical facts in measure theory. The follow-
ing proposition states some basic properties of measurable functions.

Proposition 3.2. Ifc € R and h1, ho : Q@ — R are two functions measurable
w.r.t (R, B(R)), then both hy + hy and c- hy is a measurable function w.r.t
(R, B(R)).

If {hy : Q = R},en is a sequence of measurable functions w.r.t (R, B(R)),
h:Q — R is a function and nh_}rgo hn(z) = h(x) for all x € , then h is a

measurable function w.r.t (R, B(R)).
Proof. See [32, Chapter 4]. O

The following theorem states that Lebesgue integral has good linear
properties.

Theorem 3.1. For all g,h € L} (Q,S, 1) and c € R,

/(g—lrh)du:(/gdu)—i—(/hdu) and /(c-g)duzc-(/gdu) .

Proof. See [32, Theorem 4.1.10]. O
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Below we introduce Monotone Convergence Theorem, which is an impor-
tant convergence theorem in measure theory. We would like to mention that
there is another important convergence theorem, called Dominated Conver-
gence Theorem, which is not included in this dissertation.

Theorem 3.2 (Monotone Convergence Theorem). Let {hy}nen be a se-
quence of measurable functions from Q to [—oo,+0o0], and h be a function
from Q to [—o00,+00]. If hy(z) T h(x) for all x € Q and [ hydp > —oo,
then [hpdpt [hdp .

Proof. See [32, Theorem 4.3.2]. O

3.3 Product o-Algebra

In this section, we introduce the notion of product measure. Intuitively,
a product measure is a measure for certain “Cartesian product” of two
measure spaces, while the calculation of the produce measure mimics the
calculation of the area of rectangles on a two-dimensional plane.

Below we fix two measure spaces (€21, S1, 1) and (22, Sa, p2), where both
w1 and peo is o-finite. The definition of the notion of o-finiteness is given as
follows.

Definition 3.10. Let Q be a set and C C 2%, A function p : C — [0, 00)
is said to be o-finite if there exists {Xp}nen such that (i) X, € C for all
n €N and (i) J,eny Xn = Q and (i) p(X,) < 400 for alln € N.

Now let C :={X xY | X € §,Y € S} . The following definition
illustrates the notion of product o-algebra.

Definition 3.11. The product g-algebra §; ® So on 1 x Qo is defined to
be the o-algebra generated by C.

3.4 Dynkin’s m-A Theorem

In this section, we briefly introduce Dynkin’s m-A Theorem. For a detailed

introduction, we refer to [12]. Below we fix a set 2. Informally, Dynkin’s

m-A Theorem deals with the relationship between m-systems and A-systems.
The following definition illustrates the notion of w-system.

Definition 3.12 (7-System). A set C C 2% is a m-system on Q iff it is
closed under finite intersection, i.e., XNY € C whenever X € C and Y € C.

The notion of A-system is a weaker notion of og-algebra, as follows.

Definition 3.13 (A-System). A set C C 2% is a A-system on Q iff the
following conditions hold:
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e Ne(C;

e forall X €C, Q\X €C;

e for all sequences {Xp,}nen irﬂ C such that X, N X,, = 0 whenever
n#m, Upen Xn €C .

In this thesis, we will use an equivalent version of Definition EL as
follows.

Definition 3.14. A set C C 29 is a A-system on Q iff the following condi-
tions hold:

e NeC;
e for all X, Y € C such that X CY, Y\X €C;
o for all sequences { Xy, }nen in C such that X,, C X,,, whenever n < m,

Unen Xn €C .

The following proposition shows that the two definitions are equivalent.
Proposition 3.3. Definition and Definition |3.14 are equivalent.

Proof. Assume that C is a A-system w.r.t Definition We prove that C
satisfies the conditions in Definition The analysis is as follows: given
any X,Y € C with X C Y, Y\X € C because Y\X = Q\(X U (Q\Y));
given any sequences {X,}nen in C such that X,, C X, whenever n < m,
Unen Xn € C because ey Xn = X1 U (Upeny Xntr1\Xn).

Assume now that C is a A-system w.r.t Definition [3.14 We first prove
that for all X, Y € C,if X NY = () then X UY € C. This follows directly
from the fact that X UY = Q\((Q2\X)\Y). Then we prove that C satisfies
the conditions in Definition for all X € C, Q\X € C since Q € C and
X C Q; for all sequences {X,,}nen in C such that X,, N X,,, = 0 whenever
n # m, U,en Xn € C since UZ:1 X, €C for all k € N. O

The following theorem, entitled Dynkin’s -\ Theorem, is an important
theorem in measure theory.

Theorem 3.3 (Dynkin’s -\ Theorem). Let £ be a w-system on  and F
be a A\-system on Q. If € C F, then o(€) C F.

Proof. See [12, Theorem 3.2]. O

3¢f. Definition for the meaning of “in”.
4This is an excerpt from the website http://en.wikipedia.org/wiki/Dynkin_system.
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Chapter 4

Probabilistic Automata

In this chapter, we consider the notion of probabilistic automata developed
by Segala and Lynch [67]. Probabilistic automata (PAs) are an analogue
of Markov decision processes [64] which, like Markov decision processes,
involves both stochastic and non-deterministic features. The difference be-
tween PAs and Markov decision processes is that in a PA, a sole action
can lead to different probability distributions, while an action uniquely de-
termines a probability distribution in a Markov decision process. In other
words, PAs focus more on reactive features than Markov decision processes
do. Probabilistic automata can also be viewed as an orthogonal extension
of labelled transition systems [7] with probabilities.

In [67], the semantics of probabilistic automata is defined through two
approaches: logical characterization and behavioural equivalences. Logical
characterization allows one to reason about probabilistic automata via log-
ical formulae, while behavioural equivalences enables one to check whether
two probabilistic automata are equivalent. Behavioural equivalences and
logical characterization are closely related as two behaviourally-equivalent
probabilistic automata are also logically-equivalent under certain logical
characterization [67].

The dissertation mainly focuses on behavioural equivalences of proba-
bilistic automata. A behavioural equivalence can be viewed as an equiva-
lence relation or a preorder on the set of states of the underlying proba-
bilistic automaton, which characterize whether two states are behaviourally
indistinguishable or one state can mimic the behaviour of another. Typi-
cal behavioural equivalences introduced in [67] are (probabilistic) bisimula-
tion equivalence and (probabilistic) simulation preorder (cf. also [49) [53]).
In [67], Segala and Lynch proved that (probabilistic) bisimulation equiva-
lence preserves logical properties encoded by probabilistic computation tree
logic (PCTL), and the equivalence relation induced by (probabilistic) simu-
lation preorder preserves a safety fragment of PCTL (see also [7]).

The chapter is organized as follows. In Section we briefly introduce

15
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the notion of probabilistic automata. In Section [4.2] we briefly introduce
two fundamental notions of behavioural equivalences on probabilistic au-
tomata, namely (probabilistic) bisimulation equivalence and (probabilistic)
simulation preorder.

4.1 Probabilistic Automata

To introduce the notion of probabilistic automata, we first introduce the
notion of (discrete) probability distributions.

Definition 4.1. Let X be a finite or countable set. A (discrete) probability
distribution on X is a function p: X — [0,1] such that Y, p(x) =1; p
is Dirac at © € X iff u(x) = 1. The Dirac distribution D]x] : X — [0, 1] for
an x € X is defined by: D[z|(x) =1 and D[z](y) = 0 for all y # x.

A probability distribution p on X is finite if the support of u, denoted
by |p] and defined by |u| = {x € X | u(x) > 0} , is finite. The set of
(discrete) probability distributions (resp. finite probability distributions) on
X is denoted by Dist(X) (resp. by Diste(X)).

Remark 4.1. Note that each probability distribution p € Dist(X) corre-
sponds to the probability space (cf. Chapter@ (X,2X 1) where u(Y) =
Y owey M(x) for allY C X.

The notion of probabilistic automata [67] is given as follows.

Definition 4.2. [67] A probabilistic automaton (PA) is a tuple (S, Act, —)
where

e S is a non-empty, finite or countable set of states;
e Act is a non-empty set of actions;
o »C S x Act x Dist(S) is a set of transitions.

A PA (S, Act,—) is locally finite if for all s € S and a € A, it holds that
{p | (s,a,p) €=} C Diste(S); it is finite if it is locally finite, and both
S, Act and — is finite.

Technically speaking, the class of probabilistic automata here refers to
the class of simple probabilistic automata in [67].
Let (S, Act,—) be a PA. For each s € S, we define

o Act(s) :={a € Act | u.(s,a, ) €=} to be the set of actions enabled
at s, and

e Succ(s) :={s € S| I(s,a,pn) €= .u(s’) > 0} to be the set of states
which can be reached from s within one step with non-zero probability.
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Intuitively, the set — specifies all possible stochastic transitions from states
to states. A transition (s, a, ) specifies that when the current state is s and
the action to be taken is a, the state at the next step is chosen w.r.t the
probability distribution u.

The following definition extends the notions of transitions to combined
transitions. In [67], combined transitions are introduces to model stochastic
strategies by, e.g., an adversary.

Definition 4.3. Let (S, A,—) be a PA. The set of combined transitions,
—C S x Act x Dist(S), is defined as follows: (s,a, j1) €— iff there exists a
C

finite or infinite sequence {(tn,dn)ner (I € N), where u, € Dist(S) and
dp, € R>q for alln € I, such that

o (s,a,pu,) €= foralln €I, and
> crdn=1, and
o 1u(s) = crdn - fn(s) for all s € S.

By definition, =C—. We write “s - u” for “(s,a,pu) €—” where
C nc
“nc” stands for “standard” or “non-combined”. And we write “s < p” for
C
“(s,a,p) €=, We will use “s —— p” to refer to either “s — u” or “s % u”,
c op nc c

depending on whether op = ‘nc’ or op = ‘c’.

4.2 Bisimulation and Simulation on PAs

In this section, we fix a PA (5, Act,—). To define (probabilistic) bisimula-
tion and (probabilistic) simulation preorder, we first introduce a notion of
lifting operation which lifts a binary relation on states to a binary relation
on probability distributions.

Definition 4.4. [}9,[553] Let R C S x S be a binary relation on S. The
lifting relation R C Dist(S) x Dist(S) of R is defined as follows: (u,v) € R
iff there exists a weight function w : S x S — [0,1] such that

> csw(u,v) = p(u) for allu e S, and
® > esw(u,v) =v(v) forallve S, and
o for allu,v € S, (u,v) € R whenever w(u,v) > 0.

For the sake of convenience, we will simply write “uRv” instead of
AR > ]
WRV”.

Now we define the notion of (probabilistic) bisimulation, following the

definition in [67].

Definition 4.5. An equivalence relation R on S is an op-bisimulation iff
for all (s,s") € R, the following conditions hold:
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o for all s %5 p, there exists ' — 1/ such that pRu';
nc op

o for all s = i/, there exists s — pu such that pRy'.
nc op

Two states s,s’ € S are op-bisimilar if there ewists an op-bisimulation R
such that (s,s’) € R. The op-bisimilarity, denoted by ~qp, is defined as the
set of all pairs (s,s’) € S x S such that s and s’ are op-bisimilar.

Here, ~y refers to strong bisimulation [67] and ~ refers to strong prob-
abilistic bisimulation [67]. The following definition illustrates the notion of
(probabilistic) simulation preorder, which is defined as a one-sided version
of (probabilistic) bisimulation.

Definition 4.6. A binary relation R on S is an op-simulation iff for all
(s,s') € R, the following conditions hold:

o Act(s) = Act(s);
o for all s = pu, there exists s' — ' such that pRu'.
nc op

The op-simulation preorder, denoted by Cp, is defined by:
Copi= U{T\’, C S x S| R is an op-simulation} .

The op-simulation equivalence is defined as Cop N Egpl, where Egpl 1s the
reverse relation of Cop.

C e corresponds to strong simulation and C. corresponds to strong prob-
abilistic simulation in [67]. It can be easily verified that C, (resp. C.) itself
is an nc-simulation (resp. c-simulation).

Up till now, the notions of bisimulation and simulation preorder are de-
fined on a single probabilistic automaton. They are extended to the coun-
terparts between two probabilistic automata by taking the disjoint union of
the two PAs, i.e., by making a PA which precisely comprises all the states,
actions and transitions of the original two PAs.



Chapter 5

Simulation Preorder between
pPDAs and fPAs

In this chapter, we consider the decision problem of (probabilistic) simu-
lation preorder between a probabilistic pushdown automata (pPDA) and a
finite probabilistic automata (fPA). Here, the notions of (finite) probabilis-
tic automata (PAs) and (probabilistic) simulation preorder T, are defined
in Chapter [4f We recall that (i) the notion of probabilistic automata is an
analogue of Markov decision processes which models discrete-time stochastic
non-deterministic transitions between states, and (ii) the notion of (prob-
abilistic) simulation preorder captures the phenomenon whether one state
can mimic another.

The motivation of this problem is to treat pPDAs as implementation
and fPAs as specification. On one hand, we treat pPDAs as implemen-
tation since they are a natural extension of pushdown automata and can
model probabilistic procedural programs. They typically induces an infinite-
state probabilistic automaton and are equally expressive as recursive Markov
chains [34] or recursive Markov decision processes [33]. On the other hand,
we treat fPAs as specification since in many applications, a specification can
be described by a finite-state diagram. We use (probabilistic) simulation
preorder (or (probabilistic) simulation equivalence) as the comparison se-
mantics between a pPDA and a fPA. It is shown by Segala and Lynch [67]
that (probabilistic) simulation equivalence preserves a safety fragment of
PCTL* formulae on probabilistic automata.

Verification of (probabilistic) pushdown automata has been studied main-
ly on the aspect of model checking. The major results in the model checking
of pPDAs are on the analysis of termination probabilities [51, [34]. As to
equivalence checking, Tomas Bréazdil et al. proved that probabilistic bisimi-
larity between pPDAs and fPAs can be decided in EXPTIME [19]. Besides,
we would like to mention several novel results on original non-probabilistic
pushdown automata [52], 69, [70] [48], 43].

19
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In this chapter, we prove that the decision problem of probabilistic sim-
ulation preorder between a pPDA and a fPA is decidable in EXPTIME,
and in PTIME if both the number of control states of the pPDA and the
size of the finite-state system are fixed. All these results extend the coun-
terparts in the non-probabilistic setting by Kucera and Mayr [52]. We use
a different technique from the one adopted in [52]. The technique we use
is a tableaux system for probabilistic simulation preorder between pPDA
and fPA, which is based on the notion of “extended stack symbols” and
a tableaux system both developed by Coling Stirling [69} [70] to prove the
deciability of bisimulation equivalence on non-probabilistic pushdown au-
tomata. The reason to adopt a new technique is that the original result [52]
goes through a reduction to the model-checking problem of u-calculus on
pushdown processes, for which a probabilistic extension is dubious [1§8]. By
applying a EXPTIME-hardness result by Kucera and Mayr [52], we prove
that the decision problem is EXPTIME-complete.

The result of this chapter, together with previous results concerning
bisimulation equivalence and simulation preorder between pushdown au-
tomata and finite-state systems, can be illustrated by Table

non-probabilistic probabilistic
bisim. equiv. | PSPACE-c. [48, [52] in EXPTIME [19]
sim. pre. EXPTIME-c. [52] | EXPTIME-c. (this chapter)

Table 5.1: Related Complexity Results

The chapter is organized as follows. In Section we introduce the no-
tion of probabilistic pushdown automata, following the definitions from [51],
19]. In Section we introduce the notion of extended stack symbols. In
Section we present the tableaux system and show its soundness and
completeness. In Section we briefly describe how one can apply the
hardness result by Kucera and Mayr [52] to our case. Finally, Section
concludes the chapter.

In the whole chapter, we denote by € the empty word.

5.1 Probabilistic Pushdown Automata

Definition 5.1. [51, [19] A probabilistic pushdown automaton (pPDA) is
a quadruple (Q,T', L, A), where:

Q is a finite non-empty set of control states;

I' is a finite non-empty set of stack symbols;

L is a finite non-empty set of labels;

—C (Q xT') x L x Distg(Q x I') is a finite set of transition rules.
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In the whole chapter, we will use p,q to range over control states @,
A, B, C to range over stack symbols ', o, 3,y to range over I['*, u, v to range
over @ xI'™ and a, b, ¢ to range over labels L. Instead of “(pA,a, u) €—7, we

write “pA N 17 . The following definition illustrates how a pPDA generates
a probabilistic automaton.

Definition 5.2. Let P = (Q,T, L, —) be a pPDA. P induces a PA (S, Act,Q)
as follows:

S:=Q xTI"; Act:=L; —:={(pAv,a,p,)|pA = w,y €T}

The probability distribution p, € Dist(Q x I'*) with p € Dist(Q x I'*) and
v € I'* is defined by:

fiy (pr) = {

for all pa € Q x I'*. Elements of Q x I'* are also called configurations.

w(pB) if a = By for some (unique) B € T'*

0 otherwise '

Note that every pPDA induces a locally-finite PA. Intuitively, a pPDA
generates a PA by just expanding suffixes to transition rules. Below we state
a simple property for such expansion of transition rules.

Lemma 5.1. Let (Q,T, L,—) be a pPDA. Let pBvy € Q x I'* with f € Tt
a € L and p € Dist(Q x T*). Then pBy = p iff there exists p' € Dist(Q x
op

I'*) such that pf — p' and p = pr
op
Proof. We first consider the case when op = ‘nc’. Let § = AfB’. By defini-
tion,
X a
PAB'y — puiff 3y (pA — A p= M%w)
Note that (vg), = vgy for all v € Dist(Q x I'*). Thus, one obtains

' (pA LW A= M,%w) iff 3", (pAﬁ' = A= MZ)

(by taking p” = pjz).
Now we consider the case when op = ‘¢’. By definition, p8y = u iff (a)
C

there exists a finite or infinite sequence {(fin,dn)}n such that pBy — uy,
nc

for all n, Y. d, =1, and u(s) = >, dp - pn(s) for all s € Q@ x I'*. By the

proof for the case op = ‘nc’, we have (a) holds iff (b) there exists a finite or

infinite sequence {(u/,,dy,)}, such that p8 = p!, for all n, 3, d, = 1, and
nc

pu(s) =2, dn - (uy,),(s) for all s € @ x I'". We can further obtain that (b)
holds iff (c) there exists a finite or infinite sequence {(u},,d,)}, such that
pB > ply for alln, 3 dp, =1, and p = pir,, where i (s) == 3, dn - piz, () for
nc
all s € Q x T*. Then (c) holds iff 3p/.(pf % /' A p = p,) , from which the
C

result follows. O
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This chapter studies the complexity of the following decision problems:

e INPUT: a configuration pa of a pPDA and a state s of a fPA;
e OUTPUT: whether pa T}, s and whether s T, pa between the fPA
and the PA induced by the pPDA, for op € {‘nc/, ‘c'}.

We prove that both of these problems are EXPTIME-complete, and are in
PTIME if both the number of control states of the pPDA and the number
of states of the fPA is fixed.

5.2 Extended Stack Symbols

In this section, we extend the notion of “extended stack symbols” by Colin
Stirling [70} [69], which is originally used to establish a tableaux proof system
that is sound and complete for the bisimulation equivalence on pushdown
automata; we follow Colin Stirling’s method to establish extended stack
symbols for simulation preorder between (PA induced by) pPDA and fPA.
Later in Section we present a tableaux proof system for simulation
preorder between pPDA and fPA and demonstrate our complexity results.

Below we fix a pPDA (Q,T,L,—) and a fPA (S, A,—). For any two
sets X, Y, we define X Y := (X xY)U(Y x X) . The following definition
illusstrates the notion of extended stack symbols.

Definition 5.3. An extended stack symbol U is a function U : Q — 25.
The set E is defined as the set of all extended stack symbols.

W.lo.g, we assume that £ NT' = (). Intuitively, an extended stack
symbol represents some finite sequence v € I'* of (original) stack symbols
in the following sense: U(q) tries to capture the set of all states u € S that
either ¢y Cop u or u Cop gy (depending on the context). Thus, U acts
like a representative for the “fragment” v under the context of simulation
preorder. Note that F (the set of extended stack symbols) is finite because
both @ and S is finite. We now extend the pPDA (Q,T, L, —) with E.

Definition 5.4. The extended pPDA is defined as (Q,I'U E,L,—) . The
set of extended configurations (resp. basically-extended configurations), de-
noted by & (resp. by &), is defined by € := Q x (I'* - (E + ¢)) (resp.
gb = Q X E)

Instead of considering @ x (I' + E)* as the extended configurations, we
only consider elements from £. This is because we only need elements in
£ to complete the tableaux proof system to be established in Section
Moreover, the elements from &}, will serve as certain terminal leaves in the
tableaux proof system. Note that E\&, (= Q x (e + I'T - (E +¢))) is the
set of all configurations where the extended stack symbol (if it occurs) is
preceded by a non-empty sequence of (original) stack symbols. Also note
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that we do not modify — in the extension of the pPDA; thus an extended
configuration pU with U € E has no outgoing transitions in the PA induced
by the extended pPDA.

In the remaining part of the chapter, if otherwise stated, we will refer
to the extended pPDA whenever the notion of pPDA is encountered (e.g.,
when the PA induced by the pPDA is of concern). We use U,V to range
over extended stack symbols, while using «, 3,~ to range over I'* - (E + ¢).
We also override — to be the disjoint union of the transitions of both the
fPA and the PA induced by the pPDA.

The following definition extends simulation preorder to extended con-
figurations. Since we focus only on the simulation preorder between the
extended pPDA and the fPA, we only consider binary relations between
them.

Definition 5.5. Let
Ry :={(qU,s) €&, x S| s€U(q)}U{(s,qU) € Sx & |s€U(q)} .

A binary relation R € £® S is an extended op-simulation iff for all (s,s’) €
R:

o if (s,8) €& ©S then (s,5') € Ry;
o if (s,8) € (E\&v) © S then (i) Act(s) = Act(s') and (ii) whenever
s <5y there exists s — p! such that PRy’
nc op

The extended op-similarity, denoted by Ceop, 5 the union of all extended
op-simulations.

By definition, Ce op extends T, by adding pairs in Ryp,. It can be easily
verified that T op itself is an extended op-simulation. Intuitively, Rj, con-
tains all pairs of the form (qU, s) or (s, qU) such that “qU C s” or “s C qU”.
The following fact shows that C. op is a legitimate extension of Cp.

Proposition 5.1. Ccop, N((Q x T*) © S) =Cop N((Q x T*) ® S) , where
Cop refers to the simulation preorder on the disjoint union of the fPA and
the PA induced by the original pPDA.

Proof. The result follows from the facts that T, N(QxI™*)®.S is an extended
op-simulation, and T op N ((Q x I'*) ® S) is an op-simulation on the disjoint
union of the fPA and the original pPDA. O

Below we define stepwise approximants of T op. The purpose to intro-
duce such notion is to prove the soundness of the tableaux proof system for

Ee,op-
Definition 5.6. The family {C¢ o, nen, s inductively defined as follows:
o TV i={(s,8) € (E\&,) © S | Act(s) = Act(s')} URy,;

=e,op°
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° Eg‘fgg s defined as the following set:

crtl.—Ry U {(s,s’) € (E\&E,) ® S | Act(s) = Act(s'), and

—e,op "

for all s —> w, there exists s’ —> w such that p CF op M } .

By definition and an induction on n € N, we can easily obtain the
following fact.

Lemma 5.2. For alln e N, C?Hlccr

—e,0p = —e,0p

and Ce op CEL

—e,op"*

Proof. We proceed by induction on n € N. The base step n = 0 is straight-

forward. Below we consider the inductive step. Assume Egéré__e op and
CeopCLEe ops We prove that the arguments hold for n + 1.
Let (s,s) 6[21{5 By definition, either (s,s’) € Ry, or Act(s) = Act(s’)

and for all s —> i, there exists s’ i> p' such that g EZE 1/ . If (s,8') € Ry,

then (s,s) GE"H otherwise, by I:”HCE" we also have (s,s') eCnt!

=e,op’ =e,op ==e,0p =e,op
from definition. Since (s, s') is arbitrarily chosen, we obtain EJ{2CE L.

Now let (s,s") €Ccop. By definition, either (s,s’) € Ry, or Act(s) =
Act(s') and for all s = p, there exists s’ — p/ such that g Ceop 4/
nc op

If (s,5') € Ry, then (s,s") €Cll: otherwise, by CeopCEL,, We also have
(s,s') ¥ from definition. Thus C, OpCEQ&} by the arbitrary choice of
(s,8).

From the previous two paragraphs, the inductive step is completed. [

Intuitively, s T, s" holds iff s’ can mimic the behaviour of s up to n
steps. It is thus seemingly true that ) equals Ceop . Below we

prove that they are indeed equal.

L
neN e ,0p

Proposition 5.2. For all (s,8') € E© S, s Ceop s iff s CL,p 8" for all
n € N.

Proof. Deﬁne Ee 'op'= [Inen Ecop: We prove that ¢ =Cc,p. One direc-
tion Ce opCEY,, follows directly from Lemman As to the other direction
(;‘gopgge op)s We prove that Cdop is an extended op-simulation.

Fix (s,s")€Cy,, and a € LU Act. If (s,5") € & © 5, then by definition
(s,8') € Rp. Below we assume that (s,s") € (E\&) ©® S. Clearly Act(s) =
Act(s"). Define

R = {(u,v)ES@S!H,u,V. (s%u/\s’%u/\(u,v)e L] x LI/J)}

Then R is finite. Consider any (u,v) € R. If (u,v)ZC¢,,, there is a minimal
N(u,v) € N such that (u,v)¢Ce, og ) Define

N = max{N(u,v) [ (u,v) € R\ Eop}
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where max () := 0 . By Lemma we have RN CY = RN C¥_ . Since

_e7op _e7op.
s Cht s/, for all s % i, there exists s’ % p' such that p TN 4/, Then
u(ESop MR’ Thus p £, 1 by RN Elgy= RN EE,p. O

5.3 Tableaux Proof System

In this section, we present a tableaux proof system for the simulation pre-
order between pPDA and fPA, based on which we prove the EXPTIME-
membership of op-simulation preorder. Below we fix a pPDA (Q,T, L, —)
and a fPA (S, Act,—). We extend (Q,T', L, —) with extended stack sym-
bols as described in Section As before, we override — to be the set of
transitions of both the fPA and the PA induced by the pPDA.

By Proposition the decision problem for op-simulation preorder can
be reformulated as follows: given a pair (s,s') € (Q x I') ® S, decide if
s Ceop 8. Note that we only consider elements in @ x I' (instead of @ x I'*).
This is because for any pXa € Q x ') we can always (i) add a fresh control
state pinit and a new stack symbol Xjpit, and (ii) augment — with the set

a a
{Pinit Xinit = pa | pX — p}

of extra transition rules so that pi,it Xin;¢ mimics the behaviour of pXa. For
the sake of simplicity, we abbreviate C op (resp. ngp) as Cop (resp. ggp).

We follow Stirling’s tableaux proof system [70},69] to develop the tableaux
system in our case. A tableaux is a goal-directed proof system that consists
of a set of goals Goals and a set RULE of rules which describes how a goal
can be expanded into sub-goals. Graphically, a rule can be viewed as a proof
step:

goal
goaly, ..., goal, ’

¢

where goal is what currently to be “proved” is and goaly,...,goal, are the
subgoals to which goal is reduced. Each rule is backward sound: in the
rule depicted above, if all goal, (1 < i < n) are true then so is goal. An
application of a rule is to make all the sub-goals children of goal (in a tree).
Then a tableaux is a tree built from a specified goal (the root of the tree)
and repeated application of rules. The leaves of a tableaux are divided into
terminal and nonterminal leaves. Terminal leaves are further divided into
successful and unsuccessful leaves. A tableaux is successful iff it is finite and
all its leaves are successful.

Below we formulate our tableaux proof system. Firstly, we introduce
goals in our tableaux proof system.

Definition 5.7. Define Goals := £ ©® S to be the set of goals. A goal
(s,s") € Goals is successful if either one of the following three conditions
hold:
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o (s,8) = (pU,s") such that s' € U(p);
o (s,8') = (s,pU) such that s € U(p);
o (s,58) € (E\E) ©S and Act(s) = Act(s') = 0.

A goal (s,s') € Goals is unsuccessful if either one of the following three
conditions hold:

o (s,8) = (pU,s") such that s' ¢ U(p);

o (s,8') = (s,pU) such that s ¢ U(p);

o (s5,8) € (E\&E,) ® S and Act(s) # Act(s').

In this chapter, a goal (s, s’) € Goals is rewritten as “s C s'”. Intuitively,

the goal s C ¢’ corresponds to a guess that the claim s Cop s is correct.
Then, we introduce rules of our tableaux proof system. Formally, a rule

goal

goaly,...,goal,

can be viewed as a pair (goal,{goal;,...,goal,}), which is an element of
Goals x 269 There are two kinds of rules: UNF (unfolding) and RED
(reduction). Intuitively, a rule of type UNF expands a goal s C s’ one-step
further (cf. Lemma and a rule of RED reduces a goal pAa C u (resp.
u C pAa) to pAU C u (resp. u C pAU) together with all information at «
encoded in U. For the sake of clarity, we use subscript ‘a’ to indicate the
case s C s’ € £ x S and subscript ‘b’ to indicate the case for s C s’ € S x &.

Definition 5.8. The set UNF,, C Goalsx 2602 of unfolding rules is defined
as follows: (s C s',R) € UNFq, iff

e sCse(@x(T-(E+¢))OS cmdAct( ) = Act(s )#@ and
e R C Succ(s) x Suce(s') and for all s —> 1, there exists s' —= v such

op
that uRuv.
The set RED,, C Goals x 2Goals f reduction rules is defined as REDg, U
REDEP, for which

e (sCS R)E RED{, iff s C s’ = pAa C u with u € S such that
— Act(pA) = Act(u) #0 and o € T - (E +¢), and
- R={pAUCu}U{gaCv|qeQ,veU(q)} for someU € E.
e (sCs,R)e REDEp iff sC s =uLl pAa with u € S such that
— Act(u) = Act(pA) #0 and a € T - (E +¢), and
-~ R={uCpAU}U{vCqga|qe Q,veU(q)} for someU € E.
The set RULE,y, of rules is defined by: RULE,, := UNF,, URED,, .

With goals and rules defined, we present our tableaux proof system.
Firstly, we introduce the notion of vertex-labelled rooted tree.
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Definition 5.9. A vertex-labelled rooted tree is a pair (T,L) for which
T = (V(T),E(T)) is a rooted directed tree (with vertex set V(T ) and edge
set E(T)) and L is a function which assigns to each vertex of T a goal.

Let (T, L) be a vertez-labelled rooted tree. A leaf z of T is successful if
either L(z) 1is successful, or there is z' € V(T) such that (i) 2’ # z, (i1) 2’
lies on the path from the root of T to z and (i) L(2') = L(2). A leaf z of
T is unsuccessful if L(z) is unsuccessful. A leaf z of T is terminal if either
z 18 successful or unsuccessful; otherwise it is non-terminal.

Then the notion of tableaux tree (which is the core notion of our tableaux
proof system) is defined as a subclass of vertex-labelled rooted trees.

Definition 5.10. An op-tableaux tree is a vertez-labelled rooted tree induc-
tively defined as follows:

e a single vertex labelled with a goal is an op-tableaux tree (in this base
case the sole vertex is the root of the tree);
o if
1. (T, L) is a op-tableaux tree, and
2. z € V(T) is non-terminal in T and is either a leaf of T or the
sole vertex of T (which in this case is also the root of T ), and
3. (L(2),R) is a rule in RULE,,
then (V(T)UV',E(T)U{(z,2) | 2 € V'}),LU L") is also an op-tableauz
tree, where V' is a fresh new set of vertices with |V'| = |R| and L is
a bijection from V' to R.

An op-tableaux tree is successful if either it consists of a sole successful
vertex (which is the root) or all its leaves are successful.

Intuitively, a tableaux tree is constructed inductively from an initial goal
and (finitely) repeated application of rules. In the following, we show the
soundness and completeness of our tableaux proof system, i.e., s Cop " iff
there exists an op-tableaux tree rooted at s C s, for all goals s C .

We first show that the tableaux trees defined in Definition [5.10] have the
following finiteness property. In the following, we define a suffix predicate
suff(.,.) by: suff(3, «) holds iff « = v for some ~.

Lemma 5.3. Let Suff be the following set:
{Ber3aer. ((3g€ QA" niuga) > 0)) Asuff(8,0)) }
Define

o Gl g:={pfaCu|pelTUSuf,ac EU{e},peQ,uec S} and
e GlP s :={uC pBa|BeTUSuff,ac EU{e},peQ,uecS} .
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IfsC s e Glsuﬁc, then L(V(T)) C Glsuff for all op-tableauz trees (T, L) with
root label s C s'. Analoguously, if s C s’ € G2 ¢, then L(V(T)) C GIP ¢ for
all op-tableauz trees (T, L) with root label s C s'.

Proof. The proofis a simple induction on the construction of tableaux trees
illustrated in Definition The base step where (T L) is a single root is
straightforward. It is also clear that G124 and GI® ¢ are closed under rule
application of UNF,, and RED,, (cf. Deﬁmtlon O

Then we show the soundness of our tableaux proof system, i.e., if there
exists a successful tableaux tree rooted at s C s’ then s Cop s’. We first
show that rules of UNF,, and RED,, are backward sound, i.e., if all the
subgoals are correct then the goal "to be proved” is correct.

Lemma 5.4. Let (s C s',R) € UNFo,. Ifr o v for allr T o' € R, then
s Cotl s,

Proof. The result follows directly from Definition [5.8) and Definition[5.6l O

Lemma 5.5. Let (pAa C u, {pAU E u} UG} ;) € RED], where
Glay={qaEv|qeQuellg} .

For all n € Ny, if pAU gg;rl u and qo E55 v for all g E v € Gl 7, then
pAOé |:n+1

Proof. We prove by induction on n that for all pya T u € Goals with
v € I't, it holds that for all U € E, if pyU T u and ga TJ%) v for all
g E v € G, 7, then pya EXF w

Base Step n = 0. Assume that pyU El u and qo IZO v for all

qa C v € GIf, ;. Since pyU c! p U, for all py —> 1, there is u — v such that
op

nu E9, (cf Lemma. Let w: | py | X LVJ [0, 1] be a weight function
for ,uU IZ v. (We can restrict the domain to |uy| X [v] since all other
values are zero.) We define a weight function w’ : [pa] % [v] — [0, 1] by:
w'(gBa,v) = w(qBU,v) for all ¢ € |p] (note that § € ') and v € |v|. We
prove that w’ is a weight function for g Qgp v. The first two conditions in
Definition [.4] are straightforward to verify. For the third condition, suppose
w'(¢gBa,v) > 0 with ¢B8 € |u]. Then w(gBU,v) > 0 and hence ¢BU Egp v
If 8 # €, then by Definition Act(gB) = Act(v) and we have ¢S Egp v; if
B =¢, thenv € U(q) and g C v € GIf, 17, which further implies go = C% v. In
either case ¢fa Egp v. So w’ is a weight function for the statement i, Egp
Also from pyU E(l)p u we have Act(pya) = Act(u). Thus pya E(l)p
Inductive Step: Assume that pyU C E”+2 u and qa IIQ;{I v for all ga C

v € Gl ;. We prove that pya C II”’L2 U. Smce U C IZ”+2 u, for any py — p,
nc

there exists u — v such that uy T v. Consider any (qBU,v) €Tl
op
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with 8 € I' and v € S: if 8§ = € then ¢Ba ggp“ v since ga C v € GIf, 173
if 8 € I'" then we have g8a T v by induction hypothesis; in any case,
we have ¢S« ;gg L'y, Thus by the same construction of weight function in
the base step, we have pq Cp! v. Also we have Act(pya) = Act(u). Thus
pyo Qg;fz U. O

We can prove a symmetrical case for REDEp as follows.

Lemma 5.6. Let (u C pAa, {u C pAU} U GIZ,U) € REDEp where
Gloy={vEqalqgeQuvel(g)} .

For all n € Ny, if u Qg;;l pAU and v CF, ga for all v E qa € GlgyU, then
u CH pAa.

Proof. The proof can be carried out in a completely symmetric fashion from
the one of Lemma [5.5] O

Based on Lemma [5.4] through Lemmal5.6] we prove the soundness of our
tableaux system as follows.

Proposition 5.3. For all goals s C §', if there exists a successful op-tableauz
tree rooted at a vertex labelled with s C s', then s Cop s'.

Proof. We only prove the case when s C s’ € £ x S, the other case is
completely symmetrical. Let pgag C ug = s C s’. Suppose PocoZypuo and
(T, L) is a successful op-tableaux tree rooted at poag C ug. Let the root of
(T, L) be zp. By Proposition there exists ng € Ny such that pgag ggg U
but poayg zgg“uo. Note that we have (poag, ug) Eggp or otherwise the goal
pocrg & ug would be unsuccessful. By the backward soundness of UNF,,
and REDg, (cf. Lemma and Lemma , we can obtain the following

statements (1):

e if the rule applied to ppag C wup (in the inductive construction of
(T, L)) belongs to UNF,,, then there exists a child z; of zp labelled
with p'a’ C u' such that p'a/iZg5u';

e if the rule applied to poap C up lies in REDG,, then there exists a
child z; of zy whose label is either pg AU C ug with pg AU zgg“uo, or
qa C v with galZisv for some go C v € GIf, 1, where A€ T, U € E
and a € I'" - (E + €) are specified by the rule (cf. Definition [5.8).

In either case, there is a child z; of zg labelled with pja; C u; such that
plalzggﬂul. Choose such z; according to (f) arbitrarily. Let n; € Ny be
such that pyoq ,Zgé"‘lul and p1ay E¢) ui. Then ny < ng. By performing (1)
on z1 and pya; C uy and so forth, we can recursively construct a finite se-

quence { (%, pia; T u;, ni) bo<i<k of length k+1(k > 1) such that p;cy nitl

= op Usj
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and p;q; ng; u;, {n;} is decreasing, and the last vertex zj is a successful
leaf. Since pkakzgl’gﬂuk, the goal prarCug cannot be successful. So the
only possibility is that there is j < k such that proy C v = pja; C uj. Con-
sider the rule application from (zx_1,pr—10k—1 E ug_1) to (2g, prog C ug).

By (1):

e if the rule lies in UNF,, then n; < np—1 < ny;

o if the rule lies in REDj}, and pray C uy, € Gl ;; where a € T - (E +¢)
and U € E are determined by the rule (cf. Definition , then
ng < ng_1 < ny.

e If the rule lies in RED, and prax C up = prAU C uy where A € T’
and U € E are determined by the rule (cf. Definition , then
Pr—10k—1 C up—1 # ppAU C ug and so j < k — 1. By prag C ug =
pja; T uj, the rule application from z; to zj41 belongs to UNF,,,
which implies nj41 < n;. Hence ni < n;.

ne+1

nig . . op

proy Cop ug. Contradiction. O

In either case, we have nj; < nj;. But then we have ppailZ up and

Finally, we prove the completeness of our tableaux proof system, i.e.,
if s Cop ¢ then there exists a successful op-tableaux tree with root label
s C s’. We first prove a useful lemma below.

Lemma 5.7. Let pAa Cop uw and U be an extended stack symbol such that
Ul(g) :=={veS|quCe v} forall g € Q. Then pAU Ty, .

Proof. We prove that the binary relation

R :={(¢U,v) | q€ Q,B €™, ve S qBa Ly v}

is an extended op-simulation. Consider any (¢SU,v) € R. If 5 = ¢, then
ga Top v and v € U(g); it follows that (¢U,v) € Ryp. On the other hand,
assume that 8 € I'". Then Act(qB8U) = Act(qBa) = Act(v). Furthermore,
for all ¢ nic> i, by gBa Eqp v there is v %) v such that po Eop v. We prove

that pyRv. By pa Cop v, there exists a weight function w : |pq| % |v] —
[0, 1] for the statement 1o Cop v. (We can restrict the domain of the weight
function to |pa| % |v] since values at other places are zero.) We construct
a weight function w’ : |uy ] % |v] — [0, 1] by: w'(¢'vyU,v") = w(¢'ya, ") for
all ¢y € |u] and v’ € |v]| (note that v € I'*). Then we show that w’ is a
weight function for py and v. The first two conditions in Definition [4.4] are
straightforward to verify. For the third condition, consider any ¢y € |u]
and v' € |v]: assume that w'(¢7U,v") > 0; then w(¢'yo,v") > 0 and
q'ya Cop v, which implies that (¢'yU,v") € R by definition. Thus R is an
extended op-simulation. ]

By a symmetrical proof, we can obtain the following lemma.
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Lemma 5.8. Let u Cop pAa and U be an extended stack symbol such that
U(q) :={veS|vCsqa} forall g€ Q. Then u Ty, pAU.

The completeness of our tableaux proof system is as follows.

Proposition 5.4. Let s C s’ € G123 UG 4. If s Cop 8 then there is a
successful op-tableauz tree with root label s C s'.

Proof. We only prove the case for s C s’ € GIZ g, the other case is completely
symmetrical. Below we inductively construct a sequence {(7,, L)} i<n<k
of op-tableaux trees, each with root label s T ', such that (7x, Ly) is a
successful op-tableaux tree.

Initially, (71, £1) is the tableaux tree which contains only a root labelled
with s C s’. Then assume that (7,,L,) is constructed. If all leaves of
(Tn, L) are terminal, then the construction is ended. Otherwise, we choose
an arbitrary non-terminal leaf z of (7,,L,) and construct (7,41, Ln+1) as
follows:

1. if £,(2) = pAa C u with o € E'U {e}, then we apply the UNF,, rule
(pAa T u, {(gf,v) € Succ(pAa) x Succ(u) | ¢B Cop v})

to the vertex z (to form (7,41, Lnt1)) ;
2. if £,(z) = pAa C u with a € I't - (E + €), then we apply the RED,,
rule
(pAa E u, {pAU C u} UGIE )

where U is defined by: U(q) := {v € S | ga Cop, v} for all ¢ € Q. Note
that from Lemma we have pAU C,p, u.

In the inductive construction above, one easily sees that we only ”ap-
pend” goals s C s’ such that s Cop s'. Thus if the inductive construc-
tion ends in a finite number of step, then the last tableaux tree (T, L)
should be successful, i.e., it won’t contain any unsuccessful leaves. Below we
show that the inductive construction above ends in a finite number of step-
s. Suppose that we obtain an infinite sequence {(7n, L) }nen of tableaux
trees with 7, = (V(7,), E(75)) from the inductive construction above. Let
T = (Unen V(Tn)s Upen E(Tn)) and £ := ey L. Then (T, L) is an in-
finite vertex-labelled tree. By the way of rule application, 7 is also finitely
branching. Thus by Ké&nig’s Lemma, there is an infinite path in 7. Then
by Lemma on such infinite path there must be vertices z, 2’ such that
z# 7 and L(z) = L(Z'). Tt follows that either z or 2’ is a successful leaf of
the tableaux tree T,+, where n* is the smallest number such that z,2’ are
leaves of 7,+. Then the inductive construction should stop expanding at z
(or 2/, depending on which one is a leaf), which leads to a contradiction. [J

Below we give an example.
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pZ C s9
pAZ C s
pAU E S1

Z C UNF
P2 =523 5 subtree 1, pU C s9

subtree 1: pAAU C s,
pAV C 51
pAAV C 51

C ———— RED
pV E s, pAVEis

UNF

RED

RED

UNF, pAU C s;

Figure 5.1: A Tableaux Tree

Example 5.1. Let the pPDA (Q, L,T',—) and the fPA (S, Act,—) be such
that

Q = {p}7 L= {(1, b}7 I'= {A7Z}’

= {pA % {pAA— 0.5,p— 0.5}, pZ B {pAZ — 1}};

S = {s1, 82}, Act = {a,b};

o »={s1 L {51 1},51 5 {51 — 0.5,59 — 0.5}, 50 LN {s1— 1}}.

Intuitively, the pPDA models a counter with random increase and decrease
operation. It can be verified that pZ Ty so since the relation

{(pZ.52)} U{(paZ,s1) | € AT}

is an nc-simulation. Below we use our tableauzr proof system to “prove”
that pZ Cpe s2. A successful nc-tableaux tree is depicted in Fig. where

U:={p—{s2}} and V :={p— {s1}}.

We have ended the demonstration of the soundness and completeness of
our tableaux proof system. Based on the tableaux proof system, we develop
an algorithm that decides C,,. The algorithm will use a partition-refinement
technique to achieve the EXPTIME-upperbound, which is the main result
of this chapter. Below we denote by M the integrated size of the pPDA and
the fPA, where the numerical values (probability values) are represented in
binary.

Theorem 5.1. The problem whether s Cop, s’ for a given (s, s') € (QxI)®S
can be decided in O(h(M) - 8I5I1Ql) time where h is a polynomial function.
Thus, if |Q| and |S| are fized, then the problem can be decided in PTIME.

Proof. We assume that s C s’ € (Q x I') x S and op = ¢, the other cases
are similar. We present a partition-refinement algorithm to decide whether
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s C. s’. Formally, we construct a finite decreasing sequence of sets of goals
{Xn}1<n<k where the last element X}, contains all the correct goals in GIZ, 4.

The construction is as follows. Initially, X1 = Gl,g. Then X, 11 C GI5,g
is constructed from X, as follows: s C s € X4 iff (i) s C ¢’ € X, and (ii)
either s C s’ is successful or there exists Y C X, such that (s C §',Y) €
RULE,.. Note that |GI2 | = O(M* - 2I51@],

The computation from X,, to X, 41 can be done in O(h/(M) - 4151Q)
time by the following procedure, where h’ is a polynomial function. Let
s C s € X,,. We check whether s C s’ € X,, 11 as follows:

o if sC s =pAa C u with a € Tt - (F + ¢€), we check whether {pAU C
u} UG UCX for some U € E;

e if sC s =plAa C u Wlth a € E U {e}, we check whether for all
pAa —> 1, there exists u —> v such that uX,v (treat X,, as a binary
relatlon such that s1 C sy E Xy, iff (s1,$2) € X,,); this can be checked
by examining whether the following linear inequality system (with
variables {x”}uin/ and {Y(s7 v) } (s v)e|u) xs) has a solution:

nc
T2y, =1
— 2, >0 for all u = v;
nc

= D ves Y(s'v) = wu(s”) for all 8" € |ul;
— Zs,,em Y(sv) = Zuiw xy - v(v) for all v € S,

7y(8//7)>0f0ra11(” ) L JXS'
— Y(s ) = 0 whenever (s”,v) & Xp,.

This can be solved in polynomlal time in M (cf. [66]).

Since X, 11 C Xn, there exists k < |Gl3 | such that X1 = Xj. We show
that for all s C s' € Gli5, s C. &' iff s C s’ € X;. On one hand, assume
that s C. s’. Let (T,L) be the tableaux tree constructed in the proof of
Proposition for the goal s C s’. An easy induction on n shows that
L(V(T)) € X, for all n € N. Thus s £ s’ € Xj. On the other hand,
assume that s C s’ € X}. Since for all goals s; C sy € X}, which are not
successful, there is (s1 C s2,Y) € RULE. such that ¥ C Xj. Thus we can
iteratively apply rules to the root s C s’ (and non-terminal leaves), which
results in a successful tableaux tree similar to the construction in the proof
of Proposition Thus, s C. s’ by Proposition Then the result follows
from the fact that k& < \Glsuﬁ O

5.4 EXPTIME-Hardness

In this section, we show that deciding C,, is EXPTIME-hard, whenever
op = nc or op = ¢. We prove this by providing a rather straightforward
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reduction from the non-probabilistic EXTPIME-hardness result obtained
in [52]. Our main efforts lie in the treatment of the additional “Act(s) =
Act(s')” condition in Definition [4.6| which is not involved in the definition of
non-probabilistic simulation preorder. Firstly, we define a variation of Cp.

Definition 5.11. Let M = (S, Act,—) be a PA. Define <op to be the union
of all binary relations R C S x S such that for all (s,s') € R, whenever
a .y a ;. /
s — p there is s — u' with uRu'.
nc op

In other words, <op is defined in a similar way of C,,, however with-
out the “Act(s) = Act(s’)” requirement. Then we embed non-probabilistic
transition systems into PAs.

Definition 5.12. A PA (S, Act,—) is Dirac if p is dirac for all (s, a, ) €—.
A pPDA (Q,T, L,—) is Dirac if p is Dirac for all (pA,a,p) € —.

Note that a Dirac pPDA induces a Dirac PA. Dirac PAs correspond
to transition systems without probability. It is not hard to verify that <,
(over Dirac PAs) coincides with the (non-probabilistic) simulation preorder
(cf. [7]) over non-probabilistic transition systems. From [52], deciding <y
is EXPTIME-complete between Dirac pPDAs and Dirac fPAs in both di-
rection. Below we reduce <o, to Top under Dirac PAs. The following
proposition allows us to focus solely on the case op = nc.

Proposition 5.5. Let M = (S, Act,—) be a PA. If M is Dirac, then
<nc==<c and Epc=Lc.

Proof. 1t is clear that <,.C<. and C,.CC.. Below we prove the reverse
direction. We only prove the case C.CLC,., since the proof for the other
is similar. Let s C. s’ and s — p. From definition, there exists s’ — 1/
nc C
such that p C. p/. Since u,p’ are Dirac, there exists s” € |p/| such that
s’ = D[s"] and p C. D[s"]. It follows from the arbitrary choice of s,s" and
nc

s - u that C is an nc-simulation, which implies C,CC . O
nc

Now we reduce <. between a Dirac pPDA P = (Q,T', L, —) and a Dirac
fPA M = (S, Act,—), to Ty between a Dirac pPDA (Q',T',L,—') and a
Dirac fPA (S’, Act’,—'). The reduction is as follows:

1. @ =QU{p }and "= SU{s, } where p; € Q and s, ¢ S are fresh
elements;

I"=TU{A,} where A} ¢ T is a fresh (bottom) stack symbol;

Act’ = Act;

—'=— U{(pA,a,Dlp.]) | p€Q,A €T a e LU Act};

—'=— U{(s,a,D[s1]) | s € S,a € LU Act}.

DA i
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The basic idea is that we try to ”amend” P and M so that pairs in <y will
have same action sets. It is not hard to prove that for all pa € @ x I'* and
s €S, pa Knc s (resp. s <ne pa) iff pad; Che s (resp. s Cye paAy). Thus
deciding C,,. between Dirac pPDA’s and Dirac finite fPA’s is EXPTIME-
hard. Then we have the following theorem.

Theorem 5.2. Deciding T, and C. between probabilistic pushdown au-
tomata and finite probabilistic automata in both directions (of the simulation
preorder) is EXPTIME-complete.

5.5 Conclusion

In this chapter, we showed that (probabilistic) simulation preorder between
a probabilistic pushdown automaton (@, I", L, —) and a finite probabilistic
automaton (S, Act, —) is EXPTIME-complete. This result holds for both di-
rections. Furthermore, if |Q] and |S| are fixed, then the problem is decidable
in polynomial time. These results extend their non-probabilistic counter-
parts in [52], and are obtained by extending Colin Stirling’s method [69), [70]
which is originally used to demonstrate the decidability of bisimilarity on
non-probabilistic pushdown automata.



36 CHAPTER 5. SIMULATION BETWEEN PPDA AND FPA



Chapter 6

Bisimilarity Metric on
Probabilistic Automata

In this chapter, we consider quantitative variations of (probabilistic) bisim-
ulation equivalence (cf. Chapter . The motivation is that the notion
of (probabilistic) bisimulation equivalence is sensitive to exact probability
values in that a slight change to a probability value may cause two equiv-
alent states inequivalent [72]. To this end, several works [72, [30} 28] [60]
developed a notion of bisimilarity metric, which characterizes the distance
between two states; states with smaller distance are meant to have similar
behaviours. Bisimilarity metric can be viewed as a quantified extension of
(probabilistic) bisimulation equivalence in that (i) the distance between two
states is zero iff they are equivalent in the sense of probabilistic bisimulation
equivalence, and (ii) there are various quantitative logic characterization for
it [72, 30, 28]. Here, we will focus on the bisimilarity metric defined by van
Breugel and Worrell [72].

The contribution of this chapter is as follows. We show that the threshold
problem of the bisimilarity metric [72], which is to decide whether the pseu-
dometric between two states of a PA is under certain value, is in NP NcoNP
and UP N coUP. This complexity result significantly improves the previous
PSPACE upperbound by van Breugel et al [71] (cf. also [22,25]). We obtain
this result through a core notion called “self-closed sets” to be introduced in
Section In general, we show a way to check whether an arbitrary pseu-
dometric equals the bisimilarity metric. Then the membership of UPNcoUP
follows from the polynomial-size representability of the bisimilarity metric
to be proved in Section

The chapter is organized as follows. Section introduces the notion
of bisimilarity metric by van Breugel and Worrell [72]. Section defines a
notion of approximants of the bisimilarity metric, in order to show that we
can focus on the more manageable notion of premetrics instead of pseudo-
metrics. Section [6.3] introduces the notion of self-closed sets and its relation

37
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with the bisimilarity metric. Section shows that the bisimilarity metric
is of polynomial size, which serves as the last step to the membership of
NP N coNP and UP N coUP.

6.1 Bisimilarity Metric on PAs

In this section, we introduce a quantified notion of probabilistic bisimulation
defined by van Breugel and Worrell [72]. This notion will be defined as a
pseudometric over states of a finite PA (fPA) for which pairs of states with
distance zero are probabilistic bisimilar.

Firstly, we introduce the notions of premetics and pseudometrics, which
assign to each pair of elements a non-negative value representing the distance
between the two elements.

Definition 6.1. Let X be a non-empty set. A function d: X x X — [0,1]
is a (1-bounded) premetric on X if d(x,z) =0 for allx € X. A premetric d
is further a (1-bounded) pseudometric on X if for all x,y,z € X, d(x,y) =
d(y,z) (symmetry) and d(z,z) < d(x,y) + d(y, z) (triangle inequality). We
denote the set of premetrics (resp. pseudometrics) on X by Mp(X) (resp.
My (X)),

Remark 6.1. In Definition 6.1, we use 1 to signal the largest distance
between pairs of elements.

In this chapter, we use ‘op’ to indicate either ‘pr’ or ‘ps’. In this way we
can use “Myp(X)” to make arguments shared by both My, (X) and Mp¢(X).
Below we define a partial order on My, (X) in a pointwise fashion.

Definition 6.2. Let X be a non-empty set. The binary relation <x o, on
Mop(X) is defined as follows: given any di,d2 € Mop(X), di <x,op do iff
dl(x7y) < d2($7y> fO?" all T,y € X.

Clearly, <xop is a partial order on My, (X). The following proposition
shows that (Mop(X), <x.p) is a complete lattice. Later on, the notion of
bisimilarity metric will be defined as the least fixed-point of certain mono-
tone function under the complete lattice of all pseudometrics on the state
space of a PA.

Proposition 6.1 ([60]). Let X be a non-empty set. Then (Mop(X), <x.op)
is a complete lattice.

Proof. The top element Ty, is determined by: Top(z,2) = 0and Top(z,y) =
1if ¢ # y, for all z,y € X. The bottom element 1., is defined by:
Lop(z,y) = 0 for all z,y € X. Given non-empty ¥ C Mg, (X), the least
upper-bound | |Y is given by: (| ]Y) (z,y) := sup{d(z,y) | d € Y} for
arbitrary x,y € X. Note that | |Y € My, (X) when op = ps, i.e.,

sup{d(z,z) | d € Y} <sup{d(z,y) |d € Y} +sup{d(y,z) |d € Y}
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for all z,y,z € X; this can be obtained by taking supremum over d € Y
at the both sides of the inequality d(z,z) < d(z,y) + d(y,z). The greatest
lower bound [ 1Y (for non-empty Y C My, (X)) is given by: [ Y = | |{d €
Mop(X) | Vd' € Yid <xop d'}. O

Now we define the bisimilarity metric on fPAs. Below we fix an fPA
M = (S, Act,—). We focus on the complete lattice (Mop(S), <s0p). We
will omit *S” in “(Mgp(S), <sp)” if the underlying context is clear.

To define the bisimilarity metric, we first lift an element d € M, to an
element d € Mep(Dist(S)).

Definition 6.3. Let d € Mop. The element d € Moy (Dist(S)) is defined as

follows. Given any p,v € Dist(S), d(u,v) is defined as the optimal value of
the following linear program LP[d](u,v).

min)_, g d(u,v) - 2y subject to:
® > csZuw = p(u) for allu € S;
® > cgZuw =v(v) forallveS;
® 2y >0 forallu,ves.

We denote by FeS[d](p, v) and resp. OpS[d](p,v) the set of feasible solutions
and resp. optimum solutions of the linear program LP[d](u,v).

Intuitively, d(u,v) equals the minimum cost of the following transship-
ment problem. The sources (origins) are elements of S and the destinations
are elements of an identical copy of S. The amount (probability mass) avail-
able at source u equals p(u) and the amount needed at destination v equals
v(v). Probability mass can be moved from any source to any destination.
The cost to move mass z from u to v equals d(u,v) - z, where d(u,v) is the
“unit” transshipment cost.

The feasible region of the linear program specified in Definition [6.3] is
not empty, as one can set z,, = p(u) - v(v) for u,v € S, which satisfies
the linear constraints. For d € My, it is also clear from symmetry that
d(p,v) = d(v,pn) for p,v € Dist(S). An issue in Definition is that d
may not satisfy the triangle inequality. The following proposition tackles
this problem.

Proposition 6.2. For all d € Mg, d € Mys(Dist(S)).

Proof. The proof follows the lines of [29, Proposition 3.5.6]. Let d € M5 and
p, i/, v € Dist(S). Tt is clear that d(u,u) = 0 and d(u,v) = d(v, u) (from
symmetry). We prove that d(u, v) < d(p, ') +d(i',v). Let {2} , }uves (resp.
{22 ,}uwes) be an optimum solution of LP[d](u,u’) (resp. LP[d](1/,v)).

1,2
Define z,, = ZseLu’J % for u,v € S. We show that {zy}uves is a
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feasible solution of LP[d](u,v). For u € S,

5 2y

vES

2:2: us's,v

veS se ||

:ZZ us' s,v

sep | ves

:Zzu,s ::U' u

seS

Similarly, for v € S,

§ Zu,v

uesS
o us' s,v
. us' s,v
SEZL:M,J; w(s)
:Zzs,v:V’U
seS

Thus, {2y }uves is a feasible solution of LP[d] (s,

V) < Y d(u,v) - zuw

u,VES
22
d(u,v) ke
UUZESSE%J (8)
L2
< u, 8) + d(s,v)) - —=—22
UUZESSEZL:}L,J 'U/(S)
1.2
u,vES se| | 'LL(S) u,vES se |y’
(XX S e
ues se | | ves
= z; ZL: d(u, s) Zg EL:Jd $,0)
uco s€ vES se|p’
=d(p, 1) +d(p',v)

21 .22
d(s,v) - B
J

ZZZdS’U

veES se|p | ues

v). It follows that

w(s)

'21)
())
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which implies the result. O
Proposition [6.2] makes sure that Definition [6.3] is well-defined.

Remark 6.2. The original version of Definition goes through Kan-

torovich metric. In detail, for d € Mps, d(u,v) is equivalently defined as
the optimal value of the following linear program

max Zses(u(s) —v(s)) - xs subject to:
o |z, — x| < d(u,v) for all u,v € S;
o x,€[0,1] foralls€ S.

It can be proved through dual linear programming that the two definitions
coincide (when op = ps) (cf. [72, [60]).

Now we define the bisimilarity metric as the least fixed-point of certain
metric transformer, as follows.

Definition 6.4. The metric transformer T op : Mop — Mgy is defined as
a monotone function for the complete lattice (Mop, <op), as follows:

o Tamop(d)(u,v) :=1 if Act(u) # Act(v);
o Taiop(d)(u,v) :=0 if Act(u) = Act(v) = 0;

e otherwise,
Ti,op(d)(u,v) :=

max |max{ max min d(u,v), max min d(u,v) ;
a€Act(u) U—Spv—>v v u—p
nc nc nc nc

for all d € My, and u,v € S. The bisimilarity metric dpq0p 25 defined as
the least fized-point of T, op-

Intuitively, Taop(d)(u,v) measures the distance between u and v in
terms of the distance caused by their next-step transitions. The distance
caused by next-step transitions is derived in a style similar to probabilistic
bisimulation. The well-defined-ness of Definition [6.4]is given by the following
proposition.

Proposition 6.3. Tuop s a monotone function for the complete lattice
(Mop, <op)-

Proof. The monotonicity of Ty ep is straightforward from Definition [6.4] and
Definition The nontrivial case is that Taps(d) € Mps for all d € M.
Let d € Mps. The symmetry of T ps(d) follows directly from the symmetry
of d. Below we prove the triangle inequality of T ps(d).
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Let u,u’;v € S. If either Act(u) # Act(u') or Act(u') # Act(v) or
Act(u) = Act(u') = Act(v) = 0, then it is clear that

Tt,ps(d) (14, 0) < Tt s (d) (u, ) + Tanps(d) (', v) -
Otherwise, Act(u) = Act(u') = Act(v) # 0. By the definition of Tay ps, there
exists a € Act such that either there exists u nic> e such that Tay ps(d)(u,v) <
d(u,v) for all v % v, or dually there exists v % v such that Ty ps(d)(u, v) <
d(p,v) for all u nic> w.  Without loss of generality, we assume the for-
mer case, i.e., there exists u % p such that Thyps(d)(u,v) < d(p,v) for
all v %) v. From the definition of Ty ps, there exists v/ % i’ such
that d(u, 1) < Tamps(d)(u,u'). Again, there exists v nic> v such that
d(p',v) < T ps(d)(u/,v). By Proposition d(p,v) < d(p, ') +d(u',v) .
Thus Ta,ps(d)(w, v) < Tagps(d)(u, u) + T ps(d) (v, v) O

The bisimilarity metric 9o, measures the distance between two states
of S. Below we show that pairs of states with distance zero are exactly
probabilistic bisimilar states.

Proposition 6.4. For all u,v € S, daqps(u,v) = 0 iff u ~ye v.
Proof. Assume that 0 ps(u, v) = 0. Define
R:={(/,v") € S xS | opps(t/,v) =0} .

We prove that R is an nc-bisimulation. Let (u/,v') € R and ' % 4. By
nc
O ps(/,v") = 0, there exists v/ <5 v/ such that Onmps(p, V) = 0. Let
nc
{zw v fur ves be an optimum solution of LP[daqps|(1, V). By

"noon
E 0/\/l,ps(u , U ) C 2y ! = 07

u’ w'"'esS

zy o = 0 whenever daqps(u”,v”) > 0. Then w, which is defined such
that w(u”,v") = 2y for all u”,v” € S, is a weight function for p/'Rv/'.
Symmetrically, we can obtain a similar reasoning for the other direction
v nic> v’ of the bisimulation conditions. It follows that u ~pc v.

Assume now that u ~ye v. Define d by: d(u/,v") = 0 if v/ ~y v/, and
d(u',v") = 1 otherwise, for all v’,v" € S. Consider T ps(d). Fix arbitrarily
u',v" € S. We clarity two cases.

1. /s, v, Then Ta ps(d) (v, 0") < d(u/,0v) = 1.
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Figure 6.1: An fPA

2. ' ~pe v'. Then for all v/ - 4/, there exists v/ — 1/ such that
nc nc

W ~ne V5 also for all v % /| there exists v/ — i’ such that p/ ~ne /.
nc nc

Note that pu ~y v iff d(i”,v") = 0, since a weight function w that
witnesses p”" ~p. 1" is essentially an optimum solution {zy» v bur vres
of the linear program LP[d](y", V") (with w(u”,v") = 2z v for all
u”,v" € S) and vice versa. Thus by definition, T ps(d)(w/,v") =
d(u',v") = 0.

In either case, we have Ty ps(d) (v, v") < d(u',v"). Hence, T ps(d) <atps d
by the arbitrary choice of «’,v’. Then by Theorem [2.1] we obtain dps < d.
It follows that dq ps(u,v) = 0.

Example 6.1. Consider the fPA M = (S, Act,—) with S = {sq, s1, S2, S3},
Act ={a,b,c} (a,b,c are three different actions) and

—={(50,b, {s0 = 1}), (s1, ¢, {s1 = 1})}U

1 1 1 1
(32,@, {80 = 5731 = 5})7 (S3,CL, {80 = 5 + €51 — 5 - 6})} .

The fPA is depicted in Fig. . By definition, dpq ps(S2, 53) = €.

When extending the bisimilarity metric to stochastic games, one can also
have an equivalent logical characterization for the bisimilarity metric. We
refer to [28] for details.

In this chapter, we study the complexity of the following decision problem
BISIMMETRIC:

e INPUT: two states s, s’ of an fPA M and a rational number ¢ € [0, 1];
e OUTPUT: whether dqps(s,s) < c.
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6.2 Approximate Bisimilarity Metrics

In this section, we define approximants of the bisimilarity metric. The main
purpose to introduce such notion is to show that the bisimilarity metric can
be defined on the lattice of premetrics instead of that of pseudometrics. This
fact will be used in Theorem [6.2

Below we fix an fPA M = (S, Act, —). To ease the notation, we will omit
the subscript ‘M’ whenever possible. The following definition illustrates the
approximants {0, }nen, of Dop-

Definition 6.5. The family {05, }nen, of approzimants of 0op is inductively
defined as follows.

o 00, € My, is given by: 03, := Lop (i-e., 80, (u,v) =0 for all u,v € S).
o 0 e Mgy, is given by: 03+t = T, (00,).

By Proposition {00, }nen, is well-defined. Note that although the
definition of {7, }nen, depends on whether op = pr or op = ps, {0}, fnen, =
{Dgs}neNo since Ly, = Lps and 7o, does not essentially differs apart between
{Tpr, Tps} (cf. Definition [6.4)).

Since 7o) is a monotone function, the infinite sequence {07, fnen, is in-
creasing w.r.t <g, since Dgp <op D})p. Proposition will show that 0o, is
the limit of this sequence. Before proving Proposition we first prove an
auxiliary lemma.

Lemma 6.1. Let p,v € Dist(S). Let d € My, and {dy}nen, be a sequence
with d,, € My, for all n. If ILm d, = d, then ILm dp(p,v) =d(p,v).

Proof. Let X be the (finite) set of vertices of the linear program LP[d](u, v)
(or LP[dy](p,v)), which is independent of d and {dy}nen,.- Then for all
d € My,

= R / ]

d(p,v) = min Z d'(u,v) - zuw ,

u,veS

which is a continuous function w.r.t d' (viewed as a vector on S x S). Tt
follows that lim d,(u,v) =d(p,v) if lim d, = d. O
n—00 n—00

Proposition 6.5. For all u,v € S, dop(u,v) = li_)m 05, (U, ).
n oo

Proof. Let 057 be given by: 0575 (u,v) := lim 07 (u,v) for all u,v € S. We
n—oo

prove that 05 = 9o, through the following two directions.

05p <op Oop- By Dgp <op Oop and the monotonicity of 75p, we can prove
by induction on n that 95, <¢p op for all n € No. Thus 055 <op Dop-

Oop <op Oop- We prove that %p(Dgf)) <op 0gp- Fix an arbitrary pair
(u,v) € S x S. The situation is clear when Act(u) = Act(v) = 0 (in
this case Top(05p)(u,v) = 0) or Act(u) # Act(v) (in this case 057 (u,v) =
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Top(08p) (u,v) = 1). Below we assume that Act(u) = Act(v) # 0. Consid-
er any u — p. By definition, for all n € N, there exists v — v, such
nc nc
that 7, (p, v) < 0t (u,v) < 09 (u,v). Since the set — is finite, there
exists v nic> v such that 97 (u,v) < 00t (u,v) < 033 (u,v), for infinitely
many n € N. Then by the fact that {07, }nen, is increasing w.r.t <p,
@(u, v) < 0g5(u,v) for all n € Ng. Thus @(u, v) < 0g5(u,v) by Lem-
ma Similar arguments can be applied to an arbitrary v — v. Thus

nc
Top ogg) <op 055, which implies 0p <op ag;; from Tarski’s Fixed-Point The-

op’
orem (Theorem [2.1)). O

Following Proposition and the fact that Dgr = Dgs, we obtain the
main result of this section.

Corollary 6.1. 0, = 0ps = [ [{d € My, | Tpr(d) <pr d}.

This corollary allows us to focus on the more manageable complete lattice
(Mpr, <pr)-

6.3 Self-Closed Sets

In this section, we introduce the notion of “self-closed” sets which is the key
to prove the membership of NP N coNP and UP N coUP for our problem.
Below we fix a PA M = (S, Act,—). We will omit the subscript ‘M’
whenever possible. By Corollary we can solely focus on the complete
lattice (Mpr, <pr).

The following definition illustrates the notion of “self-closed” sets.

Definition 6.6. Let d € My, with d = Ty (d). A subset X C S x S is
self-closed w.r.t d iff for all (u,v) € X, the following three conditions hold:

1. d(u,v) > 0 (which implies that u # v) and Act(u) = Act(v);

2. for all v % u such that d(u,v) = min{d(u,v) | v — v}, there
exists v = V' and z = {2y buwes € OpS[d](u, V') such that d(u,v) =
d(p, V') and |z] C X.

3. for all v = v such that d(u,v) = min{d(p,v) | u —= u}, there
exists u — p' and z = {2y }uves € OpS[d] (¢, v) such that d(u,v) =

nc
d(y',v) and |z] C X.
The set |z| is defined by: |z| == {(u,v) € S x S| 24 >0} .
Intuitively, a self-closed set X w.r.t d is a set such that all values {d(u, v) |
(u,v) € X} can be reached on X itself. Below we show that non-empty

self-closed sets characterize exactly the least fixed-point 9, of the metric
transformer 7.
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Theorem 6.1. Let d € My, such that d = Tpe(d). If d # Oy, then there
exists a non-empty self-closed set X C S x S w.r.td.

Proof. Assume d # 0. We construct a non-empty self-closed set X as
described below. Define §(u,v) := d(u,v) — dpe(u, v) for all u,v € S. It is
clear that §(u,v) > 0 for all u,v € S, and there exists (u,v) € S x S such
that 6(u,v) > 0 (by d # dp;). Define X to be the following set:

X :={(u,v) € S x S| (u,v) = max{d(v,v") | (u',0v) € S x S}}

We prove that X is a non-empty self-closed set. The non-emptiness of X is
obvious. We further prove that any (u,v) € X satisfies the three conditions
specified in Definition Fix an arbitrary (u,v) € X.

1. Tt is clear that d(u,v) > 0 since §(u,v) > 0. We prove that Act(u) =
Act(v). Suppose Act(u) # Act(v). Then by definition, d(u,v) =
Opr(u,v) = 1 which implies §(u,v) = 0. Contradiction. So (u,v)
satisfies the first condition in Definition [6.6l

2. Assume that u % w satisfy d(u,v) = min{d(p,v) | v i) v}, and

v — 1/ be arbitrarily chosen which satisfies
nc

Opr (1, ¥) = min{Ope(p,v) | v —> v}

Choose an arbitrary optimum solution 2* = {2 , }u,ves Which lies in
OpS[op:](p, v'). We prove that d(u,v) = d(u,v'), 2* € OpS[d](u, V")
and |z*] C X (cf. Definition [6.6). By the definition of X, we
have §(u',v") < 0(u,v) for all (v';v") € S x S. Thus for all z €
FeS[d](p, V") (= FeS[op] (11, ")), we have

S oW V) zww = Y (AW V) = 6(u,0)) - 2y - (6.1)

u' w'eS u' w'eS

Since . yeg 2w = 1, we can further simplify Inequality (6.1) as
follows:

D Vel ) 2 | D0 dw )z | = 8(w,v)  (62)
u’ v'eSs u' w'eS

By taking the infimum at the both sides of Inequality we obtain
that dp, (1, V') > d(p, V') — 6(u,v). Further from definition, we obtain
Opr (6, v) > (g, v'). Thus, we have:

Dpr(u’ U) > Tm(#» 7/) > E(/" V/)*(S(uv v) > d(uv 2})*5(“’ U) = Dpr(u’ U) :
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This implies that dpr(u,v) = pe(p, V') and d(u,v) = d(,v'). Then
we can form another inequality series as follows:

Zu/,’vIES d(u’, ’Ul) . Z;’,U'

= d(u,v) (by d(u,v) = d(p, "))
= Dpr(u7 U) + 5(’LL, U)

= (Zu’,v’es apr(ula V') ZZQM) +0(u,v) (by opr(u v) = opr(,ua )
= Zu/,v’ES(opr (u/? ’U’) =+ 5(“7 U)) : ZZ’,U’

2 Zu/,v’ES(opr (ulv ’U’) + 6(“’/7 ’U’)) ZZ’ v’

Zu/,’vIES d(u’, U/) . Z;’,v’ .

Thus it must be the case that z* € OpS[d](u, V') and 6(v/,v") = (u,v)
whenever 27, , > 0. Then we have [2*] C X. So (u,v) satisfies the
second condition in Definition 6.6l

3. Symmetrically, we can prove that (u,v) satisfies the third condition in
Definition [6.6]

Hence in conclusion, X is a self-closed set w.r.t d. ]

Theorem 6.2. Let d € My, such that d = T, (d). If there ezists a non-
empty self-closed set X C S x S with respect to d, then d # 0p,.

Proof. Assume X C S x S be a non-empty self-closed set w.r.t d. We
construct a premetric d’ # d such that T, (d') <pr d’' and d’ <;,; d. For all
pairs (u — p,v) and (u,v — v) with (u,v) € X, we define the following
difference values: (note that Act(u) = Act(v) by Definition

e 6[u % p,v] == d(u,v) — min{d(u, ') | v > v'};

o S[u,v - v] :=d(u,v) — min{d(y',v) | u = u'}.

All the values above are non-negative since d = Tp:(d). Furthermore, we
define the following two difference values: (where min () := 0)

e 01 :=min{0[u = u,v] | (u,v) € X,u = p and §[u — p,v] > 0};

e 6y := min{du,v = v] | (u,v) € X,v % v and §[u,v — v] > 0}.

Finally, we define § as follows:

min{dy, é2, min{d(u,v) | (uv,v) € X}} if d #0 and 62 #0
5.— min{dy, min{d(u,v) | (u,v) € X}} if 0y =0 and 2 # 0
min{d;, min{d(u,v) | (u,v) € X}} if 61 #0and 9o =0
min{d(u,v) | (u,v) € X} if 6y =0and §, =0
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Note that § > 0. Then we construct d’ € My, by:

d (u,v) = d(u,v) — %(5 if (u,v) € X
Lo d(u,v) if (u,v) € X

for all u,v € S. It is clear that d’ # d since X is non-empty. We prove that
Tor(d') <pr d'. Fix an arbitrary (u,v) € S x S. Assume that (u,v) ¢ X.
From d' <p, d, we have Ty (d") <pr Tpr(d), which implies

&/ (1,0) = d(u,v) = Tou () (1,0) > Tye(d)(u,0) -

Thus d'(u,v) > Tpr(d')(u,v). Assume now that (u,v) € X. For each u — y,
nc

we clarify two cases below:
Case 1: 6[u % y,v] > 0. Then §; > 0. By definition, we have:
nc

1 _
d'(u,v) > d(u,v) — 5 § > d(u,v) — 8[u = p,v] = min{d(u, ) | v 2V} .
nc nc

From d' <p, d, we have
min{d(u, ') | v - '} > min{d'(u, ') | v = '} .
nc nc

Thus d'(u,v) > min{d(u, ) | v = v'}.
Case 2: d[u — p,v] = 0. Since X is self-closed, there exists v — v/ and
nc nc
z € OpSld](u,v') such that d(u,v) = d(u,?') and |z] C X. From |z] C X,

we obtain

Z d/(u/7 ’U,) C 2y !

u' w'EeS
1
= X AW )z | =500
u' w'ES

:E(:ua V/) -
=d'(u,v) .

N | =

Then we have
min{d (p, V") | v 5 V"} <d'(p, V) < Z d' (W) 2y = d (u,v) .
ne u' v'eS
It follows that min{d'(u, ") | v %= "} < d'(u,v).
nc
Thus d'(u,v) > min{d(p,v') | v == v'} for all v > p. Similarly, we
nc nc
can prove that d'(u,v) > min{d (¢/,v) | v == '} for all v % v. Thus
nc nc

d'(u,v) > Tpe(d')(u,v).
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Hence, Tpe(d') <pr d'. By d’ <pr d and d’ # d, we have

d# |_|{d” € Mpy | Tpe(d") <pr d”}
It follows that d # dp,. O

Note that d' in the proof of Theorem may not be a pseudometric.
This is why Corollary [6.1] is needed.

Thus for all d € My, with d = T, (d), d # 0 iff there exists a non-empty
self-closed set w.r.t d. This characterization means that to check whether
d # 0, or not, we can equivalently check whether there exists a non-empty
self-closed set w.r.t d or not. The intuition here is that for any self-closed
sets X,Y, X UY is still a self-closed set; thus there is a largest self-closed
set. This gives rise to a partition-refinement algorithm that computes the
largest self-closed set.

Theorem 6.3. Define
FP:={de My | d=Tyn(d) and all coordinates of d are rational.}

to be the set of rational fized-points of Tpr. The problem whether a given
d € FP equals 0y, 1s decidable in polynomial time in the size of d and M.

Proof. From Theorem [6.2] and Theorem [6.1} we can check whether d = 9y,
or not by checking whether there exists a non-empty self-closed set w.r.t the
given d € FP. For all self-closed sets X,Y w.r.t d, X UY is still self-closed
w.r.t d. So there exists a largest self-closed set w.r.t d, which we denote by
Z. Then there exists a non-empty self-closed set w.r.t d iff Z is non-empty.
Below we develop a partition-refinement algorithm to compute Z.

Firstly, we define a refining function ref : X — X, where the set X is
given as follows:

X :={X CSxS|Act(u) = Act(v) and d(u,v) > 0 for all (u,v) € X} .

Note that X is non-empty since ) € X. Given X € X, we define dx :=
min{d(u,v) | (u,v) € X} (where min( := 0) and the premetric dx € My, as
follows:

~Jd(u,v) —ox if (u,v) € X
dx(u,v) = {d(u,v) if (u,v) ¢ X

Then the set ref(X) € X for X € X is defined as follows: (u,v) € ref(X)
iff (u,v) € X and furthermore (u,v) satisfies the following two conditions:

1. for all u = p, if d(u,v) = min{d(p, v) | v == v} then

dX(U,U) > min{@(ﬂvlj) ‘ v i> V} ;
nc
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2. for all v = v, if d(u,v) = min{d(p, v) | u ~— pu} then
dx (u,v) > min{dx (u,v) | u — p} .

Note that ref(X) C X for all X € X.
Now we construct a sequence {Z; }ien, as follows:

o Zy:={(u,v) € S xS | Act(u) = Act(v) and d(u,v) > 0} ;
® Zny1 = Tef(Zn) :

By Zn4+1 C Z,, there exists k < |Zy| such that Zy1 = ref(Z;) = Z. We
show that 7, = Z.

“Z C Z”: We prove by induction that Z C Z, for all n € Ny. The base
step Z C Zj is clear from the definition. For the inductive step, assume that
Z C Z,,. We show that Z C Z,,.1(=ref(Zy)). Fix an arbitrary (u,v) € Z.
Consider any u % p such that d(u,v) = min{d(u,v) | v :—C> v}. Since Z

is self-closed, there exists v — v/ and z € OpS[d](u,v') such that d(u,v) =

d(p,v') and |z] C Z. Since Z C Z,,, we have dz, (u,v) = d(u,v) — dz, and
dg, (u',v") =d(u v') —dz, for all (v/,v') € |z]. Thus we obtain

Z dZn (u/’ U/) C R !

u' w'eS

= Z (d(u/a U/) - 5Zn) C 2y !
u' v'es

:d(u7 U) - 6Zn

=dyz, (u,v) .

Hence dz, (u,v) > dg, (u,v") > min{dg, (u,v) | v — v}. By a similar
nc

reasoning, we can prove that for all v = v, if d(u,v) = min{d(y, ) | u —

nc nc

p} then dz, (u,v) > min{dz, (u,v) | v = p}. So (u,v) € Z,y1. Thus
ZC T "

“Zr € Z”: We prove that Zj, is a self-closed set w.r.t d, i.e., Z} satisfies
the three conditions specified in Definition Without loss of generality,
we can assume that Zj # (). The first condition in Definition is directly
satisfied since Zj, C Zj. As for the second condition, consider any (u, v) € Zj
and u % p which satisfies d(u,v) = min{d(u,v) | v % v}. By Zy =

ref(Zy), dz, (u,v) > min{dyz, (u1,v) | v - v}. Choose v — v/ such that
nc nc

dz, (p, V") = min{dz, (p,v) | v > v} and an arbitrary z € OpS[dz,|(u, V).
nc
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Since dz, (u,v) = d(u,v) — 0z, , we have

d(u,v) > dg, (1, V') + oz,
= Zu’,v’eS(dzk (u/> ’U/) + 6Zk) © 2yl !
> Zu’,v’es d(u,7 U/) RSV
> d(p,v)
> d(u,v) .

Thus d(u,v) = d(u,v'), 2 € OpS[d](u, V") and dz, (v',v") = d(u',v") — 6z,
for all (u/,v") € |z]. This implies that |z| C Zj since dz, > 0. It follows
that the second condition of Definition [6.0]is satisfied. The reasoning for the
third condition can be carried out in the same way as for the second one.
Thus to compute Z, we need only to apply ref to Zy at most |Zp| times.
Note that the computation of ref can be carried out in polynomial time
since the optimal value of a linear program can be computed in polynomial
time [66]. Hence Z is polynomial-time computable. It follows directly that
whether a given d € F'P equals 9, is decidable in polynomial time. O

6.4 The Membership of UP N coUP

In this section, we finish the proof for the membership of NP N coNP and
UP N coUP. Below we fix an fPA M = (S, Act, —).

By Theorem we can decide if a given element d in F'P equals 0, in
polynomial time in the size of d and M. This indicates a polynomial time
verifier as follows: firstly guess a d in F'P and then check whether d equals
Opr in polynomial time. A missing part in the argument for the verifier is
to show that the size of d is polynomial in the size of M. The following
proposition tackles this point.

Proposition 6.6. 0, is a rational vector and the size of O is polynomial
in the size of M.

Proof. For each p,v € Dist(S) and u,v € S, we define v|u,v] € Dist(S)
and plv, v] € Dist(S) as follows:

o vlp,v] := argmin (1, V') ;
’Ui}l/’

o v, u) := argmin o, (1, v) ;
u%u’

v[pu,v] and plv,u] are chosen to be an arbitrarily optimal one when ties
upon the argmin occur. We further define the vectors wu,v] : S x S —
[0,1] and wly,u] : S xS — [0,1] to be one of the optimum vertices of
the linear programs LP[0p:|(u, [k, v]) and LP[dp.](p[v, ul,v), respectively.
Again, choices are made to be an arbitrarily optimal one when ties occur. By
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the fundamental property of linear programming (cf. [66]), the sizes of w[u, v]
and w(v, u] is polynomial in the size of M. We prove that {0p:(u, )}y ves
is the unique optimum solution of the following linear program on vector z:

min Zuﬂ)es Zu,v, subject to:

Zyu =0 forallueS

zuw € 10,1] for all u,v € S;

zup = 1 if Act(u) # Act(v);

zuw = 0 if u # v and Act(u) = Act(v) = 0;

Zuw 2 D pres Futw - W[, v](uw,0") for all (u,v) €S xS andu % 1

such that u # v and Act(u) = Act( ) #

® 2uu > D upes Fuw s WY ul(u, ") for all ( v) € S xS andwv % v
such that u # v and Act(u) = Act(v) #

Clearly, the feasible region of the linear program above is non-empty s-
ince {dpr(u, v)}yves (With interpretation z,, = dpr(u,v)) is a feasible solu-
tion. Also, for all feasible solutions z, z (viewed as a premetric such that
2(u,v) = 2yu,) is a pre-fixed-point of T, by Definition It follows that
{0pr (4, v) }yuwes is the unique optimum solution of the linear program above
since 0y, <pr 2 for all feasible solutions z (Theorem [2.1]). Thus dp, is of size
polynomial in the size of M from [66]. O

Following directly from Proposition [6.6] we obtain the main result of the
chapter.

Theorem 6.4. The problem BISIMMETRIC lies in UP N coUP.

Proof. We describe a polynomial-time verifier simultaneously for the prob-
lem and the complement of the problem: the verifier simply guessesa d € F'P
using a polynomial number of bits and checks whether d = ?,; or not through
the algorithm described in Theorem if the checking passes, then the
verifier compares d(u,v) with € and output the answer which depends on
whether we are focusing on the problem or the complement of the problem.
It follows that the problem lies in UP N coUP. O

6.5 Conclusion

In this chapter, we proved that the problem whether the bisimilarity met-
ric [72] between two given states of a finite probabilistic automata is under
a given threshold lies in UP N coUP, which significantly improves previ-
ous PSPACE upperbound [71]. We prove this by establishing the notion of
“self-closed” sets, and then exploring the relationship between the bisimi-
larity metric and the notion of self-closed sets.



Chapter 7

Continuous-Time Markov
Decision Processes

The class of continuous-time Markov decision processes (CTMDPs) [64, [63]
is a stochastic model that incorporates both features from continuous-time
Markov chains (CTMCs) [36] and discrete-time Markov decision processes
(MDPs) [64]. Generally, continuous-time Markov processes are systems with
a countable set of states, whose timed transitions between states are gov-
erned by negative-exponential delays and non-deterministic choices. A CT-
MDP extends a CTMC in the sense that it allows non-deterministic choices,
and it extends an MDP in the sense that it incorporates negative exponen-
tial time-delays. Due to its modelling capability of real-time probabilistic
behaviour and non-determinism, CTMDPs are widely used in dependability
analysis and performance evaluation [0}, 3].

In a CTMDP, non-determinism is resolved by schedulers [74, 58]. In-
formally, a scheduler resolves the non-deterministic choices depending on
the finite trajectory of the CTMDP accumulated so far and possibly the so-
journ time of the current state. A scheduler is assumed to be measurable so
that it induces a well-defined probability space over the infinite trajectories
of the underlying CTMDP. Measurable schedulers are further divided into
early schedulers and late schedulers [58, [74]. A scheduler that makes the
choice solely by the trajectory accumulated so far is called an early sched-
uler, while a scheduler that utilizes both the trajectory and the sojourn
time (at the current state) is called a late scheduler. With schedulers, one
can reason about quantitative information such as the maximal/minimal
probability /expectation of certain property.

In this chapter, we introduce continuous-time Markov decision processes
in a way that combines both early and late schedulers. The chapter is or-
ganized as follows. Section introduce the basic definition of CTMDPs.
Section introduces the notion of paths and histories. Section intro-
duces measurable spaces on paths and histories. Section introduces the

53
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notion of schedulers and probabilities measures under schedulers. Section|7.5
demonstrates a general integral characterization. Section [7.6] concludes this
chapter. Section collects all the proofs for this chapter.

Given a positive real number A > 0, let f) be the probability density
function of the negative exponential distribution with rate A, i.e.,

A-e™M >0
t) = -
Ia(t) {0 L <0

7.1 The Model

Definition 7.1. A continuous-time Markov Decision Process (CTMDP) M
is a tuple (S, Ser, Sia, Act, Eer, Ej, P) where

e S is a finite non-empty set of states which is the disjoint union of Ser
and Sy, ;

o Ser (resp. Sw) is a finite set of early-schedulable states (resp. late-
schedulable states);

e Act is a finite non-empty set of actions;

e E. : Sep X Act — R>q (resp. Ei : Sia — Rsg) is the early total
exit-rate function (; resp. late total exit-rate function );

o P: S xAct xS — [0,1] is the discrete probability matrix such that
foralls € S and a € Act, 3~ .5 P(s,a,s") € {0,1}.

An action a € Act is enabled at a state s € S if (i) > .qP(s,a,5) =1,
and (i) either s € Se¢ and Ee(s,a) > 0, or s € Spa; the set of enabled
actions at a state s € S is denoted by En(s).

Let M = (S, Ser, Sia, Act, Ee, E1,, P) be a CTMDP. Intuitively, Eq (s, a)
is the total exit-rate of an early state s when an action a € En(s) is taken,
while Ej,(s) is the total exit-rate of a late-schedulable state s, regardless of
which a € En(s) is taken.

By definition, we only consider finite-state CTMDPs in this dissertation.
The actions reflect the non-deterministic feature of CTMDPs: each action
represents a possible choice for the evolution of the CTMDP. When the
action set is a singleton (i.e., it has only one element) and all states are
late-schedulable, then the CTMDP is a continuous-time Markov chain (cf.
Definition [8.1)).

Often, a CTMDP is accompanied with an initial probability distribution
which specifies the initial stochastic environment (for the CTMDP).

Definition 7.2. Let M = (S, Ser, Sia, Act, Eer, E1,, P) be a CTMDP. An
initial distribution (for M) is a function o : S — [0, 1] which satisfies that

Y osega(s)=1.
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In this chapter, we will use s,s" (resp. a,b) to range over states (resp.
actions) of a CTMDP. In the whole thesis, we will assume that any CTMDP
M encountered will have the following non-deadlock property: for all states
s of M, En(s) is non-empty. In general, states that do not conform to
this property can be adjusted by leading them to a fresh new state s; (a
“deadlock” state which can either be early-schedulable or late-schedulable),
whose exit-rate is an arbitrary positive real number and whose sole enabled
action a leads to a Dirac distribution on s (i.e., P(sy,a ,s1) =1).

Intuitively, the evolution of a CTMDP (S, Sey, Sia, Act, Eq;, Ei,, P) under
a scheduler D (to be introduced in Section and an initial distribution
« is as follows.

1 At the beginning, an initial state s is chosen (as the current state)
w.r.t the initial distribution «;

2.1 On one hand, if s € S, then the next state s’ is determined as fol-
lows: (i) firstly an action a € En(s) is chosen by D, and then (ii) a
sojourn-time (i.e., a non-negative real number) is triggered at s which
is governed by the negative exponential distribution with rate Ee, (s, a),
and finally (iii) s’ is chosen w.r.t the probability distribution P(s,a, -).

2.2 On the other hand, if s € Sj,, then the next state s’ is determined as
follows: (i) firstly a sojourn-time is trigger at s which is governed by
the negative exponential distribution with rate Ej,(s), and then (ii)
an action a € En(s) is chosen by D, and finally (iii) s’ is chosen w.r.t
the probability distribution P(s,a, ).

3 The next current state is changed to s’. Then back to Step 2.1/Step
2.2.

The evolution continues infinitely, and the resultant is an infinite path (or
trajectory) (cf. Definition . The difference between early-schedulable
and late-schedulable states is that the action to each early-schedulable state
can only be chosen when the state is entered, while the action of each late-
schedulable state can be chosen when the sojourn-time at the current state
is over. As a result, a scheduler has more “choice” on a late-schedulable
state than on an early-schedulable state.

Example 7.1. A CTMDP with early-schedulable state sq, late-schedulable
state sy is depicted in Fig. [7.1. a1,a2 are enabled actions at sy and b is
the sole enabled action at s1. The numbers on the outgoing edges from each
action specifies the probability distribution under the action.

7.2 Paths and Histories

In this section, we introduce the notion of paths (or trajectories) and histo-
ries on a CTMDP. Intuitively, paths are resultants of an (infinite) evolution
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ol

b ®
Ela(sl) =3

Eer(30> a2) =1

a2
Figure 7.1: A CTMDP

of a CTMDP, whereas histories are finite prefixes of paths. Below we fix a
CTMDP M = (S, Ser, Sta, Act, Egr, Epo, P) .

Definition 7.3 (Paths and Histories). A(n infinite) path (or trajectory) «
s an infinite sequence

a0,to ai,t1
mT=(So —>S1 —> S9...

such that s; € S, t; € R>o and a; € Act for all i > 0; we denote s;,t; and a;
by m[i], w(i) and (i), respectively. A (finite) history £ is a finite sequence

it i+
§:<soﬂ—0—>51al—1>52...sm> (m >0)

such that s; € S, t; € R>g and a; € Act for all0 <i<m —1, and s,, € S;
we denote s;,ti,a; and m by £[i],£(i),£(i) and |€|, respectively; moreover,
we define £ |:= £ [|€]] to be the last state of the history & .

Below we introduce more notations on paths and histories. We denote
the set of paths and histories (of M) by Paths(M) and Hists(M), respec-
tively. We define Hists™(M) := {& € Hists(M) | || = n} to be the set of
all histories of length n (n > 0). For each n € Ny and m € Paths(M), we
define the history 7[0..n] to be the finite prefix of 7 up to n; Formally,

[0..n] = <7T[0] Q)70 ...7r[n]>

Given 7 € Paths(M) and (s,a,t) € S x Act x R>g, we denote by s ol
the path obtained by “putting” the prefix “s 21 hefore m; Formally,

s 2 = <s ot 7[0] m(0)m{0) (1] (L)L) >
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Analogously, we define s at, ¢ (for & € Hists(M)) to be the history obtained

by “putting” “s 21 hefore the history &.
Intuitively, a path 7 reflects a whole evolution of a CTMDP, where 7[i]
is the current state at the i-th stage, 7(i) is the action chosen at 7[i] (by a
scheduler) and 7 (i) is the sojourn-time on 7[i]. On the other hand, a history
¢ is a finite prefix of a path which reflects the evolution up to |£| stages.
Below we extend sets of histories to sets of paths in a cylindrical fashion.

Definition 7.4. Let n € Ny and E C Hists"(M). The cylinder extension
of 2, denoted by Cyl(E), is defined as follows:

Cyl(E) := {m € Paths(M) | w[0..n] € E} .

Intuitively, the cylinder extension of = C Hists™(M) is the set of all
paths whose prefixes up to n steps are in Z.

7.3 Measurable Spaces on Paths and Histories

In this section, we define the measurable spaces for paths and histories
on CTMDPs by combining the definitions from [74] 58]. Below we fix a
CTMDP M = (S, Ser, Sta, Act, Er, Epo, P) .

Firstly, we introduce the notion of combined actions and its measurable
space.

Definition 7.5 (Combined Actions). A combined action is a tuple (a,t,s)
where a € Act,t € R>o and s € S. The measurable space (I'y,Unq) over
combined actions is defined as follows:

o [y := Act x R>g X S is the set of combined actions;

o Upng :=24%QB(Rx0)®27 is the product o-algebra (cf. Definition|3.11)).

Then we introduce the notion of templates, which will be used to define
the measurable spaces.

Definition 7.6 (Templates). A template 6 is a finite sequence
0=(s,Ur,...,Up)(m>0)

such that s € S and U; € Upnq for 1 < i < m; The length of 0, denoted by
0|, is defined to be m. The set of histories Hists(f) spanned by a template
0 is defined by:

Hists ((s, U1, ..., Up)) := {5 € Hists™(M) |

£[0] = s and (£(i), £(3), €[i + 1)) € sy for all 0 <i < m} .
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Now we introduce the measurable spaces on paths and histories, as in
the following definition.

Definition 7.7 (Measurable Spaces). The measurable space (2}, S},) over
Hists™(M) (n € Ny) is defined as follows: V't = Hists" (M) and S}, is
generated by the family

{Hists(0) | 0 is a template and |0] = n}

of subsets of Hists"(M).
The measurable space (g, Sap) over Paths(M) is defined as follows:
Qr = Paths(M) and Spnq is the smallest o-algebra generated by the family

{Cyl(B) | 2 € S}y for some n > 0} (§)
of subsets of Paths(M).

Remark 7.1. An alternative way to define the measurable space on paths
can be done by changing (§) to the following set:

C := {Cyl(Hists(0)) | 0 is a template} .

This can be seen as follows. Let S’ be the o-algebra on paths generated by C.
Clearly, 8" € Spq. For each n € Ny, define S), := {2 C Q}, | Cyl(E) € S’}
. One can verify that S}, is a o-algebra on 4, by the following facts:

1. QY e S);
2. If2 €S, then Q} —E€S,, ;
3. If 21,29, 687/1 then UmEOEm ES;L .

The second and third fact follows from Cyl(Q}, — E) = Qp — Cyl(E) and
Cyl(U,n>0 Em) = Upuso Cyl(Em), respectively. Then one obtains Si, C S,
for all n > 0 since {Hists(0) | 0 is a template and |§| = n} C S, . This
implies that Cyl(Z2) € S’ for alln > 0 and = € S} It follows that Sp € S

7.4 Schedulers and Their Probability Spaces

In this section, we introduce the notion of schedulers. Informally, a scheduler
resolves the actions to be chosen (i.e., non-determinism) at each (current)
state of a CTMDP, so that a unique probability space on the set of trajec-
tories of the CTMDP can be established. As in the case of the previous
section, we combine the notions stemming from [74] 58].

Below we fix a CTMDP M = (S, Sey, Sia, Act, Eer, E1,, P) . We dis-
tinguish histories through their last states by defining the following sets of
histories:

o Histse (M) :={€ € Hists(M) | €] € Ser}
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o Histsj,(M) :={¢ € Hists(M) | €L € S} -
It is easy to see that Histser(M) U Histsjo(M) = Hists(M).
Definition 7.8 (Schedulers). A scheduler D is a function

D : (Histsey (M) U (Histsjp(M) x R>q)) x Act — [0, 1]
such that for all £ € Hists(M) and t € R>q, the following conditions hold:

o cither { € Histsee(M) and Y4, D(§,a) = 1, or & € Hists (M)
and ZaeAct D(f, t, a) =1;

o for all a € Act, if either (i) £ € Histse (M) and D(&,a) > 0 or (ii)
€ € Histsjp(M) and D(€,t,a) > 0, then a € En(&]) .

D is called measurable if for all a € Act and n > 0, the following conditions
hold:

e the function D(.,a) is measurable w.r.t (V%,,S},), provided that the
domain of D(.,a) is restricted to Histse (M) N Hists™(M);

e the function D(.,.,a) is measurable w.r.t (2%, x R>o, St ® B(R>0)),
provided that the domain of D(.,., a) is restricted to (Histsj,(M) N
Hists"(./\/l)) X RZO .

From the definition, we can see that the difference between early- and
late-schedulable states. In early-schedulable states, a scheduler chooses a
probability distribution on actions immediately on entering a new current
state; in late-schedulable states, a scheduler has the option to choose such
a probability distribution after the sojourn-time at the new current state is
over (i.e., the state is about to be left). Intuitively, a scheduler generally
has more “free space” at late-schedulable states than at early-schedulable
states. This allows a scheduler to better optimize certain property, e.g.,
maximal time-bounded reachability probability (cf. [59]). The measurability
condition (in the definition) will be needed to define a probability measure
for the measurable space (2, Snm).

Each measurable scheduler directly induces a probability measure on
combined actions, when applied to a specific history. This probability mea-
sure serves as a basis for the definition of the probability measure on trajec-
tories of the CTMDP.

Definition 7.9. Let £ € Hists(M) be a history and D a measurable sched-
uler. The probability measure u/[\)/l (&,4) for the measurable space (T g, Ung)
is defined as follows: if £ € Histse (M), then

[y (&,U) =

Z D(Sv a’) : /]R fEer(fi,a) (t) ’ [Z 1U(a7 t? S) : P(ﬁi, a, S) dt
) 20

a€En(¢l ses
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for each U € Uny; if € € Histsja(M), then

iy (&, U) =

/ JEn e ( Z D(¢,t,a) ZlU (a,t,s) -P(&l,a,s)| p dt

a€En(él) seS
for each U € Upy.

It can be shown that all integrand functions in Definition are mea-
surable (cf. [57]).

Based on Definition[7.9] we define the probability spaces on histories and
paths (trajectories). Firstly, we define the probability space on histories. To
this end, we introduce the notion of concatenation as follows.

Definition 7.10. Let £ € Hists(M) be a history and (a,t,s) € Ty be a
combined action. Define £ o (a,t,s) € Hists(M) to be the history obtained

by concatenating (a,t,s) to £} (i.e. o (a,t,s) =¢[0]... & 2 5) .
Then the probability space on histories of fixed length is given as follows.

Definition 7.11. Suppose D is a measurable scheduler and o is an initial
distribution. The sequence {Pr}/l,Dya Sy — [0, 1]}n>0 of probability mea-
sures is inductively as follows: -

Pr?wD,a(E) = Za(s) ;
se=
Priipa(E) = / [/r 1=(§ 07) uiy(€,dy)| Prigpo(dS) -

Again, it can be shown that all integrand functions in Definition are
measurable (cf. [57]). Then, the probability space on paths (trajectories) is
given as follows.

Definition 7.12 (Probability Space on Paths). Let D be a measurable
scheduler and « be an initial distribution. The probability space

(Q/\/b SM) PrM,D,a)
is defined as follows:

o QO and Sn is defined as in Definition [7.7;
® Prag.p.q is the unique probability measure such that

Pru,0.a(Cyl(E)) = Priy pq (5)

for alln >0 and = € S},
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We refer for the detailed construction of (2, S, Prag,p.o) to [58, [74]
57].

We end this section with a fundamental property asserting that the role
of initial distribution can be decomposed into Dirac distributions on indi-
vidual states.

Proposition 7.1. For each measurable scheduler D and initial distribution
a, Prapo(ll) =3 cqals) - Pragp s (I1) for all T € Sy

Recall that D|[s] is the Dirac distribution at s (cf. Definition [4.1). This
proposition allows one to focus only on Dirac distributions when one wants
to compute/approximate probability mass of certain measurable sets of tra-
jectories.

7.5 A General Integral Characterization

In this section, we derive a general integral characterization for the prob-
ability measure on paths (trajectories). Below we fix a CTMDP M =
(S, Ser; Sta, Act, Eer, Ep,, P) . For the sake of simplicity, we will omit all
‘M’s which appear in the subscripts (of e.g., the notation ‘Pr’). The proofs
for this section are highly measure-theoretic, and are put in Section

Firstly, we define shifting functions on histories and paths which shifts
each path/history by one transition step.

Definition 7.13. Given Il € Sy and (s,a) € Sx Act, we define the function
Plffa ‘Rsg — 9 Paths(M) by:

P%(t) := {m € Paths(M) | s “hre I} .

Analogously, given 2 € S} with n > 1 and (s,a) € S x Act, we define
Hi,a ‘Rsg — 2Hists"*1(/\/() by:

HZ(t) := {€ € Hists" (M) | s 25 ¢ € T} .
We also define the shifted version of a measurable scheduler as follows.

Definition 7.14. Let s € S, a € Act and t € R>q. For each measurable
scheduler D, the scheduler D|s a—t>] is defined as follows:

o D[s 25](€,.) := D(s 25 €,.) for all € € Histser(M);
e Dis a—’t>](§,7, ) :=D(s LN €, 7,.) for all (§,7) € Histsjy(M) x Rxo.

The following lemma states that each shifted set of paths/histories is
measurable w.r.t corresponding measurable space.
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Lemma 7.1. P%(t) € Syp for all 11 € Spq, (s,a) € S x Act and t € R>q .
Analogously, H2"(t) € Sy for alln > 1, Z € S, (s,a) € S x Act and
t e RZO .

Moreover, each shifted scheduler is measurable, as is illustrated by the
following lemma.
Lemma 7.2. Let s € S, a € Act and t € R>g. For each measurable
scheduler D, Dls a—’t>] is a measurable scheduler.

Based on Lemma [7.1] and Lemma([7.2] we define a shift probability func-
tion as follows.

Definition 7.15. Let s € S, a € Act, Il € Spq and D a measurable sched-
uler. Define pi’y : R>g — [0,1] by:

Piip(t) = PrD[s"—’t>},P(s,a,.) (B (1))

for allt > 0.

The following proposition states that the shift probability function is
measurable w.r.t (R>, B(R>0)).

Proposition 7.2. pfi", is a measurable function w.r.t (R>o, B(R>0)) given
any Il € Spq, s €S, a € Act and measurable scheduler D.

Below we present the integral characterization for measurable schedulers,
which is the main result of this section.

Theorem 7.1. Let D be a measurable scheduler. For each II € Sy and
s € Ser, we have

PrD,D[s] (H) = Z D(S, a) : /0 fEer(s,a) (t) ’ p]S‘i?D (t) de .

a€En(s)

For each 11 € Spq and s € Sy, we have

Prp oy (IT) = /O fonew® - | 3 Dsta) pifip)| dt

a€En(s)

7.6 Conclusion

In this chapter, we introduced continuous-time Markov decision processes
(CTMDPs) [64, 63] and several related notions from [74] [58]. These notions
are namely paths, histories, schedulers and probability spaces on paths and
histories. We illustrated them in a way that combines the setting of early [74]
and late [58] schedulers. Moreover, as a contribution, we proved a general
integral characterization for the probability space on paths of a CTMDP.
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7.7 Proofs

In the following, we fix a CTMDP M = (S, Ser, Sia, Act, Eer, Ejo, P).

Proposition For each measurable scheduler D and each initial distri-
bution a, Prag,po(ll) = > cqa(s) - Pragpppg () for all IT € Spy.

Proof. Define Pr'(IT) := 3~ g a(s) - Prag p pis(IT) for IT € Spq. We prove
that Pr’ coincides with Praq p . It is clear that Pr’ is a probability measure
since each Pr p ps is a probability measure. So it suffices to prove that
Pr’ coincides with Prag,p.a on |U,-o{Cyl(E) | E € S¥}. To this end, we
proceed by induction on n.

Base Step: n =0 and E € S},. By definition, we have

Prut,pa(CyLE)) = Priy pa(E) = D als) - 1=(s) = Pr'(Cyl(E))
s€S

Inductive Step: Assume = € Sﬁjl. Define

9(§) :—/F 1=(£ o) piy(é,dv)

to g (cf. Proposition |3.1), which are denoted by g, = Zi’;l di, -1z, where

(=r%)

Let {gm }m>0 be a sei uence of simple functions that converges increasingly

lm>1,d., >0and Z; € S}y for all 1 <i <l,. Then

Im,
Privt, L (B) = / 9(&) Priyy pa(d€) = T&i_I)nOOZdin-Pr’]\,LD,a(Ei) .
M i=1

By induction hypothesis,

Prat,p.a (CYI(E:)) = Priig po(Ei) = Y a(s) - Pragppps (CYI(ED))
seSs
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Thus we have

Pra,p.o (Cyl(E))
= Pryh.GE)

Im
= lim > di, > als) - Pragppps) (CYIE))
=1 seS

lm
= lim Y als) Y di, - Pragp oy (CyI(E:))
seS =1
I

= D_als)- lm > dy, - Priy p o (5:)
ses i=1

- Za(s)-/n 9(&) Priy p pig(dE)

seS 254
= Za(s) -PrﬂlDD[s](E)
seS
= Za(s) - Prag ppg (CYLE))
seS
which justifies the induction hypothesis. O

Lemma P7(t) € Sy for all IT € Sy, (s,a) € S x Act and t € Rxg
. Analogously, H2(t) € Sy foralln > 1, 2 € S, (s,a) € S x Act and
t e RZO .

Proof. We first prove the case for paths. Fix some s € S, a € Act and t > 0.
Define the set &' by: & = {Il € Sy | Py"(t) € Sm} . We prove that
S’ = Sp. By Remark it suffices to prove that

1. {Cyl(Hists(0)) | 6 is a template.} C &', and

2. &' is a o-algebra.
The first point follows directly from the definition of templates. To see the
second point, one can verify that (i) Pé’; (t) = Qu, (i) PRI = [PT )]
and (iii) PG’:ZO m, ) =Un>o Pﬁ:(t) .

The proof for histories can be similarly obtained by proving the following
fact: {Z € St | H2(t) € Sy'} = Sy for n > 1. O
Lemma Let s € S, a € Act and t € R>g. For each measurable

scheduler D, D[s a—t>] is a measurable scheduler.

Proof. Fix some arbitrary b € Act, ¢ € [0,1] and n > 0. Let D be a
measurable scheduler. We have

{€ € Hists"(M) N Histse:(M) | D[s 25(€,b) < €} = HE(t)
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where Z 1= {¢ € Hists" (M) N Histse:(M) | D(€,b) < €} . By Lem-
ma HZ“(t) is measurable. As for histories in Hists),(M), we define
shift(X) 1= {(€,7) € (Hists™(M) N Histsin(M)) x Rsg | (s 25 €,7) € X}
for each X € ijl ® B(R>p) . Let
X' = {X € S @ B(Rx) | shift(X) € Sy @ B(Rx0)} -

Then one can prove X’ = 8" ® B(R>0) in a similar way to the proof of
Lemma In detail, one can proceed by proving that

1. {Hists(d) x I | |0 =n+ 1 and I is an interval of R>o} C A”, and

2. X' is a o-algebra.

Then, from

{(&,7) € Hists"(M) x Rsq | D[s 25](€,7,b) < e} =
shift ({(&,7) € Hists"™ (M) x Rsq | D(&,7,b) < e})

we obtain that {(§,7) € Hists"(M) x R>q | Ds a—’t>](§,7', b) < €} is mea-
surable. 0

Proposition py'p is a measurable function w.r.t (R>g, B(R>0)) given
any Il € Sy, s € S, a € Act and measurable scheduler D.

Proof. Fix some s € S, a € Act and measurable scheduler D. Define the set

S":={ll € Sm | pfi’p is a measurable function.} .
We show that (cf. Definition and Definition [3.12))

1. & is a A-system, and
2. the m-system {Cyl(Z) | 2 € S}, for some n > 0} C &' .

We first prove the second point. The proof proceeds through an induciton
on n such that Cyl(Z) € & for all = € S}¥,. The base step n = 0 is
straightforward since pf—fD is constantly 0 or 1, depending on whether s €
= or not. The base step n = 1 follows from the definition of templates
(Definition and the finiteness of S and Act, which implies that pf{LD
is a simple function (cf. Definition . Below we consider the inductive
step for n + 1 with n > 1. Let = € S}C[l with n > 1. For a measurable
set of histories 2’ and a measurable scheduler D’, we denote the measurable
function g=/ ps by:

gm0 (€) = /F 1=(€ o) (€, d) |

Let {gm}men be a sequence of simple functions that converges increasingly
and pointwisely to g= p (cf. Proposition . Denote ¢,, = 2221 d, - 1=
. By defintion,
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o Lysag(€or) =1=(s 25 o) forallt >0, & € 3" and v € Dag;

a,t
o iy (&) = uRy(s €, forall £ 2 0 and € € Q.

at n—1
a,t — g= > 5
Then, we have gH;"‘(t),D[s%] (&) =9zp(s — ) forallt >0and { € Q7
it follows that
. a,t o a,t _
im g (s = &) = g=,p(s = ¢) gHé’“(t),D[sa—’t>](§) :

Note that by definition, g,,(s SN g =l adi . Lo (1) (&) forallt >0

i=1"m

and £ € Q"MA. Thus, by Proposition we obtain

=m

P3§1<5),D(t)

:Prp[s"—’t>},1>(s,a,.) (PC’yl(E) (t)>

:PrD[s“—’tﬂ,P(s,a,.) (H="(1))

— " P 1 d
/ml ng’“(t) D[s~] © D[s5],P(s.a, )( 2

=1 di - pr! H2M(t
mgnooz —>]p<sa)< = (1))

- n%gnoo Z dm ‘ PrD[sa—7t>],P(s,a,.) (PC;’I(E%) (t))

= W}gnoo Z dm prl( (t)

for all ¢ > 0. It follows from Proposition [3.2] and the induction hypothesis
that pggl(E) p is a measurable function.
Now the first point follows from the following facts:

. pgi{ p is measurable since pgi/l L(t) =1 for all t > 0;
e Whenever II;,IIy; € S and II; C IIp, we have II\II; € S’ since

s,a _ sa s,a . B
Prm,,0 = Py, p — Py, b5
e For any sequence {II, },>0 such that II,, € &’ and II,, C II,,4; for all

n > 0, we have I1,, € S’ since p;* = lim p3° . .
= Y, UnzoIln Py, om0 = 10 P, D

By applying Dynkin’s w-A Theorem (T heorem7 we obtain that Syq C &',
which implies the result. O

Theorem Let D be a measurable scheduler. For each IT € Sy and
s € Ser, we have

PrD,D[s}(H) - S a / fEer (s,a) pﬁ?D(t) de .
aGEn (s)
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For each II € Sy and s € S,, we have

Prp ppg (11 / fEwL(s)(t Z D(s,t,a) - pip(t)| dt .

a€En(s)
Proof. Let s € S. Define Pr’ : Sy — [0, 1] by:
Z D(s,a) / fEex(5,0) pHD(t) dt
a€En(s)

if s € Ser, and

- /O fornw® | S D(s,tia) - piit(t)| dt

a€En(s)

if s € Sj.. We prove that Pr’ coincides with Prp ppg- It is straightforward
from Proposition Theorem |3.1)and Theorem [3.2that Pr’ is a probability
measure. Below we prove that Pr’ and Prp ppy coincide on J,,5o{Cyl(E) |
E € S} }. The proof proceeds through induction on n.

Base Step: n € {0,1} and Z € S};. If n =0, we have

Prp pis (CyL(E)) = Prp, pig (2) = 1=(s) = Pr'(Cyl(E)) -

Otherwise, n = 1. If s € Sg;, then we have

Prp pis(Cyl(E))
= PrlD,D[s](E)

_ / [ / 1=(€ 07) pRy(€, d7)| Prd) py (d€)
a, L/r
- / 1=(s 07) R (s dv)
'm
Let U:={y €T |soy€E} . Then U € Upq. Thus,

/F 1=(s o) piy(s,dv)

= M?A(S U)

= (s,a) / JEa(s,0)(t Z 1y(a,t, s') -P(s,a,s')] dt
aEEn(s Ls'eS

= Z D(87 CL) ' fEcr(s,a)(t) : Z 15(8 a—7t> Sl) : P(87 a, S/)] di
a€En(s) R>0 Ls’eS

- Z D(s, a) : fEer(s,a) (t> : pégl(g)’D (t) de

a€En(s) R>o
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where the last equality follows from Proposition If s € Sha, then we
have

PI"D,D[S] (Cyl(E))

= PrlD,D[s] (E)

_ / [ / 12(€ 07) pBy(€, d7)| Prd) py (d€)
a9, LT

- / 12(s 07) uRy(s,d7) .
T'm
Let U:={yeTpm|soyeZ} . Then U € Upnq. Thus,

/F 1=(s 0 7) piy(s, dv)

= (s, U)

_ /R fonw® -4 S Dis,ta)- ZIU(a,t,s')-P(s,a,s’)] dt

= /R fE1(5) () - Z D(s,t,a) - Z 1=(s at, s') - P(s,a,s’)] dt

- /0 fono®- | S D(sita)-pie, p(®)| dt -

where the last step follows from Proposition

Inductive Step: Assume = € Sj"\jl with n > 1. Denote

gm0 (€) = /F 1= (€ 0 ) pRi(E.dv) .

Let {gm : % — [0,1]};n>0 be a sequence of simple functions that converges
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1=1"m

increasingly to g= p. Denote g,, = Zlm d - :;-n . If s € S¢, then

Prp pis (CyI(Z))

69

n+1 -
= PrD+D[ l (2)
= [ 20(€) Pr pyga9)
M
lm . .
= n%gnoo ; Ay, - Prp pig (Em)
Im
= n%gnoo dz (s,a) / fEer (s,a) p():yl(Efn),D(t) dt
i=1 aeEn 8)

= nlgnoo 3 a [/ fEer (s,a) Zd prl(:Z )D(t) dt]

a€En(s)

Im
= (s,a) [/ JEer(s,0) (1) - li_r>noo dz prl(E \.D (t)dt] )

aEEn (s) i=1

where the fourth equality follows from the induction hypothesis and the last

equality follows from Theorem Note that

Tr}gnoo Z d prl En (t)
- wggnoo Z dm ' PrD[sa—’tﬂ,P(s,a,.) (PC;’I(E%)(t))

— 0 n—1 s,a
o n%gnoozd Pr D[s—)] P(s,a,) (HE% (t)>

a,t
Denote g;,(€) = 32y djy - Lyze () - Then g, (6) = gm(s =

follows that li_r}n (&) = g=p(s ot €). By definition,

1. 1= ((s LN &) o 7) =1yzag (€ o~) for all combined actions ~;

D[S—” (&,U) for all U € Up.

£). It



)= gHg“(t), D[s—%] (€)=

Im
lim dZ
m—o0
=1

Pnl

/Q%_l Iz (1), Ds25) (&)

P,
D[s—>],P(s,a,.)

Then, we have

Prp pjs (Cyl(E))

(s,a) [/ SBer(s,0)(t

aEEn(s

a€En(s)

Now assume that s € S;,. We have

Prp pis (CyI(Z))

= Pr%%[s] E)
= / 9z,0(8) Prp pp,(dE)
M
Im .
= n}gnoo 1d “Prp pig) (=)
l7n
= ) / IENCIOR DY
a€En(s)
aEEn(s)

Z D(s,t,a)

a€En(s)

J {

[s—>] P(s,a,.)

[&%Zdﬁ
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lim g/, (¢). It follows that

m—0o0

(e

®)
n—1

D[s-25],P(s,a.)

(d¢)

HE(1)

i (1z°(0) @]

D[s=55],P(s,a,0)

Z D(s,a) [/ TEer(s,0)( pcyl(E) (t )dt]

D(s,t,a) -pé’;(agn)’[)(t)] dt}
} i
} i

lzdz »

Py, o)

s,a
“Piyizi).ot)

where the fourth equality is from the induction hypothesis and the last
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equality follows from Theorem Note that
35 0
_ : i $,a
- Agnooz;dm PrD[sa—”S)],P(s,a,.) (Pcyl(E:n)(t)>
1=

_ : . g n—1 s,a
o Tr%gnoozzld Pr Dis _>] P(s,a,.) (HE%(t)>

a,t

Denote gy, (€) = 0%y diy - 1ggro 1)(€) - Then g () = gm(s =

follows that lim g,(§) = g=,p(s SN €). By definition,
m—r0o0

£). Tt

1. 1= ((s ot &) o 7) =1pyzap (&£ o) for all combined action ~;

D[s—)] (g

2. 1R (s 25 ¢, U) = )l ,U) for all U € Up.

Thus g= p(s LN =g (&) = lim g},(&). It follows that

H2(1), D[sa—ytﬂ m—0o

lm
1i di - Pr! H2*(t
mgnool 1 D[s —)]P(sa)( :m( ))
— . 2] n—1 d
/in gHé"‘(t),D[s—’tﬂ(g) rD[sa—Js)],P(s,a,.)( 2
= P HZ(t
D[s—)} P(s,a,.) - ( ))

Then we have

Prp pjs (Cyl(Z))

= /000 TE1(s)(t) - 2 D(s,t,a)-Pr"™ (Hé’a(t)) dt

| a€En(s) D[s—],P(s,a,.)

= [ hm®- | X D) e o0

| a€En(s)

It follows that the inductive step is completed. O
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Chapter 8

Acceptance Probability of
CTMC-Paths by DTA

A continuous-time Markov chain (CTMC) is a continuous-time Markov
decision process (cf. Chapter @ such that all states of the CTMDP are
late-schedulable and have exactly one enabled action (i.e., exactly one non-
deterministic choice). (It does not matter whether states of a CTMC are
early-schedulable or late schedulable, since each state has exactly one en-
abled action.) Under a CTMC, there is a unique measurable scheduler which
selects upon each history the only enabled action of the last state of the his-
tory. Intuitively, the class of CTMCs is a “deterministic” subclass of the
one of CTMDPs, where no actual non-determinism is present. Applications
of CTMCs include Markovian queueing networks [14] [68], stochastic Petri
nets, system biology and so forth.

Formal verification of CTMCs has received much attention in recen-
t years [6]. Many applicable results have been obtained on time-bounded
reachability [4],35], CSL model checking [4, [75], and so forth. In this chapter,
we focus on verifying CTMCs against timed-automata specification. In par-
ticular we consider approximating the probabilities of sets of CTMC-paths
accepted by a deterministic timed automata (DTA) [1L I7]. In general, DTA
represents a wide class of linear real-time specifications. For example, we can
describe time-bounded reachability probability “to reach target set G C S
within time bound T while avoiding unsafe states U C S” (GNU = () by
the single-clock DTA A; (Fig. , and the property “to reach target set
G C S within time bound 77 while successively remaining in unsafe states
U C S for at most T time” (GNU = ()) by the two-clock DTA A, (Fig.[3.2)),
both with initial configuration (go,0). (We omit redundant locations that
cannot reach the accepting state.)

The problem to verify CTMCs against DTA-specifications is first consid-
ered by Donatelli et al. [31] where they enriched CSL [4] with an acceptance
condition of one-clock DTA, yielding the logic CSL™. In their paper, they

73
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S\(GUU),z<T,0 S, true, 0

8 G, true, 0 é

Figure 8.1: DTA A,

S\(GUU),z <Tq,{y} S, true, 0

S\(GuUU),z < Tq,{y} Uz <Ty ANy < Tz, 0

G, true, (

Uz <Ty ANy < Ta,0

Figure 8.2: DTA A,

proved that CSL™ is at least as expressive as CSL and asCSL [4, 2], and
is strictly more expressive than CSL. Moreover, they presented a model-
checking algorithm for CSL™ using Markov regenerative processes [31].
Chen et al. [24] systematically studied the DTA-acceptance condition on
CTMC-paths. More specifically, they proved that the set of CTMC-path
accepted by a multi-clock DTA is measurable and proposed a system of
integral equations which characterizes the acceptance probabilities. More-
over, they demonstrated that the product of a CTMC and a DTA is a
piecewise deterministic Markov process [27], a stochastic dynamic system
which integrates both discrete control and continuous evolution. Afterward-
s, Barbot et al. [9] put the approximation of DTA-acceptance probabilities
of CTMC-paths into practice, especially the algorithm on one-clock DTA,
which is first devised by Donatelli et al. [31] and then re-written by Chen et
al. [24]. Later on, Chen et al. [23] proposed approximation algorithms for
time-bounded verification of several linear real-time specifications, where the
restricted time-bounded case, in which the time guard x < T with a fresh
clock = and a time bound T is enforced on each edge that leads to some
final state of the DTA, is covered. Very recently, Mikeev et al. [55] applies
the notion of DTA-acceptance condition on CTMC-paths to system biolo-
gy. It is worth noting that Bréazdil et al. also studied DTA-specifications
in [I7]. However they focused on semi-Markov processes as the underlying
continuous-time stochastic model and limit frequencies of locations (in the
DTA) as the performance measures, rather than path-acceptance conditions.

The contributions of this chapter are as follows. We start by providing
a rigorous proof for the measurability of the set of CTMC-paths accepted
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by a DTA, correcting the proof provided by Chen et al. [24]. We confirm
the correctness of the integral equation system characterizing acceptance
probabilities provided by Chen et al. [24] through a direct application of
Theorem [7.1] and derive a differential characterization. Based on the d-
ifferential characterization, we present an approximation algorithm to ap-
proximate acceptance probabilities, and provide tight error bounds for the
approximation algorithm. Whereas other works [9, 55, B1] focus on single-
clock DTA, our approximation algorithm is applicable to any (multi-clock)
DTA. To our knowledge, this is the first such approximation algorithm with
explicit error bounds. Barbot et al. [9] suggested an approximation scheme,
but did not provide error bounds.

The chapter is organized as follows. In Section [8.1} we introduce the
notion of continuous-time Markov chains. In Section [8.2] we introduce the
notion of deterministic timed automata. In Section [8.3] we prove the mea-
surability of accepted paths, and present the proof for the integral equa-
tions [24] that characterize the acceptance probability. In Section we
develop several mathematical technicalities useful to our main result. In
Section [8.5] we propose a differential characterization for the family of ac-
ceptance probability functions. Base on these results, we establish and solve
our approximation scheme in Section Finally, Section concludes the
chapter.

8.1 Continuous-Time Markov Chains

In this section, we present basic definitions for continuous-time Markov
chains [36], [68]. These definitions are just simplified definitions from the
ones in Chapter |7} which omit the single enabled actions at each state and
the different between early- and late-schedulable states.

Definition 8.1. A continuous-time Markov chain (CTMC) is a triple (S, E, P),
where

e S is a finite non-empty set of states,

e E: S — Ryg is a total exit-rate function, and

e P:S5S xS —[0,1] is a transition matrix such that ), g P(s,u) =1
foralls € S.

A path of a CTMC (S,E,P) is an infinite sequence <80 Lo, s1 N > such
that s, € S and t, € R>q for all n € Ng. The set of paths of a CTMC M
is denoted by Paths(M).

The evolution of a CTMC and the notions of paths and histories are
the same as the one of a CTMDP (cf. Chapter [7). The definition of the
probability space Praq, p,o, with a CTMC M, the unique measurable sched-
uler D for M which always chooses the Dirac distribution at sole enabled
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action, and an initial distribution « for M, is defined in the same way as
in Chapter [7] Since the scheduler is unique in the context of CTMCs, we
will abbreviate ‘Pra¢p«" as ‘Prago’, and omit the subscript M whenever
possible.

In this chapter, we consider CTMCs with labelled states. Informally, a
labelling function assigns to each state of a CTMC a label which specifies
the atomic property that holds at the state.

Definition 8.2. Let M = (S,E,P) be a CTMC. A labelling function £ is
a function S — L, where L is a set of labels.

With labels, one can view any path (trajectory) so o, $1 by ofa
CTMC as a timed word toL(sp)t1L£(s1)...; this allows one to specify de-
sired linear properties on a CTMC via acceptance conditions of a timed
automaton (cf. Section [8.2)).

8.2 Deterministic Timed Automata

The class of timed automata [1] is an extension of that of finite automata
with clocks. It can be used either as a language acceptor for words integrated
with time information (i.e., timed words), or as a formal description for timed
transition systems (just like finite automata for finite reactive systems). The
class of deterministic timed automata is a subclass of timed automata, which
is an analogue to deterministic finite automata.

The key concept in timed automata is the concept of clocks. Generally,
clocks are abstract variables holding non-negative real values interpreted as
time-elapse quantities.

Definition 8.3. Let X' be a finite set of clocks. A (clock) valuation on X
is a function n: X — R>g. We denote by Val(X) the set of valuations on
X.

Clocks play a role in the notion of timed automata through the notion
of guards (or clock constraints). Intuitively, a guard is a logical formula
interpreted over clock valuations.

Definition 8.4. A guard g (or clock constraint) over a finite set of clocks
X is a logical formula generated by the following gramma:

gui=xzXc | ghg,

where x € X, X€ {<,<,>,>}, ¢ € Ny and ‘A’ represents the logical ‘and’
operator. We denote the set of guards over X by ®(X). For eachn € Val(X)
and g € ®(X), the satisfaction relation n = g is inductively defined by:

nExxcifn(@) xe andn =g Age iff n g1 andn = gs.
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Given X C X, n € Val(X) and t € R>q, the valuations n[X := 0], n + ¢,
and 7 — t are defined as follows:

1. n[X = 0](x) := 0 for all z € X, and n[X := 0](x) := n(z) for all
r € X\X;

2. n+t)(z):=n(x)+tforallz e X ;

3. (n—t)(x) = n(z) —t for all z € X, provided that n(xz) > t for all
re kX .

Intuitively, n[X := 0] is obtained by resetting all clocks of X to zero on 7,
and 1+t resp. n —t is obtained by delaying resp. backtracking ¢ time units
from 7.

In this chapter, we will also view a clock valuation as a real vector indexed
by the elements of X'. We may also refer g € ®(X) to the set of valuations
that satisfy g: this may happen in the phrases such as “g; N gs”, etc.

The notion of deterministic time automata is a subclass of timed au-
tomata [I], which is illustrated as follows.

Definition 8.5. [i],[77/ A deterministic timed automaton (DTA) is a tuple
(Q, %, X, A, F), where:

Q is a finite set of locations;

F CQ is a set of final locations;

Y. is a finite alphabet of signatures;

X is a finite set of clocks;

ACQxEx®X)x2% xQ is a finite set of rules such that

1. A is deterministic: for all (q1,a1,91, X1,4}), (g2, a2, 92, X2,45) €
A, if (q1,a1) = (g2,a2) and g1 N ga # O then (g1,X1,¢)) =
(92, X2, q5).

2. A is total: for all (q,a) € Q x X and n € Val(X), there exists
(¢,a,9,X,q") € A such that n = g.

In the following, we fix a DTA A= (Q, %, X, A, F'). The next definition
illustrates the notion of configurations which is closely related to runs of
DTAs on timed words. To ease the notation, given any triple (¢,7n,a) €
Q x Val(X) x 3, we define (g4, Xg.4,d9.0) € ®(X) x 2% x Q to be the
unique triple such that the rule (q,a,gd q, X¢.a,q4.a) € A satisfies n = gg o
the triple is well-defined and unique since A is deterministic and total.

Definition 8.6. [1] A configuration of A is a pair (q,n), where ¢ € Q and
n € Val(X). A timed signature is a pair (t,a) where t € R>g and a € X.
The one-step transition function

K (Q x Val(X)) x (R>g x X) — @ x Val(X)

is defined by: k((q,n), (t,a)) = (ags’, (n + )[Xgh" = 0]) .
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Intuitively, the configuration x((g,n), (t,a)) is obtained as follows: firstly,
we delay ¢ time-units at (g,n) to obtain (g,7 + t); then we find the unique
rule (¢,a,9,X,q") € A such that n+t = g; finally, we obtain x((¢,n), (t,a))
by changing the location to ¢’ and resetting n + ¢ with X. For the sake of
simplicity, we may represent “s((q,n), (t,a)) = (¢’,n')” by the more intuitive

19 (t’a) b
phrase “(¢,n) — (¢',1')”.

Then the notion of timed words and runs on timed words is demonstrated
in the following definition.

Definition 8.7. [1/ A timed word is an infinite sequence of timed sig-
natures. The run of A on a timed word w = {(tn,an)}nen, with ini-
tial configuration (¢,7), denoted by Aq,(w), is the unique infinite sequence
{(Gns )ty ) by which satisfies that (d0,70) = (0 71) @nd (gus1, ns1) =

5((qny M), (tn, an)) for n > 0.
A timed word w is accepted by A with initial configuration (q,n) iff

Agn(w) = {(gn, M) (tn, an) tnen, satisfies that q, € F for some n > 0.
Moreover, w is accepted by A with initial configuration (q,n) within k steps

(k > 0) iff Agm(w) = {(qn,nn)(tn, an)}nen, satisfies that g, € F for some
0<n<k.

8.3 Measurability and The Integral Equations

In this section, we first formally define the notion of DTA-acceptance on
CTMC-trajectories, following the definition from [24], which is the central
theme of this chapter. Then we provide a rigorous proof for the measura-
bility of the set of CTMC-trajectories accepted by a DTA, and the system
of integral equations that characterizes the acceptance probability.

Below we fix a CTMC M = (S,E,P), a DTA A= (Q,%, X, A, F) and
a labelling function £ : § — X. Firstly, we formally define the notion of
DTA-acceptance on CTMC-trajectories.

Definition 8.8. 2]/ The set of M-paths accepted by A w.r.t the triple
(s,q,m) € S x Q x Val(X), denoted by PathsM’A(s,q,n), is defined by:

Paths™(s,q,n) := {r € Paths(M) |
w[0] = s and L(w) is accepted by A with initial configuration (q,n)} ,

where L() is the timed word given by:

L(m) = ((m(0), L(7[0])) (w (1), L{x[1])) . .. (7(n), L(m[n]))) -

Moreover, the set of M-paths accepted by A w.r.t (s,q,m) € S x Q x Val(X)
within k-steps (k > 0), denoted by Pathséw’A(s,q,n), is defined as the set
of paths m € Paths(M) such that 7w[0] = s and L(7) is accepted by A with
initial configuration (q,n) within k-steps.
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In this chapter, we omit the superscript “M, A” if the underlying context
is clear.

Below we prove that Paths(s,q,n) is measurable w.r.t the measurable
space (a1, Sm) (cf.  Definition for all (s,q,m) € S x Q x Val(X),
where the measurable space results from omitting the deterministic choices
of actions in the definition for CTMDPs. Given measurability, the integral-
equation system that characterizes the acceptance probability [24] follows
directly from Theorem

Remark 8.1. We point out the flaw in the measurability proof by Chen et
al. [2]]. The error appears on Page 11 under the label “(1b)” which handles
the equality guards in timed transitions. In (1b), for an timed transition e
emitted from q with guard x = K, four DTAs Ae, Ae, AZ, AS are defined
w.r.t the original DTA A. Then it is arqued that

Paths®(A.) = Paths®(A.)\(Paths®(A2) U Paths®(AY)) .

This is incorrect. The left part PathsC(A.) excludes all timed paths which
involve both the guard x > K and the guard x < K (from q). However the
right part does not. So the left and right part are not equal. ]

By definition, J,~, Pathsy(s,q,n) = Paths(s,q,n). Thus in order to
prove the measurability of Paths(s, q,n), it suffices to prove that each set
Pathsy(s, q,n) is measurable under (2, Srq). The following proposition
presents this point, whose proof uses a decomposition of Pathy(s, ¢,n) into
subsets of paths. Below given a word £ of length k (k > 1) on some alphabet,
we denote by f; the i-th symbol of § (i.e., 5= f1...5%).

Proposition 8.1. For all k € Ny and (s,q,n) € S x Q x Val(X), the set
Pathsg(s, q,n) is measurable w.r.t. (Qaq, Sm)-

Proof. Fix some k € Ny and (s,q,17) € S x Q x Val(X). If £ =0, then the
measurability follows from the fact that either Pathsy(s, q,n) = Paths(M)
(q € F) or Pathsy(s,q,n) =0 (¢ € F). From now on, we assume that k > 1.

Given a word 8 € S* and a word v € A*, we define the set Pathsg - (s,q,7)
to be the set of all # € Paths(M) such that 7[0] = s, 7[i] = fi4+1 for all
0 <i<k—1,and the run Ay, (L(7)) = {(gn, M) (tn, an) }n>0 satisfies that
(qi, @i, gl bl XItt gty — 4,4 for all 0 < i < k — 1. Intuitively, the
set Pathsg (s, q,7) consists of all paths whose runs sequentially follow the
state sequence  and the rule sequence . By definition,

U Patthﬁ(S, q, 77) = PathSk(S, q, 77) )
B

where (8, 7) ranges over the set

Sk % {’y' e AF| 31 <i<k3Ige F.(qis a component of the tuple 'yz)}
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Thus, it suffices to show that each Pathsg (s, ¢,n) is measurable.

Fix some € S*¥ and v € AF. If either 3; # s, or the first component
of the tuple 47 is not ¢, or f and v mismatch (i.e., the action in some ~;
does not match £(/3;)), or the last component of 7; is not equal to the first
component of ;41 for some i, then Pathsg(s,q,m) = 0, which is clearly
measurable. From now on, we assume that 5 € S¥ and v € A survive the
failure conditions in this paragraph.

Consider an arbitrary path

tho
=502 . sp1 2h . Pathsg ~(s,q,n) -

(Note that Pathsg - (s, ¢, 1) may still be empty.) Let the run Ay, (L(7)) be
{(gn, M) (tn, an)}n>0. Since the rule sequence 7 is fixed, we can represent
each n; (0 <i <k —1) as a vector-valued linear function h; on tg, ..., tg_1.
(In fact, h; is a function on to,...,t;—1.) Thus, 7 € Pathsg (s, q,n) implies
that (1) W[Z] = fBiy1 forall 0 <i <k —1 and (ii) hi(to, ... ,tk_l) +t; ': Gi+1
for all 0 < i < k — 1, where g; is the rule component of the tuple ~; (for
1 < j < k). Conversely, one easily verifies that for all # € Paths(M), if
(i) 7T[’L] = fip1 forall 0 <i¢ <k —1 and (ii) hi(to,. . 'atk—l) +i; ): git1 for
all 0 <4 < k—1, then 7 € Pathsg,(s,q,n). Thus, there exists some set
J C R* definable through a system of a finite number of linear inequalities,
dependent only on y and 7, such that = € Pathsg - (s, ¢,n) iff 7[i] = £;41 and
(m(0),...,m(k — 1)) € J. We first assume that J can be defined through
a system of finitely many linear inequalities where all comparison operators
are < or >. Then J is a closed subset of ]Rk, which implies that

Pathsg (s, q,7) ﬂ U{Cyl (Hists(0)) | 0 € Cy}
n€Np

where C,, is the set of all templates 6 (cf. Definition such that there

exists non-negative integers ng, ..., ng_1 such that
o () [%,25]) N #0 and
[}

no ng—l—l

0 = (b1, [ 7 ] {B2},

e ”’f“} (B [

Mg 1 ng—1+1
n

- - | xS) .
Intuitively, the closed-ness of J allows us to “cover” J with arbitrarily small
grids, where each grid (with ) can be interpreted directly as a template
(cf. Definition [7.6). It follows that Pathss (s, ¢, ) is measurable. Now we
assume that 7 is defined through a system of finitely many linear inequalities
which involves the comparison operator ‘<’ or ‘>’. This case can be reduced
to the previous case (where only ‘<’ and ‘>’ are present) as follows: firstly,
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we modify each inequality a® -t < cin J to al -t < ¢ — % and each
inequality aT -t > cin J toal -t > ¢+ %, to obtain a new system of linear
inequalities which defines a closed set 7,, C R*. From previous analysis, the
set II,, of all paths 7 such that (i) 7[i] = Bi41 for all 0 < i < k —1 and
(ii) (w(0),...,n(k — 1)) € J, is measurable, for all n € N. By definition
and the representation of J through a finite system of linear inequalities,

J = Upen Jn- Thus by Pathsg,(s,q,1) = U,enn, Pathsg,(s,q,n) is
measurable. O

Based on Proposition [8.1] and Theorem we directly obtain the inte-
gral characterization as follows. Below we define the following functions:

e for each n € Ny, we define the function
prob,, : S x @ x Val(X) — [0,1]

by: prob,,(s,q,n) = Prpy (Paths,(s,q,7)) (cf. Definition ;
e we define the function

prob: S x @ x Val(X) — [0, 1]
by: prob(s, q,n) = Prpjy (Paths(s,q,7)) -
Moreover, we abbreviate (gZ,L(s)v XZ,L(squ,L(s)) as (g4s, Xos,das) -

Theorem 8.1. The family {prob, }nen, satisfies the following properties:

(1) proby(s,q,n) = 1r(q); (ii) for alln € Ny, if ¢ € F' then prob,,_(s,q,n) =
1, otherwise

prObn—l—l (81 q, 77) =

/OOO {fE(s) (t) -

The function prob satisfies the following system of integral equations: If
q € F then prob(s,q,n) = 1, otherwise

S Pls,u) - prob, (u aftt, (n-+ DX = 0”] }dt |
u€eS

prob(s,q,n) =

/0 N {fE(s) (t)-

Proof. We first consider the case for the family {prob,, }ren,. Let (s,q,n) €
S x @ x Val(X). By definition, one can verify that proby(s,q,n) = 1r(q)
and prob,,(s,q,n) = 1 with ¢ € F. Given n € Ny and ¢ € Q\F, we obtain
directly from Theorem [7.1] that

D P(s,u) - prob (u af !, (n+ XL = 0”] } "
uesS

prObn+1(Sa q, 77) =

/OOO {fE(s)(t) :

> P(s,u) - prob, (u,qit’, (n + )[X7H = OD] } "
uesS
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Then the case for prob follows from Monotone Convergence Theorem (cf.
Theorem . O

In this chapter, we study the approximation of the function prob.

8.4 Mathematical Technicalities

In this section, we prepare several mathematical technicalities to derive the
differential characterization for the function prob (cf. Section [8.5). In de-
tail, we review several equivalence relations on clock valuations [I] and the
product region graph between CTMC and DTA [24], and prove that the
function prob is Lipschitz continuous.

Below we fix a CTMC M = (S,E,P), a DTA A= (Q,%, X, A, F) and
a labelling function £ : S — Y. For a clock x € X, we denote by T, the
largest integer ¢ that appears in some guard x X ¢ of A, by Tiax the integer
maxgzex Iy, and by Epayx the value max{E(s) | s € S}.

8.4.1 Equivalence Relations on Clock Valuations

Definition 8.9. [1] Two wvaluations n,n" € Val(X) are guard-equivalent,
denoted by n =qq 1, if they satisfy the following conditions:

1. forallx € X, n(x) > Ty iff n'(z) > T;
2. for all x € X, if n(z) < Ty and n'(x) < Ty, then (i) int(n(z)) =
int(n/(x)) and (ii) frac(n(z)) > 0 iff frac(n’(x)) > 0.

where int(s) and frac(.) is the integral and fractional part of a real number,
respectively. Moreover, n and 1 are equivalent, denoted by n = 1/, if (i)
N =ga 7 and (i) for all v,y € X, if n(x),n'(x) < Ty and n(y),n'(y) < Ty,
then frac(n(z)) x frac(n(y)) iff frac(n’(x)) x frac(n’(y)) for all xe {<,=,>
}. We will call equivalence classes of = regions. Given a region [n|=, we say
that [n]= is marginal if for some clock x € X, n(x) < T, and frac(n(x)) = 0.

In other words, equivalence classes of =,4 are captured by (i) a boolean
vector over X’ which indicates whether n(x) > T, or not, (ii) an integer vector
which indicates the integral parts of clocks in {x € X' | n(x) < T}, and (iii) a
boolean vector which indicates whether n(z) is an integer when n(z) < 7.
Equivalence classes of = is further captured by a linear order on the set
{z € X | n(z) < T} wr.t the ordering on the values {frac(n(x))},(z)<7,-
Below we state some basic properties of =54 and =.

Proposition 8.2. [1] The following properties on =gq and = hold:

1. both =, and = is an equivalence relation over clock valuations, and
has finite index;
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2. if N =ga 1, then n and 1’ satisfy the same set of guards that appear in
the rules of A;
3. ifn=1n, then
e for allt >0, there exists t' > 0 such thatn+t=n"+1t, and
o for allt' > 0, there exists t > 0 such thatn+t=n"+1t';
4. ifp =1, then n[X := 0] = 9'[X := 0] for all subsets X C X;
5. for alln € Val(X) and X C X, {n/[X :=0] | ' € [n]=} is a region.

Besides these two equivalence notions, we define another finer equiva-
lence notion as follows.

Definition 8.10. Two valuations n,n" € Val(X) are bound-equivalent, de-
noted by n =pq 1, if for all x € X, either n(z) > T, and n'(x) > T, or
n(x) =n'(z).

Intuitively, 7 =pq 1’ means that the behaviours of n and 1’ are almost
equal, as they either have the same value on a clock, or their values on a
clock = are both over the relevance threshold T,. It is straightforward to
verify that =y,q is an equivalence relation.

The following lemma specifies the relation between =4 and prob (cf.
Barbot et al. [9]). Below we present an alternative proof.

Proposition 8.3. Let s € S, ¢ € Q and n,n' € Val(X). If n =pq 1/, then
prob(s, ¢,1) = prob(s,q,n’).
Proof. We prove that Paths(s,q,n) = Paths(s,q,n’). Assume that 7 €

Paths(s, ¢, 7). Then the run Ay, (£(r)) = {(o, 1) (7(n), L(x[n]) }uz0 sat-
isfies that ¢, € F for some n > 0. Denote

Agay (£(m)) = {(gp, 7) (m{n), L(7[n])) bnzo -

We prove inductively on n that g, = ¢, and 1, =pq 7, for all n > 0. This
would imply 7 € Paths(s, q,n’). The inductive proof can be carried out by
the fact that 7, =pq 1}, implies

® 7y +7(n) =pa 7, + 7(n) and

o (N, +7(n))[X :=0] =pq (n), + 7(n))[X :=0] for all X C X.
Thus Paths(s, ¢,n) C Paths(s,q,n’) due to the arbitrary choice of . The
other direction of inclusion can be proved symmetrically. O

In the following, we further introduce a useful proposition.

Proposition 8.4. For all n € Val(X), there exists a real number ty; > 0
such that n+t =n+t" for allt,t’ € (0,tm). For alln € Val(X), if n(xz) >0
for all z € X, then there exists a real number tyg, > 0 such that n—t =n—t'
for all t,t' € (0,ty)-
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Proof. Define Z := {n(z) — T, | x € X and n(x) > T,}. If n(z) > T, for
all clocks z, then we can choose t,;; to be any positive real number and
tirg, = min Z. Below we assume that there exists € X such that n(x) < T,.

Define Z' := {frac(n(x)) | = € X and n(z) < T,}. Let c1,co be the
maximum and the minimum value of Z’, respectively. Note that 0 < ¢y <
c1 < 1. Then we choose t;ns to be 1 — ¢;. The choice of t subjects to the
two cases below.

1. ¢c2 > 0. Then we can choose t) to be min({ca} U Z).

2. co =0. If Z/ = {co} then we can choose ti; = min({1}UZ). Otherwise,
let ¢ > ¢ be the second minimum value in Z’. Then we can choose
tiy = min({c'} U 2).

It is straightforward to verify that ¢, tify satisfy the desired property. [

Let n € Val(X). We denote 5t to be a representative in {n+t¢ | ¢t €
(0,tmt)}, and n~ to be a representative in {n—t | t € (0, 1)}, where t,pg, tig
are specified in Proposition The choice among the representatives will
be irrelevant due to the fact that all of them are equivalent under =. Note
that if a region [n]= is not marginal, then [n]= = [pT]=z = [7]=; this is
because one can always find a real number § small enough such that integral
parts of all values (n+4)(x) (z € X') do not change, and the corresponding

fractional parts remain positive.

8.4.2 Product Region Graph

In this part, we define a qualitative variation of the product region graph
proposed by Chen et al. [24], mainly to derive a qualitative property of the
function prob.

Definition 8.11. The product region graph GMA = (VMA EMA) of M
and A is a digraph defined as follows:

o VMA=GxQx (Val(X)/ =);

e ((s,q,[n=),(s,d,[)2)) € EMA Gff (i) P(s,s') > 0 and (ii) there

exists t € Rsq such that [n+t]= is not a marginal region and (¢',n') =
k((q,m), (t, L(s)))-
A wertez (s, q,[n]=) € VMA is called final if ¢ € F.
By Proposition [8.2] Definition [8.11] is well-defined. We omit the super-
script ‘M, A’ in “gMA = (VMA EMAY if the underlying context is clear.
The following lemma states the relationship between prob and the prod-
uct region graph. Below we define

Zy :={0,1} U {frac(n(z)) | x € X and n(z) < T}

for each n € Val(X). Intuitively, Z, captures the relevant fractional values
of n.
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Proposition 8.5. For all (s,q,n) € S x @ x Val(X), prob(s,q,n) > 0 iff
(s,q,[n]=) can reach some final vertex in G.

Proof. “only if”: It is clear that prob(s,q,n) > 0 iff prob,(s,q,n) > 0 for
some n € Nyg. We prove by induction on n that for all (s,q,n) € S x Q X
Val(X), if prob,,(s,q,n) > 0 then (s,q, [n]=) can reach some final vertex in
G. The base step n = 0 is straightforward from the definition. Assume that
prob, . 1(s,q,nm) > 0 with ¢ ¢ F. (If ¢ € F, then (s,q, [n]=) itself is a final
vertex.) By Theorem we can obtain that

0
(8.1)

Consider the regions traversed by n + t when t goes from 0 to co. Denote
Zy = {wo, ..., wy} (cf. the line before the proposition) such that m > 1
and w; > w;qq for all 0 < ¢ < m. Note that wg =1 and w,, = 0. We divide
[0, 00) into open intervals (0, 1), (1,2), (Tmax — 1, Tmax)s (Tmax, 00). For each
integer k < Tinax, we further divide the interval (k, k + 1) into the following
open sub-intervals, excluding a finite number of isolating points:

ZP(S,U) - prob,, (u, qt", (n + )[XPE = 0])] } dt>0 .
uesS

(k+1—wo,k+1—w), ..., (k+1—wp_1,k+1—wy) .
Then we define the cluster Z of intervals by:
T:={(k+1—wi,k+1—wit1)|0 <k < Thmax,0 <i<m}U{(Tmax, )} .

One can verify by definition that for all I € Z and ¢t/,t € I, n+t =n+1t.
In other words, [n + t]= does not change when ¢ is restricted to one of the
intervals in Z. By Inequality (8.1)), there exists I € Z such that

/I {fE(s) (t)-

This means that there exists ©v* € S and t* € I such that

ZP(s,u) - prob,, (u, qt", (n + )[X]E = 0])] } dt >0 .
ues

P(s,u*) - prob, (u*,qg;t*, (n + ) [XIE = 0}) >0 .
Since I is nonempty, [n + t*]= is not a marginal region. Thus there exists
an edge from (s, q,[n]=) to (u*,qgjgt*, [(n + t*)[XZ:;t* :=0]]z) in G. By the
induction hypothesis, the vertex (u*, qfs’ , [(n+t*)[X05" := 0]]=) can reach
some final vertex G. Thus (s, ¢, [n]=) can reach some final vertex in G.

“if”: Assume (s, ¢, [n]=) can reach some final vertex in G. Let the reach-
ability route be

(5,9, [n]=) = (80, qn, [n]=) = (-1, Gn—1, [Mn-1]=) - -+ = (50, 0, [m0]=)
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with go € F. We prove inductively on m < n that prob,,(sm,qm,n’) > 0
for all ' € [gm]=. The case m = 0 is straightforward. Assume that
prob,, (S$m, gm,n’) > 0 for all ' € [py]=. Let n” € [Nm41]= be an arbitrary
clock valuation. By (st g1 Mms1]e) = (S dms Diml=)s P(smpt, 5m) >
0 and there exists 7, € [Mmt1]=, 1, € [Mm]= and t € R5q such that
oner + {1 is not marginal and (g ) = A((ms1s Mowss): (s Lsmsn).
By " = n;,,1, there exists t' € Ry such that " 4+t = n;, ., +t, which
further implies that

Y o 77»/m +t
(" + ) XG e = 01 = (s + [ Xgnfl s = 0] (=11,) -
By the fact that [” 4+ t']= is not marginal, there exists an interval I C Rxq
with positive length such that for all 7 € I, n” +7=7" +t and

(" + )XY Ty =0 = 0+ XT L =0 =,

dm-+1,5Sm-+1 dm+1,Sm~+1

Thus by induction hypothesis,

ooy (s (04 PV, 1= 01) >0

dm+1,Sm+1

for all 7 € I. Below we prove by contradiction that

JRETGR) 3 Ct (h

uesS

prob,, (u7 dm, (77” + T>[X2’:T,l—‘t:75m+l = O]) ] } dr >0 .

This would imply prob,, | (Sm+1, ¢m+1,7") > 0 by Theorem Suppose
that (1) does not hold. By Proposition the integrand function h* : I — R
at the left hand side of (}) is measurable. Thus, there exists a sequence
{hi}ren of simple functions such that hy T h* and [; hip(7)d7 1 [; h*(7) dr
(cf. Proposition [3.1). Since (t) does not hold (i.e., [;h*(r)dr = 0), for
all k € N, the set Cy := {7 € I | hg(r) > 0} has Borel measure zero.
Thus (J,cn Ck also has Borel measure zero. It follows that h* is zero on a
non-empty subset of I; contradiction to the induction hypothesis. O

8.4.3 Lipschitz Continuity

In this part, we prove that the function prob is Lipschitz continuous. More
specifically, we prove that all functions that satisfy a boundness condition
related to =pq and the system of integral equations specified in Theorem [8.1
are Lipschitz continuous. The Lipschitz continuity will be fundamental to
our differential characterization and the error bound of our approximation
result.
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Theorem 8.2. Let h: S x Q x Val(X) — [0, 1] be a function which satisfies
the following conditions for all s € S, ¢ € Q and n,n' € Val(X):

L d an =hbd 77/ then h(S, Q7n) = h‘(57q’n/);
e if g € F then h(s,q,n) =1, otherwise h(s,q,n) is equal to the integral

/000 {fE(s)(t) :

Forallse S, qge @ andn,n € Val(X), if |n—1n'||, <1 then

Z P(s,u)-h (u,qltt, (n+ )X = O])] } dt .

u€eS

‘h(‘qu’ 77) - h(sv(L 17,)| < Ml : H77 - 77/||oo s
where My := |X| - EmaxTinax - Fmax Tmax

Proof. 1f q € F, then the result follows directly from h(s, q,n) = h(s,q,n’) =
1. From now on, we assume that ¢ € F. To prove the theorem, it suffices
to prove that

’h(S, q, 77) - h(S, q, 77,)| S Emameax . eEmameax : ||77 - 77/Hoo )

provided that ||n — /||, <1 and n,n’ differ exactly on one clock, i.e. [{z €
X | n(xz) # n'(x)} = 1. To this end we define §(e) for each € € (0,1) as
follows:

o(e) = sup {|h(s,q,n) = h(s,q,7)| | s € S,¢ € Q,n,n € Val(X),
ln—1n'|lo <eandn,n differ only on one clock.}

Note that for all 7,7’ € Val(X) and X C X

e if n and 7' differ at most on one clock, then so are n[X := 0] and
n'[X :=0];
o [[n[X := 0] = 0'[X =0l o <In— 7'l

Let € € (0,1). Let s € S, ¢ € Q\F and 7,1’ € Val(X) which satisfies
In =1l <e<1and differ exactly on the clock z, i.e., n(z) # n'(z) and
n(y) = n'(y) for all y # x. W.lo.g, we can assume that n(z) < n'(x). We
clarify two cases below.

Case 1: int(n(x)) = int(n'(z)). Then by n(z) < n'(z), frac(n(z)) <
frac(n/(z)). Consider the “trajectories” of n+ ¢ and 7’ +t when t goes from
0 to oo. We divide [0, 00) into open integer intervals (0, 1), (1,2), ..., (Tmax—
1, Tinax) and (Tiax, 00). For each n < Tiax, we further divide the interval
(n,n + 1) into the following open sub-intervals:

(n,n+ 1 —frac(n/(x))), (n+ 1 — frac(n’(x)),n + 1 — frac(n(x))),
(n+1—frac(n(x)),n+1) .
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One can observe that for t € (n,n+1—frac(n/(x)))U(n+1—frac(n(x)),n+1),
we have n+t =,q 1 +t, which implies that n+¢ and 7’ 4t satisfies the same
set of guards in A. However for ¢t € (n+ 1 — frac(n/(z)),n + 1 — frac(n(z))),
it may be the case that n+ t;égdn’ +t due to their difference on the clock «.
Thus the total length for ¢ within (n,n + 1) such that n + t#,qn' +t is no
greater than |n(xz) — n'(x)|. Then we have (}):

. ‘ /n”“fE(s)(w-{Z[P<s,u>-h(u,qg,ﬂ,(mw[xgﬁ = 0))

u€es

n+1
< [ U89} dt+ B - e B0 fnfa) o ()
n
n+1
< d(e)- / {fE(S) (t)} dt + E(s) - e El)n . ¢
Note that for all ¢ € (Tihax,0) and X C X,
(n+1)[X :==0] =pa (n +1)[X :=0] ;
this implies (from Proposition |8.3))
h(u, q5t (n + 6)[XTE = 0]) = h(u, oI 5, (n +1)[X] = 0]) .

Therefore we have (I):

|h(3’ q, 77) - h(S, q, 77/)|
Tmaxil

> o
n=0
Tmax
5e) /O {fom®} dt+E(s) e Y e B

5(€) - (1 — e B Tmax) 4 . B(s) - Thax
5(6) . (1 _ e—Emax~TmaX) +€- Emax . Tmax

IN

IA

<
<

Case 2: int(n(x)) < int(n'(x)). By |n(z)—n'(x)| < 1, we have int(n(x))+1 =
int(n'(z)) and frac(n’(z)) < frac(n(x)). Similarly, we divide the inter-
val [0, c0) into integer intervals (0,1),(1,2),..., (Tmax — 1, Tmax); (Tmax, 00)-
And in each interval (n,n+1), we divide the interval into the following open
sub-intervals:

(n,n+ 1 —frac(n(z))), (n+1— frac(n(x)),n + 1 — frac(n'(z))),
(n+1—frac(n'(z)),n+1) .
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If t € (n+1—frac(n(x)),n+ 1 — frac(n'(x))), then n +t =,q ' +t. And if
t lies in either (n,n + 1 — frac(n(x))) or (n + 1 — frac(n’(z)),n + 1), then it
may be the case that n +t#,qn’ +t. Thus the total length within (n,n +1)
such that n+t#,qn' + 1 is still smaller than |n(x) —7'(z)|. Therefore we can
apply the analysis () and (f), to obtain that

’h(sa q, 77) - h(S, q, 77,)‘ S 5(€> : (1 - e_EmaXTmaX) +e€- Emax ' Tmax
Thus by the definition of §(¢), we obtain
5(e) < 6(e) - (1 — e BmaxTmaxy L . B - Thax

which implies §(€) < € - eBmaxTmax . B - Thax . By letting e = || — 7| o
we obtain the desired result. O

The Lipschitz continuity of the function prob follows directly from The-
orem

Corollary 8.1. Foralls € S, g € Q and n,n' € Val(X), if |[n—1n'l|, <1
then
[prob(s, ¢,n) — prob(s, ¢, 1) < Mi - [[n —1'l|

where My is defined as in Theorem [8.3
Proof. Directly from Theorem [B.1] and Theorem O

By Corollary we can further prove that prob is the unique solution of
a revised system of integral equations from the one specified in Theorem [8.2]

Theorem 8.3. The function prob is the unique solution of the following
system of integral equations on h: S x @ x Val(X) — [0, 1]:

1. for alls € S, ¢ € Q and n,n' € Val(X), if n =pq 1’ then h(s,q,n) =
his,q,1);

2. for all (s,q,m) € S x Q x Val(X), (i) if ¢ € F then h(s,q,n) =1, and
(1) if (s,q,[n]=) cannot reach a final vertex in G then h(s,q,n) =0;

3. for all (s,q,m) € S xQ xVal(X), if (s,q,[n]=) can reach a final vertex
in G and q € F, then h(s,q,n) equals

Aw{m@uw

Proof. By Theorem Proposition [8.3] and Proposition [8.5] prob satisfies
the integral-equation system. Below we prove that the integral-equation
system has only one solution.

We first prove that if h: S x @ x Val(X) — [0, 1] satisfies the integral-
equation system, then h satisfies the prerequisite of Theorem Let h
be such a function which satisfies the integral-equation system. We only

Z P(s,u) - h (u,q) Lt (n+ ) X0 = O])] } dt .

uesS
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need to consider the case for h(s,q,n) where (s,q, [n]=) cannot reach a final
vertex in G. Assume (s, q,n) such that (s, ¢, [7]=) cannot reach a final vertex
in G. Note that h(s,q,n) = 0. From the proof of Proposition we can
construct a cluster Z of disjoint open intervals which satisfies the following
conditions: (i) UZ € Rxp; (ii) R0\ UZ is a finite set; (iii) for all I € 7 and
t,t' € I, n+t =n+1t'. Choose any t € | JZ and u € S such that P(s,u) > 0.
Then (u,qgt, [(n + ) [XpE = O]} ) cannot reach some final vertex in G

since [n + t]= is not marginal. Thus h(u, qi k!, (n 4 t)[XI5" == 0]) = 0 by
Proposition It follows that

/0 h {fms) (t)-

which shows that h satisfies the prerequisite of Theorem

Then suppose that hi,hy : S x @ x Val(X) — [0,1] are two distinct
solutions of the integral-equation system. Define h := |h; — ha|. By Theo-
rem [8.2] h is Lipschitz continuous on Val(X). Furthermore, by the fact that
N =pq 0’ implies h(s,q,n) = h(s,q,n’), the image of h can be obtained on
S x Q x [[,exl0,T;]. Thus the maximum value

Z P(s,u) - h (u,q)tt, (n+ )X = O])] } dt=0,

u€eS

M :=sup{h(s,q,n) | (s,¢,n) € § x Q x Val(X)}
can be reached. Since hy # ho, M > 0. Denote
C:={(s,q,m) € S xQ xVal(X) | h(s,q,n) = M} .

We first prove that (f): for all (s,¢,n) € C and all edge (s,q,[n]=) —
(s',q¢',[7']=) in G, there exists n” € [n]= such that (s',¢',n") € C.

Consider an arbitrary (s,q,n) € C. Since M > 0, (s,q,[n]=) can reach
a final vertex in G and q € F. From the proof of Proposition [8.5] we can
divide [0, 00) into a cluster Z of disjoint open intervals, disregarding only a
finite number of isolating points, such that [+ 7]= (7 € I) does not change
for all I € Z. Thus h (u, aitt, (n+ ) [XpE = 0}) is piecewise continuous
ont € R>o, for all u € S. Note that

h(s,q,n)

< /OOO {fE(s)(t)
< /(;oo {fE(s)(t)

= h(s,q,m)

Z P(s,u) - h(u, qu;t, (n+ t)[XZj;t = 0])] } dt

u€es

ZP(s,u) -h (s,q,n)] } dt

uesS

By the piecewise continuity, h (u, agtt, (n+ ) [Xott = 0]) = M whenever
t € UZ and P(s,u) > 0. Note that [0,00)\ (|JZ) is finite. Thus for all edge
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(s,¢,[n=) = (s, ¢, [7]=) in G, there exists t € |JZ such that qft" = ¢’ and
(n+t)[XIE" == 0] € [f)=. It follows from (s',¢’, (n+t)[XIL" := 0]) € C that
() holds.

Let (s,q,n) € C. Then there exists a path

(5,4, =) = (50,90, [M0]=) = (51,91, [Mm]=) - - - (Sn, Gns [n]=)

in G with ¢, € F. However, from (f), one can prove through induction
that there exists 1 € [n,]= such that (s, qn,n") € C, which implies ¢, &€ F.
Contradiction. Thus M = 0 and the solution to the integral-equation system
is unique. O

8.5 A Differential Characterization

In this section, we present a differential characterization for the function
prob (cf. Section [8.3). Below we fix a CTMC M = (S,E,P), a DTA
A=(Q,X,X,A,F) and a labelling function £ : S — X.

The following definition introduces our notion of derivative.

Definition 8.12. Given a function h : SxQxVal(X) — [0, 1], we denote by
Vih (resp. V1h) the right directional derivative (resp. the left directional
derivative) of h along the direction 1 (the vector whose coordinates are all
one) if the derivative exists. Formally, we define:

e Vih(s,q,n) = h%l % < (h(s,q,m+t) — h(s,q,m)), if the limit exists;
o Vih(s,q,n) = hI(])a % - (h(s,q,m) — h(s,q,n — 1)), if n(x) > 0 for all
x € X and the limit exists;
for each (s,q,m) € S x Q x Val(X).
Below we calculate these directional derivatives for the function prob.

Theorem 8.4. For all (s,q,n) € SxQxVal(X) with q ¢ F, V{prob(s,q,n)
exists, and V1 prob(s,q,n) ezists given that n(x) > 0 for all x € X. Fur-
thermore,

Viprob(s,q,n) =

E(s) - prob(s,q,n) —

> " P(s,u) - prob(u, ql, n[XT, = 0])]
uesS

and

V1 prob(s,q,n) =

E(s) - prob(s,q,n) —

> P(s,u) - prob(u, qf ,, n[X7, = 0])]
u€eS

whenever V] prob(s,q,n) ezists.
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Proof. Let (s,q,m) € S x Q x Val(X') with ¢ € F. To ease the notation, we
temporarily denote by hls, ¢, n] the function

Z P(s,u) - prob (u, qZIT, (n+ T)[XZ:ZT = O])
ueS

T fE(s)(T) :

We first prove the case for V{prob(s, ¢,n). By Theorem (8.1

prob(s,q,n) = /OOO hls,q,n)(T)dr

and

prob(s, ¢, + t) = / Bls, ¢ + £)(v) dr
0

for all ¢ > 0. Note that h[s,q,n], h[s,q,n + t] is Riemann integratable since
it is piecewise continuous on 7 (cf. the cluster Z constructed in the proof
of Proposition . Thus, [;°hls,q,n)(r)dr and [;° h[s,q,n+t](7) d7 can
be deemed as Riemann integral. By the variable substitution 7/ =t + 7, we
have

prob(s,g. 1+ 6) = [ b q.nr)dr
t
for all ¢t > 0. Then we have

prob(s, q,n +t) — prob(s, q,n)
_ eE(s)~t./ h[s,q,n](T)dT—/ hls, ¢, n)(7)dr
0

— (B 1) / " hls,qum)(r) dr — /0 hls, qun)(r) dr

By Proposition there exists t,ps > 0 such that g 5™ and X7 5 does not
change for 7 € (0, tyns). Thus h[s, g,n] is continuous on 7 when ¢ € (0, t,ps)-
Moreover, the point 7 = 0 can be continuously redefined on h[s, ¢,n]. Thus
by L’Hospital’s Rule, we obtain

V{prob(s,q,n) =

E(s) - prob(s,q,n) — E(s) - Z P (s, u) - prob(u, qg;, n[xg; = 0])
uesS

Then we handle the case for V] prob(s,q,n) given that n(z) > 0 for all
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z € X. For t € (0,min{n(z) | z € X}), we have
pI‘Ob(S, q, 7]) - pI‘Ob(S, q,1 — t)
= prob(s,q,(n—t)+t) — prob(s,q,n —1t)
00 t
= (GE(S)'t - 1) . / h[Sanﬁ*t](T) dT/ h[S,CIJl*t](T) dr
t

0
= (- B, /0 Bls, q,m)(7) dr — e BT B(s)

t
/ CE()T
0

where the last step is obtained by performing the variable substitutions
7/ = 7 —t in the first integral and 7/ = t — 7 in the second integral. By
Proposition there exists ti > 0 such that q' and XJ5' does not
change for ¢ € (0, ). Thus the integrand function in the integral

t
/ CE(s) T
0

is continuous on 7 when t € (0, t)); furthermore, the point 7 = 0 can be
continuously redefined on the integrand function. Thus we can also apply

Z P(s,u) - prob (u, Qi (n—7)XLST = 0])] } dr

ues

Z P(s,u) - prob (u, al’, (n— T)[XZ;T = 0])] } dr

uesS

L’Hospital’s Rule and obtain the desired result. ]
Remark 8.2. Note that if [n]= is not marginal, then [nT]= = [n7]= =
[nl=. This tells us that Viprob(s,q,n) ezists when [n]= is not marginal,
i.e., V1prob(s,q,n) = Viprob(s,q,n). O

Theorem [8.4] will serve as a basis for our approximation algorithm.

8.6 Approximation Algorithm

In this section, we present an algorithm that approximates the function
prob through finite approximation schemes. We establish our approximation
scheme based on Theorem Then we prove that our approximation
scheme converges to prob with a derived error bound.

Below we fix a CTMC M = (S,E,P), a DTA A= (Q,X, X, A, F) and
a labelling function £ : § — 3. For computational purpose, we assume that
all numerical values in M are rational.

Given clock valuation 7 and ¢ > 0, we define n @& ¢ € Val(X) by:

(n @ t)(z) := min{Ty,n(z) +t}

for all z € X. Note that n @ 0 = n iff n(x) < T, for all clocks z. Intuitive-
ly, ‘@’ is a variant operator of ‘+’ which takes into account the relevance
threshold for clock valuations.
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To ease the notation, we extend @&, +, [s|=, E(.), P(.,.) and .™ to triples
(s,q,m) € S x Q x Val(X) in a straightforward fashion, as follows:

(s,q,m) & t:=(s,q,n®t) and (s,q,m) +t = (s,¢,m+1);
[(s,q,m)]= = (5,4, [n]=) is a vertex of G;

E(s,q,n) == E(s), and P ((s,q,n),u) := P(s,u) for each u € S,
(8,¢:m)7F = (s,4,n™).

Moreover, we say that [(s,q,n)]= is marginal if [n]= is marginal; we denote
the triple (u,qg;,n[XZ; :=0]) € S x Q x Val(X) by (s,q,n);, for u € S.

Remark 8.3. By Corollary[8.1] and Proposition[8.3, one obtains easily that
prob(v +t) = prob(v & t) for allv € S x Q x Val(X) and t > 0.

8.6.1 Approximation Schemes

In this part, we establish our approximation scheme in two steps: firstly,
we discretize the hypercube [],.+[0,T;] C Val(X) into small grids; second-
ly, we establish our approximation scheme by building constraints between
these discrete values through finite difference methods. By the Lipschitz
continuity (Corollary and Proposition we don’t need to consider

clock valuations outside [, [0, 7;]. The discretization is as follows.

Definition 8.13. Let m € N. The set of discretized points D,, is defined
as follows:

Dr :=={h[(s,q,n)] | (s,¢,m) € 5 x @ x Val(X),
and for all x € X,n(z) € [0,T;] and n(x) - m is an integer.} .

Intuitively, Dy, results from discretizing the hypercube [] . [0,T%;] C
Val(X') with discretization step m. Note that the point h[v] is in fact v €
Sx@QxVal(X). To simply the presentation, sometimes we do not distinguish
between the point h[v] and the element v.

Below we fix a m € N and define p := m™" (i.e., the discretization step
size). Based on Theorem we render our basic approximation scheme as
follows.

Definition 8.14. The approximation scheme Y,, consists of the discrete
points in Dy, and a system of linear equations on Dy,. The system of linear
equations contains one of the following equations for each hv] € Dy, :

e hiv]
e hiv]

0 if [vl= (as a vertex of G) cannot reach a final vertex in G;
1 if [v]= is a final vertex in G;



8.6. APPROXIMATION ALGORITHM 95

o If [v]z= can reach a final vertex in G and itself is not a final vertex,
then

h[v @ p] — hlu]

’ =E(v) - h[v] - E(v) - Y P(v,u) - hlv] .

u€es

Intuitively, h[v] approximates prob(v) for h[v] € D,,. We relate elements
in D, by using Virh described in Theorem (8.4

Remark 8.4. We would like to remark that Y,, does not have initial values
from which we can approximate prob incrementally. This phenomenon is an
inherent feature from the automata-theoretic definition of the problem (cf.
Definition . In contrast to approximation schemes with initial values,
this increases the difficulty to solve the problem and leads to the following
two problems: one is whether Y, has a solution, or even a unique solution;
the other is the error bound max{|h*[v] —prob(v)| | h[v] € D,,} provided that
h* is the unique solution of Y,y,.

Below we first derive the error bound of Y,,, which is defined as the
maximal error of each linear equality when we substitute all h[v]’s by the
corresponding prob(v)’s. We would like to note that generally the error
bound of an approximation scheme without initial value does not imply any
information of the error between the solution to the approximation scheme
and the function which the approximation scheme approximates.

Proposition 8.6. For all hjv] € D, if [v]l= is not a final vertex and can
reach some final vertex (in G) then

1
o (prob(v @ p) — prob(v)) — Viprob(v)| < My - p ,

where My := 2 - Epax - M7 .

Proof. Let h[v] € Dy, such that [v]= is not a final vertex and can reach
some final vertex in G. Since h[v] € D,,, the function f[v] : [0, p] — [0, 1],
defined by f[v](t) := prob(v @ t)(= prob(v + t)), is continuous on [0, p|] and
is differentiable on (0, p) (cf. Theorem [8.4]and Remark [8.2). By Lagrange’s
Mean-Value Theorem, there exists p' € (0, p) such that % - (prob(v & p) —

prob(v)) = (%f[v]) (p'). By Theorem we obtain

<§tf[v]> (p') = E(v) - prob(v + p') — E(v) - Z P(v,u) - prob((v + p');)

ues
and
Viprob(v) = E(v) - prob(v) — E(v) - ZP(v,u) -prob(v]) .
u€eS
Let v = (s,q,n). By the definition of p, [y + p']— = [pT]=. Then by Corol-

lary we obtain the desired result. O
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To analyze T,,, we further define several auxiliary approximation schemes.
Below we define subsets B,,, B** of D,,, as follows:

By = {h[v] € Dy, | [v]= is not final and can reach some final vertex in G};
B ={h[v] € By |v=1_(s,¢,m) and n(z) =T, for all x € X} .

Intuitively, B,, contains the discrete points to be determined in D,,, and
B2 is the extreme discrete points in B,,. For each hv] € B,,, we define
N, € Ny to be the minimum number such that either h[v & (N, - p)] € B2,
or [v@® (N, - p)]= cannot reach some final vertex in G.

Below we transform Y, into an equivalent form.

Definition 8.15. The approzimation scheme Y., consists of the discrete
points D,,, and the system of linear equations which contains one of the
following linear equalities for each h[v] € Dy, :

e h[v] =0 if [v]z cannot reach a final vertex in G;
e hlv] =1 if [v]= is a final vertex of G.
o if h[v] € B,,,\Bm®*, then

1

T B

-hjv & p] + Lﬁplﬂ(];))zv) ~1%P(v,u) “h[vf] (8.2)

e if h[v] € B2 then h[v] =Y coP(v,u) - hlvf] .

It is clear that Y/ is an equivalent reformulation of Y,,. Note that the
case for h[v] € B> in Y/ is derived from the fact that v@® p = v. The error
bound of the approximation scheme Y/ is as follows. To ease the notation,
in the following we define

1
dpp = ———— .
PP 14 p - E(v)

Proposition 8.7. For all h[v] € B2,

prob(v) = Z P(v,u) - prob(v)) .
uesS

For all hjv] € B,,,\B®*, the value

prob(v) — (dp,v -prob(v@® p) + (1 —d,.) - Z P(v,u) - prob (vf[)) ‘

ues
is smaller than Moy - p* .

Proof. The case for hjv] € B2 is due to the fact that Vprob(v) = 0
by definition. The case h[v] € B, \Bn®* can be directly derived from the
statement of Proposition using the fact that Y/ is a direct equivalent
reformulation of Y,,. O
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In the following, we unfold Y/ into another equivalent form Y7 .

Definition 8.16. The approximation scheme YV consists of the discrete
points Dy, and one of the following linear equality for each h[v] € Dy, :

o h[v] = 0 if [v]z cannot reach some final vertex in G, and h[v] = 1 if
[v]= is a final vertex in G;
o if h[v] € B,,,\Bm®*, then

Ny—1
hfv] = {dlp,v'(l—dp,v)-ZP(%U)'h[(v@(l'P))fE]}

=0 u€es
+dyy - f(v) (8:3)

where f(v) :=0if [v® (N, - p)|l= cannot reach some final vertex in G,
and f(v) := 3", P(v,u)-h[(v® (Ny - p))y] ifh[v @ (Ny - p)] € B
e if h[v] € B2 then h[v] =3 . P(v,u) - hlvf] .

Intuitively, Y/ is obtained by unfolding h[vp] further in Equation .
In the following, we prove that Y, and Y/ are equivalent, i.e., they have
the same set of solutions.

To ease the notation, we describe Y/ by a matrix equation v= Av +b
where v is the vector over B, to be solved, b : B,, — R is a vector and
A : B,, x B;, = R is a matrix. For example, for h[v] € B,,\Bn®*, the row
A(h[v],—) is specified by the coefficients on h[v'] € B, in Equation (8.3);
the value b(h[v]) is the sum of the coefficients on D,,\B,, in Equation (8.3).
The exact permutation among B, is irrelevant. Analogously, we describe
T/, by a matrix equation v = Cv + d.

Proposition 8.8. T, and Y/ are equivalent, i.e., they have the same set
of solutions.

Proof. We first consider the direction from Y/, to Y/ . However, it is clear
that Y7 is obtained directly from Y/ . by expanding h[v @ p] repeatedly in
Equation whenever v & p € B, \Bn**.

Then we consider the non-trivial direction from Y/ to Y/ . Let {h[v] |
h[v] € D,,} be a solution of T”,. Define the function h by: h:= 1g,, - h. We
prove that for all h[v] € B,,\Bh®* and all 0 < n < N,,

hlo] = {dﬁw (L=dpy)- Y Plv,u)-h[we(-p)y] }

ueS

#3{d,dmpad o))

1=0
+ dﬁ;l ~hlv@d ((n+1)-p)] . (8.4)
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We prove this by induction on N, —n. The case when n = N, — 1 is directly
specified by TV Let 0 < n < n+1 < N, and assume that Equation
holds when N, —n’ < N, —n. By induction hypothesis, we have

n+1
hlo] =) {dlp,v S(1=dpo)- Y Pw,u)-h[(ve(l-p)] }
=0 uesS
n+1

+> {d.-dhe o)}
=0
+dp P h e ((n+2)-p)]

Then, we have (7):

3

hlv] = diw (1 =dpp) - Z P(v,u) - h [(v DIl p)lﬂ }

1=0 ues
s {(1_%) ST Pw) - h[we (n+1) )]

Note that Nyg(nt1).p —0 = Ny — (n+ 1) < N, —n. Thus by the induction
hypothesis,

hlve ((n+1)-p)]
=(1—dpy) - Z {P(v, u) - h [(U ©((n+1)- p))vj] }

ues
+d(hfpo((n+1)-p)) +dpy-hlvd((n+2)-p)] .

Thus, Equation (8.4) holds when we substitute h[v & ((n + 1) - p)] into ().
By taking n = 0 in Equation (8.4), we obtain that {h[v] | h[v] € Dy, } is a
solution of Y7,. ]

Below we derive the error bound of Y/ .

Proposition 8.9. The error bound of the approximation scheme YV s
Ms - p, where M3 := Tiax - Ms.

Proof. We only need to consider h[v] € B,,,\Bn®*. By Proposition

prob(v) — (dp,v -prob(v @ p)+ (1 —d,y) - Z P(v,u) - prob (U;—))

u€es
<My-p? . (8.5)
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Expanding prob[v @ p] one step further in (8.5) will result in another error
of dp, - My - p%. By repeated expansion up to N, (< Thax - p~ ) steps, the
error bound of Y’ is no greater than My - p? - Zﬁflal d? ., which is smaller

pyv?
than My - Thax - p- ]

8.6.2 Error-Bound Analysis

In this part, we analyze the error between prob and the solution to the
approximation scheme Y, (or equivalently T/ . Y7 ). We fix some m € N
and p = m~!. We define

e E;, = min{E(s) | s € S} and
® Ppin = min{P(s,u) | s,u € S and P(s,u) > 0} .

We note that E,;, > 0 by Definition [8.1

Recall that we describe Y/ by v.=Av +b and T/, by v=Cv+d in
the previous part. Below we analyse the equation v = Av + b.

We first reproduce (on CTMCs and DTAs) the notions of 0-seperateness
and d-wideness, which is originally discovered by Brazdil et al. [I7] on semi-
Markov processes and DTAs. These notions are used to derive the error
bound. The following definition introduces a related technical notion of
transition relations.

Definition 8.17. For eacht € R, the binary relation L on Sx Q% Val(X)

is defined by: ((s,q,n), (u,q', 1)) el iff P(s,u) > 0, [n+t]= is not marginal,
and x((q,n), (t, L(s)) = (¢, 7).

We write “(s, 1) > (u,/, 1) instead of “((5,4,1), (1.’ 1) €57 we
will call an (s, q,n) i (u,q',n’) a transit. The notions of seperateness and
wideness are defined as follows. Below we recall that

Zy, ={0,1} U {frac(n(z)) | x € X and n(z) < T,} .

Definition 8.18. Let § € Rog. A clock valuation 7 is d-separated if for all
di,dy € Zy, either di = dy or |di —da] > §. A transit (s,q,n) EN (u,q'sn')
is d-wide if t > 6 and for all T € (t — 0,t +6), n+ 17 =n+t. Furthermore,
a sequence of transits

t1 n

t
(307(]07770) — (817q17771) cee T (SQOnn) (n Z 1)

t;
from (80, g0, 70) t0 (8ns Gns 10 ), where (si, qi, i) —— (Si+1, Qi1 Miv1) for all
t; . .
0<i< n, is d-wide Zf (Siaqi777i> i> (Si+17qi+1777i+1) is O-wide fOT' all

0<i<n.
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Intuitively, a transit is d-wide if one can adjust the transit by up to
time units, while keeping the DTA rule used to obtain this transition (cf.
Definition [8.7)).

To explain the usage of separateness and wideness, we further import
the following technical notions.

Definition 8.19. A collection T of disjoint non-empty open intervals in
R>¢ is an open partition (of [0,1]) if UZ C [0,1] and [0,1]\ (UZ) is a finite
set. Given a non-empty open interval I C [0,1] with I = (c1,¢2) and a t €
R>0, we define Iot to be the (possibly empty) interval (frac(ci+t), frac(ca+t))

The following proposition illustrates the usage of separateness and wide-
ness, which is also the counterpart of the one on semi-Markov processes and
DTA [16], [17]. In the following, |G| denotes the number of vertices of G.

Proposition 8.10. Let 6 € Rsg. For all (s,q,n) € S x Q x Val(X), if n
is 0-separated, ¢ ¢ F' and (s,q, [n]=) can reach some final vertex in G, then

there exists a |g—|—wide and at most |G|-long sequence of transits from (s, q,n)

to some (s',q',n') with ¢ € F.

Proof. Let (s,q,n) € S x Q x Val(X) such that (s,q, [n]=) is not final and
can reach some final vertex in G. Assume that 7 is d-separated. Then there
exists a path

(s,¢,[n]=) = (s1,q1,t1) = -+ = (S, G tn)

in G such that 1 <n < |G| and ¢, € F. Firstly, we inductively construct a
sequence of transits

" by
(S7q777) - (817Q17771) _1> s % (Sm(]mnn)

such that n; € v; for all 1 < ¢ < n, while maintaining the following structures:

e two open partitions 7], Z; with Z,, C [0,1]\ JZ], for each 1 < i < n;

e a bijection ¢; : Z] — Z;, for each 1 <i <mn;

e two intervals (ct,c}) € T;, (w,wd) € Z! with ¢;((wi,ws)) = (ci,cb),
foreach 1 <i<n-—1;

e ace(c,ch), foreach 1 <i<n-—1.

Initially, we set n1 = n and Z; = 7] = {(wj,w;j11) | 0 < j < k}, where
the unique finite sequence {wj;}o<;<y satisfies that Z, = {wo, w1, ..., wi}
and w; < wjqq for all 0 < j < k ; (note that wy = 0 and wy, = 1;) we let ¢
be the identity mapping.

Assume that the sequence of transits until (s;, ¢;, 7:), together with 7/, Z;
and ¢;, are constructed. Since (s;,qi,ti) — (Si+1,Gi+1,%+1) in G, there
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exists t; > 0 such that [n; + t;]= is not marginal, g;41 = qgﬁf’ and (n; +
t)[XPEE .= 0] € 1. Since [ 4 t;]= is not marginal, we can adjust

t;, while without changing [n; + t;]=, so that we can choose (wi,ws) € Z!
with 1 € (w! + frac(t;), ws + frac(t;)). Define (ci,c4) = ¢i((wi,w)) and
1

choose ¢’ € (¢}, cb) arbitrarily (e.g., ¢" := 5 - (¢} 4 ¢4)). Then we set 7,11 :=

(i + t:)[XP 5 == 0] € vy, and split Z;, 7! as follows:

Zit1 = (Ii - {Soi((wia wé))}) U {(Civ ci)’ (Civ 612)} ;
I{H = (wl1 + frac(t;), 1), (0, frac(wé + frac(t;)))}
U{lot; | T €T —{(w},wh)}} .

The mapping @it1 : I | — Zi41 is defined as follows:

@it (W] + frac(t;), 1)) = (¢, ") , ir1((0, frac(wh + frac(t;)))) = (c', cb);
wir1(Iot;) = @;(I) for all T € ! — {(w},wb)} .

Intuitively, we record by Z/ every possible splitting point caused by a transit
which may make the wideness of 7; + ¢; decrease, and we record the un-
timed splitting information by Z;, where the correspondence between them
is maintained by ;.

Since n < |G|, at most |G| — 1 splitting operations occur on intervals
during the inductive construction described above. Based on this point, we
inductively construct a new %—Wide sequence of transits

I bt 1y
(87 q, 77) - (817 QIvnl) R R (STH dp, nn)
such that s; = s, ¢; = ¢/ and n} = n; for all 1 < i < n, while maintaining
an open partition Z!" and a bijection v; : Z!" — I for each 1 < i < n, which
satisfy the following conditions for all 1 <7 < n:

L. Z, C[0,1\NUZ;

2. for all I, Iy € T/, sup I} < inf Iy iff sup ¢;(11) < inf ¢;(l2);

3. forall 2 € X, (&), d}) € TV and (dv,do) € T, if wi((d}, d})) = (dv, dn)
then (i) ni(z) = d} iff n;(z) = d; and (ii) n}(x) = db iff n;(z) = do.

Intuitively, the new inductive construction maintains the order on the frac-
tional values in the previous sequence of transits, while adjusting the timed
information on each transit to meet the wideness requirement. In the new
inductive construction, we define Ny (for each I € |J! ;Z;) to be the num-
ber of splittings on the interval I in the previous inductive construction, i.e.,
Ny=|{I'eZ,|I' CI}|-1.

Initially, we set (s},¢1,n)) = (s,¢,n), Z{ = Zj and ¢ to be the i-
dentity mapping. Assume that the sequence of transits until (s}, q},n}) is
constructed. Let (di,dy) € I!' be such that v;((d%,d})) = (wi,ws). We
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choose ¢, such that int(t;) = int(¢;), 1 € (d% + frac(t;), d} + frac(t,)) and the
length of (d} + frac(t;), 1) (resp. (0 frac(dj + frac(t})))) is no smaller than
(N(c’i7ci) +1)- % (resp. (Nigiei)+1)- ‘%') Then we set

i+t mitt
(5;—1—17 qg—&—lv 77;—&—1) = (57;+1, qq;,s; ) (77; + t;)[Xq§’S; T 0])
and split Z, ¢; as follows:

= AL o |1 €T —{(di, dy)}}

U{(dj + frac(t}), 1), (0, frac(dj + frac(t))))};
Vi1 (I' o th) = I ot; whenever ¢;(I') = I and I' # (d}, db);
Vi1 ((dh + frac(th), 1)) = (w! + frac(t;), 1);
¥i11((0, frac(db + frac(t})))) = (0, frac(ws + frac(t;))) .

By the choice of ¢; and ¢;, one can prove inductively on ¢ that for all 1 <
i <n, (1) (si,q) = (s}, q)), (ii) 7 = n} and n; + t; = 0} + ¢, and (iii) for all
I € TV, the length of I is no smaller than (N%,( vy T 1) - %. Thus, the

newly-constructed sequence of transits is ] g| -wide. O

Based on Proposition [8.10] we study the equation v = Av + (, where
¢ : By, — R is an arbitrary real vector. We define (pax : By — R by:
Cmax(h[v]) = M3 - p for all hjv] € B,,. Given a vector ( : B, — R, we denote
by |¢| the vector such that |C|(h[v]) = |((h[v])| for all h[v] € B,,. We denote
by 0 the vector with all coordinates zero.

Proposition 8.11. Assume m > 2|G|*>. Let ¢ : B, — R be a vector such
that |¢] < Cmax- Then the matriz series y .- A" converges. Moreover,

o0
1D A <Gl -9 My p

n=0

_Emax’Tmax Emin

where ¢ := e * Pmin m .

Proof. Let § := |G|72 and k := Lﬁj We analyse (37 A"()(h[v]) for
each h[v] € By,. Let h[v] € By, with v = (s,4,7).

Firstly, we consider the case when ¢ = (pax and h[v] € BRa* By defi-
nition, 7 is 1-separated. Then by Proposition there exists a shortest
|G|~ 1-wide sequence of transits

t, o

(57(1’77) (51aQ1,771) . —n_1_> (Sm(]mﬁn)

with 1 <n <|G|, ¢ & Fforall1<i<n-—1and g, € F. By the definition
of wideness, [n; + t;]= is not marginal for all 1 < i < n — 1. We adjust
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the timed information in the sequence up to § by deviations {J; }1<i<p—1, to
obtain a new sequence of transits

/) t1+01 tn—1+0n—1

(5,(177]) — (Slaqllanl (qugﬂ%,m) )

where 6; € [0,9) forall 1 <7 < n—1. Given any such deviations {J; }1<i<n—1,
we can prove inductively on i that for all 1 <i <n —1 (}):

® G =i, M; =gd i .

o ni(x) +ti <m(x) + (i 4+ 6i) < mie) + i+ 35, 65 < mi(e) + i+ ]G]
for all clocks z.

o 1) + (ti + 0;) =gq M + ti (which follows from the previous two items
and the |G|~!-wideness of the original sequence of transits).

It follows that one can deviate the original sequence of transits up to d
amount, while maintaining the reachability to some (s, gn,n,) with ¢, € F.
Then, we inductively define {V;}1<;<, with each V; C D,, by:

o Vi = {h[v]};
o Vi ={h[(W®7)L ]|h[v]€ViT€ltit;+0),hv ®71] € Dp,} .

Sit1

We prove that (1): for all 1 < k <n and (s',¢,7') € Vi, (5',¢) = (s, qx),
and (s',¢',n') € By, if k # n. The case when k = 1 is straightforward.
Below we fix an arbitrary 1 < k& < n. Let (s',¢,n) € Vg. From the
inductive definition of V;, there exists a finite sequence {(s}, ¢/, n!)}}1<i<k

such that

o (s1,q1,n) = (s,q,m) and (s}, q;,m;) = (s',¢',n'), and
o forall1 <i <k,

n@(ti+6:)) " n/@(ti+8:)) "
(Si410 Gip1s i) = (sé’,qgg,s;' ) 7 © (i + ;) [X(u % ) })

q’L 781
for some §; € [0,0).

By the definition of V;, s = s; for all 1 < i < k. We extend the sequence
{di}1<i<k to a whole collection of deviations {d;}1<i<n, where the values
{6i}k<i<n are arbitrarily chosen from the interval [0,d). By the previous

analysis in this proof, we can construct a new sequence of transits

t1+0 trn_1+0n_
(s,4,m) = (s1,q1,m)") =5 0 L0 (S0, Gy 1)

We prove by induction on i that for all 1 <i <k, (i) ¢/ = ¢; and (ii) for all
clocks z, either n/(x) = n)’(z), or both n/(z) > T, and 1}’ (x) > T, holds.

The base step ¢ = 1 is straightforward. Assume the inductive hypothesis
for i. By the definition of transits, t; + §; > 0. It follows that

n; +ti+ 0 =pa ) +ti+ i
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This further implies that

[+t + 0i= = [(nf @ (t: +6:) T]=

since [1)]" + t; + 0;]= is not marginal. Thus, we have ¢, ; = g;41 and for all

clocks z, either nj | (z) = 7}, (x), or both 7}, (x) > T, and ;" | (z) > T}
holds; this completes the inductive step.

Thus, we have (s',¢") = (sk, qx), and for all clocks z, either ' (x) = ;" (x)
or both 7/(x) and 1}/ (x) is greater than or equal to T;. Assume that k # n.
By the definition of transits, (sk,qk, [(7)/)"]=) is not final and can reach
some final vertex in G. So we also have that (s',¢,[(7')T]=) is not final and
can reach some final vertex in G, which implies that (s, ¢/, [7']=) is not final
and can reach some final vertex in G. By the arbitrary choice of (s',¢', 1),
we obtain that Vi, C B,,, for 1 < k < n.

Below we prove by induction on 7 > 1 that for all v € V,,_;,

|(AiCmax)(U/)| < (1 — Ci) . Mgp .

Note that (§): Almax < Cmax and Al < A¢s for all 0 < ¢; < (o. Tt follows
that AJCnax < AlCmnax for all 0 < i < j.
Base Step: ¢ = 1. Consider an arbitrary v/ € V,,_1. If Ny

tn—1 4 0p—1, then from Y/ and (}), we have

Z A(h V") > pmin'<1+p_lE(v,)>Nv/

h[v"]€Bm
1 Tmax/p
Pmin - /
1+ p-E(V)

p e e_Emax'Tmax
min

v

AVARLY}

c .

|0/p] distinct 7’s from the interval

Otherwise, there are at least k :=
'@ 7] € Dy Note that kp > 1G] 72. By (%),

[tn—1,tn—1+0p—1) such that h[v' @
we have

h[v"]€Bm

1 Tmax/ﬂ kp . E(,U/) .
1+ p-E(W) 1+p-E@) Pmin

LI 2 B()
I+ 51912 B(W)
Dunin - Emin
min 72‘g|2+Emin .

Z e_Emax"Tmax .

Pmin

> efEmax'Tmax .

Thus, we obtain |(Almax) (V)] < (1 —c¢) - M3p.
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Inductive Step: Assume that (A(max)(v”) < (1 —¢) - M3p for all
v" € V;_;. We prove the case for i + 1. Fix some v' € V,_(;q). If
Ny - p < tp—1+ 6p_1, then by a similar analysis in the base step, we have

N’U,
(Ai—HgmaX)(U/) < (1 ~ Pmin - ( : (’U’)> ’ ci) “Mzp < (1*ci+1)'M3p

14+p-E

Otherwise, there are at least k := |d/p] distinct 7’s from the interval
[tn—(i+1)s tn—(i+1) + On—(i41)) such that h[v' © 7] € Dy,. By the induction
hypothesis, we have

(AiJrlCmax)(UI)
1 Nv/ ka(U/) )
< Msp-{1- . L
= { <1+p-E(v’)> 1+p-E@) Pmin = ¢
E.; )
< M . 1 — efEmax'Tmax - Prin - _—Hmin CZ}
< N

= Mp-(1—c*) .

Then the inductive step is completed.
Then we obtain

(Alg|71<max)(vl) < (Aigmax)(vl) < (1 - ci) -M3p < (1 - clg|71) - Msp

forall 1 <i<n—1andv €V, ;. Thus, Al9=1¢ . (v) < (1—cl9-1). M3p,
for all v € B,

Now consider an arbitrary v € B, while ( = (pax. If either v @ (Ny,p) &
BMaX or h[(v @& (Nyp))t] & By, for some u € S with P(v,u) > 0, then

(A9ma) (1) < (Almax) (v)

1 Tmax/P
> <1 T pE(U)) Pmin 3P
S (1 . e_Emax’Tmax . pmln) . M3p
< (1—d9y - Mp

Otherwise, by

Y P u) - (A ) (1)) = (A Gina) (0%) < (A9 i) (07)

u€esS

where v* := v @ (Nyp), we have

Tmax/p
(A ’ Awl_lCmax)(”) < (1 - (H—plE(v)> : Cg|_1> - Msp

IN
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Then A‘Q‘Cmax <(1- c|g|) - Cmax- It follows that
A9 < (1= )G

for all i € N. Thus by (§), D22 A'Cmax converges since Yoo A'Cax 18
bounded by |G| - ¢719! - Cax.

Finally, we consider any ¢ such that |¢| < (max. Since all entries of A’
are non-negative, |A%( ‘ < A%(nax.- Thus by Cauchy’s criterion, Yoo A
converges and || 5% A [|oo< [G] - <7191 - M3p. O

By Proposition the system of linear equation v = Av + ( has a
solution for all |¢| < (max, when m > 2|G|2. The following propositions show
that the linear equation has a unique solution.

Proposition 8.12. Assume that m > 2|G|?>. For all solutions v of v =
Av + C with || ¢ ||, < Msp, |v| < v*, where v := 320 Allmax-

Proof. Let v be an arbitrary solution of v. = Av + (. Define v/ = v* — v.
By the fact that v* = Av* + (uax, V' (h[v]) > (Av’)(h[v]) for all h[v] € B,,.
Suppose that there exists some h[v] € B,, such that v/(h[v]) < 0. W.l.o.g, we
assume that v/(h[v]) is the least element of {v'(h[¢']) | h[v'] € B,,}. Denote
¢ = Yhiles,, A(h[v],h[v']) € [0,1]. Then v'(h[v]) > ¢ v/(h[v]), which
implies ¢ > 1. Contradiction. Thus v/ > 0. Similar arguments holds if we
define v/ = v* + v. Thus we have |v| < v*. O

Proposition 8.13. The matriz equation v = Av + ( has a unique solution
for all ¢ such that ||C||,, < Mzp. It follows that I — A is invertible, where I
is the identity matriz.

Proof. By Proposition the equation v = Av + ( has a solution. By
Proposition all solutions of v = Av + ( are bounded by v*. Suppose
that the equation has two distinct solutions. Then the homogeneous equa-
tion v = Av has a non-trivial solution, which implies that the solutions of
v = Av + ( cannot be bounded. Contradiction. Thus v = Av + ( has a
unique solution and I — A is invertible. O

Now we analyse the approximation scheme Y/ (Y,,). In the following
theorem (which is the main result of this chapter), we prove that the equa-
tion v = Cv + d has a unique solution (i.e. I — C is invertible), and give
the error bound between the unique solution and the function prob.

Theorem 8.5. The matriz equation v = Cv +d (for Y}, ) has a unique
solution V. Moreover, maxyyeg,, [V(h[v]) — prob(v)| < |G| - 19 Mgp.

Proof. We first prove that v. = Cv + d has a unique solution. Let v =
Cv + ¢ be a matrix equation such that || ¢ ||, < Map?. From the proof of
Proposition|8.8], we can equivalently expand this equation into some equation
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v =Av + (' with || {' ||, < Tmax/p - Map* = M3 - p. Since v = Av + (’
has a unique solution, v = Cv + ( also has a unique solution. Thus I — C
is invertible and v = Cv 4 d has a unique solution.

Now we prove the error bound between Vv and prob. Define the vector v’
such that v/(h[v]) = ¥(h[v]) — prob(v) for all h[v] € B,,. By Proposition
v’ is the unique solution of v = Cv + ¢, for some || ¢ ||oo< Map?. Then v’ is
also the unique solution of the equation v.= Av+(’, for some || (' ||co< M3p.

By Proposition | V' [|oo< |G| - ¢ 191 - M3p. O

By Theorem and the Lipschitz Continuity (Corollary , we can
approximate the value prob(s, ¢,n) as follows: given € € (0, 1), we choose m
sufficiently large and some h[v] € D, such that [prob(v)—prob(s,q,n)| < 3-€

and Ms|G|c719. p < 1. €. Then we solve the approximation scheme Y7, to
obtain v(h[v]).

8.7 Conclusion

In this chapter, we corrected the errors in the paper [24] by new proofs,
namely, the proof for the measurability of the set of CTMC-paths accepted
by a DTA and the proof for the integral characterization. And we presented
the first algorithm to approximate the acceptance probabilities of CTMC-
paths by a multi-clock DTA under finite acceptance condition. Unlike the
result by Barbot et al. [9], we are able to derive a tight approximation error.
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Chapter 9

Cost-Bounded Reachability
on CTMDPs

In this chapter, we focus on the problem to compute maz/min resource-
bounded reachability probability on a CTMDP (cf. Chapter [7). Typical
resource types considered here are time and cost, where a time bound can be
deemed as a special cost bound with unit-cost one. In general, the task is to
compute or to approximate the optimal (max/min) reachability probability
to certain target states within a given resource bound (e.g., a time bound).

Optimal time-bounded reachability probability over CTMDPs has been
widely studied in recent years. Neuh&duBer et al. [59] proved that the max-
imal time-bounded reachability probability function is the least fixed point
of a system of integral equations. Rabe and Schewe [65] showed that the
max/min time-bounded reachability probability can be attained by a deter-
ministic piecewise-constant time-positional scheduler. Efficient approxima-
tion algorithms are also developed by, e.g., NeuhduBer et al. [59], Bréazdil et
al. [15], Hatefi et al. [46] and Rabe et al. [35].

As to optimal cost-bounded reachability probability, much less is known.
To the best of the author’s knowledge, the only prominent result is by
Baier et al. [5], which establishes a certain duality property between time
and cost bound, under the setting of time-abstract schedulers. This dual-
ity results in an approximation algorithm for the case of one-dimensional
cost-bounds. Their result is restrictive in the sense that (i) it assumes that
the CTMDP have everywhere positive unit-cost values, (ii) it only takes
into account one-dimensional cost-bound aside the time-bound, and (iii) it
does not really provide an approximation algorithm when both time- and
cost-bounds are present.

Besides resource-bounded reachability probability, we would like to men-
tion another well-investigated objective on CTMDPs with costs (or dually,
rewards), which is (discounted) accumulated reward over finite/infinite hori-
zon (cf. [20, [63], just to mention a few).

109
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In this chapter, we consider multi-dimensional maximal cost-bounded
reachability probability (abbr. MMCRP) over CTMDPs under the setting
of both early and late schedulers, for which the unit-cost is constant. We
first prove that the MMCRP function is the least fixed-point of a system of
integral equations. Then we prove that deterministic cost-positional mea-
surable schedulers suffice to achieve the MMCRP value. Finally, we describe
a numerical algorithm which approximates the MMCRP value with an error
bound. The approximation algorithm relies on a differential characteriza-
tion which in turn is derived from the least fixed-point characterization.
The complexity of the approximation algorithm is polynomial in the size of
the CTMDP and the reciprocal of the error bound, and exponential in the
dimension of cost-bound vectors.

Besides, we point out a proof error in the treatment of maximal time-
bounded reachability probability on continuous-time Markov decision pro-
cesses [57, [59]. We fix this error in the more general setting of maximal
cost-bounded reachability probability through a new methodology.

The chapter is organized as follows. In Section we define the notion
of maximal cost-bounded reachability probability and derive the least-fixed-
point characterization, while we also point out the proof error in [57, 59]. In
Section [9.2] we prove that the maximal cost-bounded reachability probabil-
ity can be reached by a measurable deterministic cost-positional scheduler.
In Section we derive a differential characterization which is crucial to
our approximation algorithm. In Section we present our approximation
algorithm. Finally, Section concludes the chapter.

We denote by & the real vector whose coordinates are all equal to z € R
(with the implicitly known dimension).

9.1 Cost-Bounded Reachability Probability

In this section, we introduce the notion of maximal cost-bounded reachabil-
ity probability. Below we fix a CTMDP M = (S, Sey, Sia, Act, Eqr, Eja, P)
(cf. Chapter [7). We define:

o E o :=max ({Ej.(s) | s € Sla} U{Ee(s,a) | s € Ser,a € En(s)});
e P, := min{P(s,a,5) | 5,8 € S,a € Act,P(s,a,s’) > 0}.

In the whole chapter, we will use ‘E(s,a)’ to denote E¢(s,a) when s € Se;
and a € Act, and ‘E(s)’ to denote Ej,(s) when s € Si,.

Firstly, we introduce the notion of cost functions which associates costs
(or dually, rewards) to a CTMDP.

Definition 9.1. Let k € N. A cost function w (for M) is a function w :
S x Act — Rgo such that for all s € Sy, and a,b € En(s), w(s,a) = w(s,b).
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Intuitively, a cost function assigns to each pair in S x Act a non-negative
real vector c, where each component c; of the vector can be viewed as the
unit cost per time w.r.t certain resource represented by the coordinate index
j, when certain action is chosen at certain current state. A cost function
should observe the restriction that when it is applied to a late-schedulable
state, the cost should be independent of the action chosen (by a scheduler)
at the state; this restriction is to make cost functions compatible with the
notion of late-schedulable states (cf. Chapter [7)).

In the following, we fix a cost function w : S x Act — RE (for M),
where k € N is a fixed natural number. We abbreviate ‘(w(s,a));" (s € S,
a € Act, 1 <1i < k) as ‘w;(s,a)’. For a late-schedulable states s € Sj,, we
simple use ‘w(s)’ to denote ‘w(s,a)’ for an arbitrary a € En(s). We define

& Wpiy := min{w;(s,a) | 1 <i<k,s €S acEn(s),w(s,a)>0}, and
® Whayx := max{w;(s,a) |1 <i<k,seSacEn(s)} .

We assume that Wy, is well-defined and wyyi, > 0 (i.e., w is not the zero
function.): if w is the zero function, then the cost-bounded reachability on
M will be equivalent to reachability on the discrete-time Markov decision
process with state space S, actions Act and the probability transition matrix
P (cf. [7, Section 10.6]).

The main focus of this chapter is on costs of paths and histories. The
cost is assigned linearly w.r.t the unit-cost and the time spent in a state.
The following definition presents the details.

Definition 9.2. Given a path 7 € Paths(M) and a set G C S of states, we
denote by C(m,G) the accumulated cost vector along m until G is reached;
formally, if 7{[m] € G for some m > 0 then

n

C(m,G) =Y _w(i)- w(nli], (i) ,

=0

where n € NgU{—1} is the smallest integer such that m[n+1] € G; otherwise,
C(m,G) := X, for which &b is the k-dimensional vector whose all coordinates
are oo.

Given a history & € Hists(M), we denote by C(§) the accumulated cost
vector of &; formally,

Then, we introduce the notion of maximal cost-bounded reachability
probability, which is the main subject of this chapter.
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Definition 9.3. Let G C S. For each measurable scheduler D, we define
the function probZ : S x R¥ — [0,1] by: probZ(s,c) := Prp pig (IIg) where

¢ = {m € Paths(M) | C(m,G) < c} .

Moreover, we define probg® : S x R¥ — [0,1] by:

max

probg™ (s, c) := sup probg (s,c)
DeMSched(M)

for all s € S and ¢ € R¥, where MSched(M) is the set of all measurable
schedulers (for M ).

Remark 9.1. It is not hard to prove that II7, is measurable. One can
proceed by showing that each II} ., which is the set of paths w that can reach
G within cost-bound ¢ and n transition steps, is a closed set on the collection
of variables (w(0),...,m(n —1)). Then the result follows from the fact that
¢ = U,en 7 - Thus, all functions in Definition are well-defined.

From the definition, we can see that II¢, is the set of paths which can
reach G within the cost-bound vector ¢, and probg®*(s,c) is the maximal
probability of II§, with initial distribution D[s] (i.e., with fixed initial state
s) ranging over all measurable schedulers. It is worth noting that if ¢ 2 0,
then both probQ (s, c) and probZ™(s, c) is zero.

From Theorem and Proposition we can directly obtain the fol-
lowing results.

Corollary 9.1. Let D be a measurable scheduler and G C S. The function
probg satisfies the following conditions for all s € S:

1. if s € G then probZ(s,c) = 1]1{1;0((3) for all c € R¥;
2. if s € Ser — G then -

probZ (s, c) = Z D(s,a) -
a€En(s)

/ " e (1)

3. if s € Sia — G then

a,t
Z P(s,a,s) -probg[5—>](s', c—t-w(s, a))] dt ;
s'eS

prObg(S’c) = Am fE(s)(t) : { Z D(Satva)'

a€En(s)

3 Pty ot e twin | b

s'esS
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Intuitively, Corollary expands the function probg to an integral rep-

resentation.
The following theorem mainly presents the fixed-point characterization
b&™, while it also states that probg™*

for probg
Theorem 9.1. Let G C S. The function prob®(.,.) is the least fized-point
(w.r.t <) of the higher-order operator

is Lipschitz continuous.

Ta: |S xRF = [O,lﬂ — [SXR"‘—> [0,1]
defined by:
e Ti(h)(s,c) := lR;;O(c) for all s € G and c € R¥;
e forall s € Ser — G and c € R¥,

Ta(h)(s,c) :=

ag]é?lxs)/ fE(sa
e foralls € Sy, —G and c € R¥,
Ta(h)(s, ) :=

/0 fE(s) (t ’ aé%?lxs)

for each h : S x R —[0,1] (cf. Definition @) Moreover,

Z P(s,a,s’)-h(s',c—t-w(s, a))] dt ;

s'es

ZPSCLS s,c—t-w(s))] dt ;

E
|probg‘ax(s, c) — probga"(s,c/ﬂ <2 le—d|
Wmin

foralle,c >0 andse S .

Proof. For each n € Ny, we define the function probp'e’ : S x R* — [0, 1] by

prob, & (s, ¢) = sup Prp o (H5.6)
DeMSched(M)

where

I},  := {7 € Paths(M) | C(r,G) < c and 7[m] € G for some 0 <m < n} .

max

Intuitively, proby's is the maximal cost-bounded reachability probability
function within n steps. For each n € Ny and § > 0, define

e(n,d) := sup{ ‘pro ne (8,¢) — probp'ei(s, c ‘ ]
seS,c,d>0and || c—c [|oo< 6} :

Note that €(0,0) = 0 for all § > 0. Firstly, we prove by induction on n > 0
that the following assertions hold:
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(a) probpE(s,c) = 1Rk (c)if se G ;
(b) given any ¢ > 0, e(n 6) < Bmax .5,

Wmin

(c) if n > 0 then probpiy 4(s,c) = Ta(proby'e)(s,c) for all s € S — G
and c € R*.

The base step when n = 0 is straightforward: it is clear that Prp p(y) (H&G) =
1c(s) - gk (c) for all measurable schedulers D; thus (a), (b) holds and (c)

is vacuously true. For the inductive step, let n = m + 1 with m > 0 and
assume that (a),(b),(c) hold at m. It is easy to see that (a) holds at n. We
prove that (b) and (c) hold for n.

We first prove the inductive step for (c). Let ¢ > 0 and s € S — G. (The
situation when ¢ # 0 is straightforward.) Assume that s € Se; — G. By
Theorem and Proposition for all measurable schedulers D

PrD,D[s](H21+1,G) = Z D(s,a) -

a€En(s)
c—t-w(s,a)
/ TE@s,a)(t EE:SP s,a,s) D[si>],D[s’] (Hij )] dt .

If we modify D to D’ by setting D’(s,.) to the Dirac distribution at the
action

argmax/ fE (5.a) ) . (Z P(s,a, s/) . PrD[sa—’tﬂ Dl (an_,ZW(&a))) dt

a€En(s) s'es

and D'(&,.) = D(&,.), D'(&,4,+) = D(&,.,.) for € # s, then D' is a measurable
scheduler Wthh satisfies that Prp pig (15,1 o) < Prp/ ps (15,41 o) (since

D'[s 2%] = D[s £5]). Thus,

max
prObm—i—l G’(S C) sup max / fE (s,a)
DeMSched (M) a€En(s)

/ . C*t'W(S7a)
S’ZE;S’P(S, “e ) PrD[Sa—’tﬂ,D[s/] (Hm,G )] dt .

max

We further prove that probp® (s, c) equals max,cpy(s) Gor(a, €), where

Gi(a,c) =

/ Figoa (¢

Denote prob® (s, €) = SUp pemsched(M) MAXacEn(s) Fer(D; a, €) with

F5.(D,a,c) =

/000 TE(s,0)(t)

Z P(s,a,s') - probpi&(s’, e —t- W(s,a))] dt .
s'eS

> P(s,a,8) P " Dls) Dl <H’c"_’gw7a))] "

s'esS
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It is not difficult to see that prob;y® (s, €) < maxgepy(s) Gy (a, ) . Below
we prove the reverse direction. Let

a* := argmax G5 (a,c) ,

a€En(s)

where the action is chosen w.r.t an arbitrarily-fixed linear order when ties
occur. We clarify two cases below.

Case 1: w(s,a*) = 0. For each e > 0, we can choose the measurable
scheduler D€ such that the following conditions hold:

o De(s, )* = Dla*];

o D(s LIEN £.) = Dme(f, .) for all t € R>g and &€ € Histse (M);

o D(s LN E,7,4) = Dg'[lo]g(f,T, .) for all t,7 € R>g and & € Histsjo(M);

the measurable scheduler D¢ is chosen such that

5[0]
Prppe pigo) (T5.c) > probiiia(€[o] ¢) —e .

The decisions D(,.) or D(&,7,.) (for all other £ € Hists(M) and 7 € Rx)
are irrelevant and can be set to an arbitrary canonical distribution. It is not
hard to verify that D€ satisfies
max F;.(D¢a,c) > F..(Da" c)>Gi.(a", c)—
a€En(s)
Thus prob;;% (s, ¢) = GZ(a*, ¢) by the arbitrary choice of e.
Case 2: w(s,a*) # 0. Then the integrand function of GZ,(a*,c) takes

non-zero values only on [0, 75 .| with

T;a*::min{ |1<z<kw2(sa)>0}

wl(s a*)

By induction hypothesis (b), the integrand of Gi,(a*, c) is Lipschitz contin-
uous on [0,7E,.]. For each N € N, we d1V1de the interval [0,7E,.) into N

I S, a ? S, a
pieces Iy, ..., In with [tj—17tj) = IJ—[ Tca*,N sa*) for1 <j<N.
Then we construct the measurable scheduler D™V:€ as follows:

e DV<(s,.) = Dla*];

a

o DN<(s ant, £,.) = (&,.) whenever & € Histse(M) and t € Ij;

5[0

o DNe(s LN £,T,.) = Dmo]ej(f, ,») whenever £ € Hists,(M), 7 € Rxg
and t € I;;

the measurable scheduler D¢  is defined such that

£[0].5

Prpme  Dielo] (Hf,;gw( )> > probp?&(£[0], ¢ — t; - w(s,a*)) — € .
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The decisions DV¢(£,.) or DV<(¢,.,.) for all other &’s are irrelevant. By

c— tw(sa)

induction hypothesis (b) and the monotonicity of IT on t,

lim  FS.(DY< a* c) = GS (a%,c) .

N—00,e—01

Then, since N, e can be arbitrarily chosen, probp% (s, ¢) = Gg,(a*, c).
Now assume that s € S}, — G. By Theorem [7.1] and Proposition

PrD,D[s](Hgm+1,G):/O TE(s)(t) - Z D(s,t,a) -

a€En(s)

>_Pls,a.s) RPN <H:”_’2W(S)>] v

s'esS

for all measurable scheduler D. Note that for each a € En(s), the function

trr ) Ploas): P et pp) (an_,gw(S)>

is measurable w.r.t (R>o, B(R>0)) due to Proposition[7.1Jand Proposition[7.2}
Thus, if we modify D to D’ by setting (i) D’(s,t,.) to

c—t-w(s)

D |argmax P(s,a,s")-Pr . (H )
aEgEn(s) S,gs ( ) D[S_t>]vD[5/] m,G

for each t € Rx>q, (ii) D'(&,4,+) = D(&,4,4) for all £ € Histsjo(M)\{s} and
(i) D'(&,.) = D(&,.) for all £ € Histser (M), then D’ is still a measur-
able scheduler which satisfies Prp pg (117, 1 o) < Prp ppg (I}, 41 o) (since

D'[s a—’t>] =Dis a—’t>]) Then,

probZi o(s,c) = sup / N0
DeMSched(M) JO
max E P(s,a,s’) at (Hc_t'w(s)> dt .
a€En(s) es [s—’>],D[$/] m,G

We prove that sup pemsched(m) Jo~ fe(s) (t) - maxgepn(s) L (D, a, t, ¢) dt with

(D, a,t,c ZPsas
s'eS

F s, D(s' (H;”L_EV(S))

(which is essentially prob;y% (s, c)) equals

/ fE(s)(t) - max Gla(a t,c)dt

a€En(s)
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with
Gi,(a,t,c Z P(s,a,s") - probp’&(s’,c —t-w(s)) .
s'eS

It is not difficult to see that the former item is no greater than the latter
one. Below we prove the reverse direction. Define

a*(t) := argmax Gj,(a,t, c)
a€En(s)

where the maximum is chosen w.r.t an arbitrarily-fixed linear order when
ties occur. We consider two cases.

Case 1: w(s) = 0. Then a*(¢) is independent of ¢, which we shall denote
by a*. For each € > 0, we define the measurable scheduler D¢ as follows:

o D(s,t,.) = D[a*] for all t > 0;

o D<(s LN E,7,4) = Dgo]g(f,n .) for all t,7 € R>g and & € Histsjo(M);
e D(s e, D)= DZ’EO]E(f, .) for all t € R>g and & € Histse (M);

the measurable scheduler D"?O]E is defined such that

Prpme i (T5,) > probRe(€[o], ) — e
D¢ satisfies that

max Fla(D a,t, ) Ffa(Dea a’,t, C) = Glsa(a*ata C) — €
a€En(s)

for all £ > 0. Thus,

prob;; ¥ (s, ¢) / fE@s) (1) - Glh(a®,t,c)dt

since € can be arbitrarily chosen.
Case 2: w(s) # 0. Then for all a € En(s), G, (a,t,c) takes non-zero
value only on t € [0, 7] with

Tf::min{ |1§i§kz,wi(s)>0}

wi(s)
From the induction hypothesis (b), max,cpn(s) Gi,(a,, ) is Lipschitz con-
tinuous on [0,7¢]. For each N € N, we divide the interval [0,7¢) into N
equal pieces I1,... Iy with [tj_1,t;) = I; = [I5* - TS, & - TC). Then we
construct the measurable scheduler D™V for each e > 0 as follows:

e DN<(s,t,.) = Dla*(t;)] when t € I};
. DNve( @ lt)t —— €, u.) = 5[0 (&,4,+) when t € I; and & € Hists),(M);
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e DN<(s LGN &) = Dg(’)]ﬁj(f,.) when ¢ € I; and £ € Histse (M);
the measurable scheduler DT [6] is chosen such that
t max
Propic piep) (n° W(S)) > prob(¢[0], ¢ — t; - w(s)) — € .

c—t- w(s)

From the inductive hypothesis (b) and the monotonicity of II on t,

we obtain

[e.e]

Jim ; Je(s)(t) g Fi(DY<, a,t,¢) dt =
e—0t

/ fE(s)(t) - max Gla(a t,c)dt

a€En(s)

which implies the inductive step for (c).

It remains to show that the inductive step for (b) holds. Let ¢,¢’ > 0
and s € S — G. Denote 0 := ||c — /||, . Assume that s € S;. Consider
an arbitrary a € En(s). If w(s,a) = 0, then clearly |GS,(a,c) — G,(a, /)| <
e(m,d) . Otherwise,

|Ger(a, €) — G (a, )|

< / fE (s,a) ( ) €(m> 5) dt + fE(s,a)(T) ’ Tsc,a - Tsc,/a

< (1= e PEDT) (m,6) 4 e BT, Smax g
Wmin

Emax
Wmin

< -0

where T' := min{Ty,, Scla} and the last step is obtained through induction
hypothesis (b). It follows that

|prob® (s, €) — probp¥ (s, c’)|

< max }G ,¢) — Gi(a, )|
a€En(s)

< Enax 5
Wmin

Assume now that s € Sj,. Consider any a € En(s). If w(s) = 0, then
‘Gfa(a,t, c) — G, (a,t, c’)‘ < €(m,9)

for all ¢ > 0. It follows that [prob¥ (s, c) — probp ¢(s,c)| < e(m,d)
. Otherwise, by the inductive step (c¢) and the induction hypothesis (b), we
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have
\pro mfl c(s,¢) —pro %Tl a(s, C)‘

< (1—e BTy ¢(m,8) + e BET. Emax 5
Wmin

E
< max 5 7
Wmin

where T := min{T¢, T¢} . Thus the inductive step for (b) is completed.

Secondly, we prove that lim probp'ey = probg™. From definition,

n—00

prob, ¢ < probpy o and proby' < pmb%“’LX for all n > 0. Thus the

limit function hm prob'¢ exists and is no greater than probg™. For the
n—

reverse direction, let s € S and ¢ € R*¥. Fix an arbitrary € > 0. Let D
be a measurable scheduler such that PrD p[s)(II§;) > probg™(s,c) —e. By
definition, prob,'¢(s,c) > Prp pig (1L}, ;). It follows that

lim proby'¢(s,c) > le Prp pig (I}, o) = Prp pig (IIG;) = probg™ (s, ¢)—

n—oo

Thus hm proby'@ (s, €) = probg™ (s, ¢) since € is arbitrarily chosen.

Thlrdly, we prove that probg®* is the least fixed-point of 7. It is clear
that probi™(s,c) = 1R;; 0( c) if s € G. By applying Monotone Convergence
Theorem (Theorem [3.2) on (c), we obtain probg™(s, ¢) = Te(probg®™)(s, c)
when s € S\G. Thus, probi™ is a fixed-point of 7g. To see that it is the
least fixed-point of T¢, one can proceed by induction on n > 0 that given any
fixed-point h of T, proby’e < h for all n > 0 by the facts that probge;* < h
and probyt o = Tg(proby'e). It follows that probg™ < h for any fixed-
point h of Tg.

Finally, by taking the limit from (b) we can obtain that

E
|probr(’;’ax(s,c) probmax(s,c’)| < e |lc — C’HOO
—

forallc,c’ >0 and s € S . O

The Lipschitz constant % will be crucial to the error bound of our
approximation algorithm.

Remark 9.2. We describe the proof error in [57, [59]. The error lies in
the proof of [57, Lemma 5.1 on Pages 119] which tries to prove that the
time-bounded reachability probability functions are continuous. In detail, the
error is at the proof for right-continuity of the functions. Let us take the
sentence “This implies ... for some § < 5.7 from line -3 to line -2 on page
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119 as (*). (*) is wrong in general, as one can treat D’s as natural numbers,
and define

: 1

Pry,( “reach G within 27) = {n - Zfz € [0,
1 if z € (1, 00)

Then sup,, Pr,,( “reach G within z”) equals 1 for z > 0 and 0 for z = 0. Thus
supp Prp( “reach G within z”) on z > 0 is right-discontinuous at z = 0,
which does not satisfy (*) (treat D as a natural number). Note that [57,
Lemma 5.1] is correct; it is the proof that is flawed. Also note that Lem-
ma 5.1 is important as the least fized-point characterization [57, Theorem
5.1 on Page 120] and the optimal scheduler [57, Theorem 5.2 on page 124]
directly rely on it. We fix this error in the more general setting of cost-
bounded reachability probability through a new methodology as illustrated in
this section.

9.2 Optimal Measurable Schedulers

In this section, we establish optimal measurable schedulers for maximal
cost-bounded reachability probability. We show that there exists a de-
terministic cost-positional measurable scheduler that achieves the maxi-
mal cost-bounded reachability probability. Below we fix a CTMDP M =
(S, Ser, Sta, Act, Eqr, Ep,, P) . We first introduce the notion of deterministic
cost-positional schedulers.

Definition 9.4. A measurable scheduler D is called deterministic cost-
positional iff the following conditions hold:

o for all £, € Histse (M), if &l = &1 and C(&) = C(¢&'), then
D(gv ') = D(gla ');

o for all £, € Histsj,(M) and t,t" € Rxg, if &L = ¢&'] and C(§) + ¢ -
w(&l) =C() +t" - w(E'l), then D(E t,.) = D(E,t,.);

o for all £ € Histser(M), D(€,.) is Dirac;

o for all § € Histsjo(M) and t € R>o, D(&,t,.) is Dirac.

Intuitively, a deterministic cost-positional scheduler makes its decision
solely on the current state and the cost accumulated so far, and its decision
is always Dirac. Below we show that such a scheduler suffices to achieve
maximal cost-bounded reachability probability.

Theorem 9.2. For all c € R* and G C S, there exists a measurable deter-
ministic cost-positional scheduler De such that probg™ (s, ¢) = Prp_ pg (I1§)
forall s € S.
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Proof. Let G C S. Fix an arbitrary linear order < on Act. Consider some
c € RF. We define the function G, : Ser x Act x RF — [0,1] by:

(s,a,x) =
Z P(s,a,s) - probg®™(s',c —x —t - w(s,a))| dt .

/ fE (s,a)
s'eS

We further define the function Gy, : Sja X Act x R¥ x R>q — [0, 1] by:

Gla(s,a,x,t) : ZPsas ) - probg®™(s’,c —x —t - w(s)) .
s'eS

Note that probg™(s,c — x) = = MaXqepn(s) Ger(8,a,x) if s € Se; — G; and

probg™ (s, c — x) / fE(s)(t) - max Gla(s a,x,t)dt

a€En(s)

if s € Sj,—G. We construct the measurable scheduler D, as follows. Consider
an arbitrary & € Hists(M). Define

€ . * * —
X;éo {s € Ser | Ja* € En(s).[Ger(s,a ,C(&)) = agﬁ)((s) Ger(s,a,C(§))

Aw(s,a*) # 6}}u {S € S | w(s) # 6}

and Xio = {s € S| probg®™(s,c — C(£)) =0} . Note that the definition-
s of Xi@ and Xio depend only on C(£). The probability distribution
Dc(&,4),De(&, 4, 4) is determined by the following procedure.
1. I €] € X5, N Ser, then we set De(€,.) = D]at)] where a®)) € En(¢]) is
an arbitrarily fixed action.
2. If &) € Xio N S, and ¢t € R>, then we set De(€,¢,.) = Dla éi] where
the choice of ago is the same as above.
3. If &l € S N (XiG\XiO), then we set Dc(&,.) = Dlat], where a® €
En(&]) satisfies that

Ger(€),a®, C(€)) = max Ger(€l,a, C(€)) and w(€l,a®) #0 ;

acEn(gl)

if there are multiple such aé ’s, we choose the least of them w.r.t <.
Note that the choice of a® depends only on C(¢) and &].

4. If &l € Sl N (Xia\Xio) and t € R>q, then we set Dc(&,t,.) = D[a®'],
where a** € En(¢]) satisfies

Gla(gia a&ta C(g)a t) = aEI]IElIElL(}gi) Gla(gwlfa a, C(f), t) ;

if there are multiple such aé? ’s, we choose the least of them w.r.t <.
Note that the choice of a®* depends only on C(£) + ¢ - w(&]) and &].
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5. If &l € Ser\(Xi@ U Xio), then we set Dc(&,.) to be the Dirac distribu-
tion at an action a® € En(£]) which satisfies that

Ger(€), a5, C = max Gg(&l,a,C

(6105, CE) = max Gur(Eha,C(E)

and there exists s € S such that P(£], af, s) > 0 and the distance from
s to Xia\Xio is (one-step) smaller than that from & in the digraph
G¢ (to be defined later in this proof). If there are multiple such a¢ s,

we choose the least of them w.r.t <.
6. If &l € Sla\(Xiﬁ U XE,) and ¢ € Rsg, then we set De(£,t,.) to be the

Dirac distribution at an action a* € En(£]) which satisfies that

Gla(€). a®",C(€),1) = max G (&l a*", C(€),1)
a€En(¢l)
and there exists s € S such that P(£],a®t,s) > 0 and the distance
from s to Xia\Xio is (one-step) smaller than that from £] in the
digraph G¢. If there are multiple such ! ’s, we choose the least of

them w.r.t <. Note that a®! only depends on C(&) +¢-w(£]) and £,
and the dwell-time ¢ does not affect the choice of a®* since w(¢)) = 0.

The digraph G¢ is defined such that its vertex set is S, and its edge set is
the set of all (u,v) € S x S such that either u € S, and

3b € En(u).[P(u,b,v) > 0 A Ger(u, b, C(§)) = glEaic : Ger(u, a, C(€))]

holds, or u € S}, and

3b € En(u).[P(u,b,v) > 0 A Gia(u, b, C(£),0) = max Gp(u,a, C(£),0)]

a€En(u)

holds. The legitimacy of the third step in the procedure above follows from
Proposition to be proved later: the set X’ C S\(Xiﬁ U Xio) of states

that cannot reach Xiﬁ\XiO should be empty, or otherwise one can reduce
all values in

{probg™(s,c = C(¢)) Fsex

by a small amount, to obtain a pre-fixed-point which is strictly smaller than
{prob*(s,c—C(£))}ses. By definition, D, is deterministic cost-positional.
Note that there are finitely many triples (Xiﬁ’ Xio, G¢) since S is finite. By
Theorem the function x — G (s,a,x) (resp. (x,t) — Gu(s,a,x,t)) is
separately continuous on {x | x < c} (resp. {(x,t) | x+t-w(s) < c}) and its
complement set, for all s € S and a € En(s). Thus, the set of all histories £
with length n such that the triple (Xiﬁ’ Xio, G¢) happens to be a specific one
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is measurable w.r.t (%, S%,). It follows that D. is a measurable scheduler.
Below we prove by contradiction that probg*(s,c) = Prp, piy (II§) for all
s€ Sandc>0.

Define the function h : S x R¥ — [0,1] by h(s,c) := Prp_| pls] (1IG)-
Suppose that probi™ # h. Let h ::_’probglax — h. (Note that prob&™ > h.
Then there exists s € S and ¢ > 0 such that h(s,c) > 0. Define T :
max1<l<k{ } Let

wl\ln
d:= sup{ﬁ(s,c’) |seS0<c < c}

and

—

d':=sup{R(s.¢') [0 < ¢ < e, and cither s € S, and w(s.a") £ 0

with D[a*] = De/(s,.) or s € S, with w(s) # 5} .

We first show that d’ < d by a (nested) contradiction proof.

Suppose d’ = d. Choose € > 0 such that d > ePmaxT . ¢, Then choose
s€ S and 0 < ¢ < csuch that d — e < h(s,c’) < d, and either s € Se; with
w(s,a*) # 0 (D[a*] = De/(s,.)) or s € S, with w(s) # 0. On one hand, by
Theorem [7.1] if s € Se; then

h<3acl) = /0 fE(s7a*)<t)

then with Theorem we obtain
B T
h(s,c')</ TE(s,a)( ZPsa s h(s',c —t-w(s,a®))| dt .
0 s'eS

On the other hand, by Theorem if s € S), then

SC / fEs)

with D[a*(t)] = De(s,t,+). Then with Theorem we obtain

5 C / fE(s

In either case, we can obtain d — e < (1 — e FmaxT) . 4 This implies
d < eEmaxT . ¢ Contradiction to the choice of e.

Thus d > d'. Let 6 :=d—d' and € := Plrﬂn -0. We inductively construct
a finite sequence sg, s1,...,8 in S (1 <1 < |S|) which satisfies

Z P(s,a*,s')-h(s',c -t -w(s, a*))] dt;

s'esS

Z P(s,a* )-h(s', ¢ —t- W(S))] dt

s'eS

ZPsa ) - h(s c'—t~w(s))] dt .

s'eS

h(si,c)>d—P L e (i=0,...,1)

min
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for some fixed ¢/, as follows. Note that the triple (X ; X?2,,G%) for s € S
(w.r.t any ¢’ € R¥) remains constant as s varies, since C(s) = 0.

1. Initially, we set ¢ = 0 and choose sg € S and 0 < ¢’ < ¢ such that
d—e < h(sg,c')<d .

2. As long as both i < land 0 < d—P_! -¢ (si, ') < d holds,

h
si € S\(X;ZO X?%,) (w.r.t Dyr) since P! - ¢ < 6. On one hand,

min

assume that s; € Se. Then
h(si,c Z P(s;,a*,s") - h(s',c’) with D[a*] = De/(s;)
s'es

and there exists u € S such that (i) P(s;,a*,u) > 0 and (ii) via u the
distance to X:a\Xiio in G% (w.r.t Der) is decreased by one. Moreover,

from
Su Z P(s;,a” S E(s/, c/)
s'eS
we obtain
d— P;jn € < (1 =Puin) - d+Prin - h(u, C,) ,
which can be further reduced to h(u,c’) > d— Pm&*l) .¢ . On the other

hand, assume that s; € Sp.. Since w(s;) = 0, Der(si, ¢, +) remains con-
stant when ¢ varies. Let a* be the action such that D[a*] = De/(s;,0,4).

Then
h(si,c ZP si,a*,s") - h(s',c)
s'esS
and there exists u € S such that P(s;,a*,u) > 0 and via u the distance
to X;%\Xiio in G% (w.r.t D¢/) is decreased by one. Moreover, from

h(s;,c ZP si,a*,s') - h(s',c)

s'es
we obtain
d— Pmin : (1 mm) d+ Poin - h(u, C,) ,
which is further reduced to h(u,c’) > d — meiﬂ) e

3. In either case in the previous step, we set s;41 := u.
4. If s;41 € X;ig "\ X5 then the construction is terminated. Otherwise,
back to Step 2.

The legitimacy and termination (within |S| steps) of the inductive construc-
tion follows directly from the definition of Do/. By s; € X SZ\X_O, we obtain

d—d0>h(s;,c)>d—Pl e (1<19) ,

min

which is a contradiction due to € = Pliiln - 6. Thus probg™ = h. O
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9.3 Differential Characterizations

In this section, we derive differential characterizations for the functions
probg®*. These differential characterizations will be fundamental to our
approximation algorithms.

Below we fix a CTMDP M = (S, S, Sia, Act, Ee;, E1,, P), aset G C S
and a cost function w : S x Act — RY,. To introduce the differential
characterization, we first extend the function prob&® as follows.

Definition 9.5. Let Zg := {(s,a) € (Ser — G) X Act | a € En(s)} . Define
prob&® : Zg x RF — [0, 1] by

prob&™((s,a),c) =

/000 fE@s,0) (1)

for (s,a) € Zg and c € RF.

Z P(s,a,s") - probg®(s',c —t - w(s,a))| dt
s'eS

Intuitively, we extend probg®* to Zg. By Theorem one easily sees
that probg™(s,c) = max,cgn(s) pProbg™((s,a),c) for all s € Ser — G and
c € R,

The following two definitions introduce a sort of directional derivative
which will be crucial in our approximation algorithm.

Definition 9.6. Let c € RE So- Forz € Zg U (S1a — G), we define

v+pI‘ObgaX(Z C) :— lim prObmaX(za c+t- W(Z)) pI‘ObmaX(27 C) ‘
’ t—0+t t

If c; > 0 whenever w;(z) >0 (1 <i<k), we further define

Vo prob (2, 0) 1= lim POPET (BT W) Zprobez.c)
t—0—

otherwise, let V™ probg™(z, c) := V*tprobg™(z,c) .

Thus VT probg®(z,c) (resp. VprobE®(z,c)) is the right (resp. left)
directional derivative along the vector w(z). The following theorem gives a
characterization for V*prob@*(z,c¢) and V™ probE*(z,c) .

Theorem 9.3. For all z € Zg U (51,\G) and ¢ € R>0; V*tprobg™(z,¢) =

V™ probi™(z,c). Moreover,

V1 probga®((s, a) Z R(s,a,s") - (probg™(s’,c) — probg™((s,a),c))
s'eS

for all (s,a) € Zg and c € ]R’go. And

V' prob@*(s,c) = aglﬁ)((s) R(s,a,s")- (probg™(s', c) — probg™(s, c))
s'eS
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for all s € S),\G and ¢ € Rgo. The function R : S x Act x S — Rxq s
defined as follows:

e R(s,a,s') :=E(s,a) P(s,a,s") when s € Sg;
e R(s,a,s') :=E(s) -P(s,a,s') when s € Sya;

Proof. Let z € Zg U (S1,\G) and ¢ > 0. We first assume that z € Zg and
z = (s,a). Define the function h[(s,a),c’] to be

Z P(s,a,s’) - probg®™(s',c¢’ — 7 - w(s,a))
s'eS

T = fE(s,a) (T) ’

Denote A := E(s,a). Consider V*tprob®*. By definition, for all ¢ > 0,

probg™((s,a),c+t-w(s,a))

— /Oooh[(s,a),cw-w(s,a)](f)dT

_ /h[(sva),cht.W(S’a)](T)dT+/Ooh[(5,a),0+t-W(S,Q)}(T)dT
0 t

_ e—)vt,/o e %P(s,a, s') -problg;lax(sl,C—l-T'W(&a))] dr

+e [T hl(s,a),el(n) dr

0

t

= e M. / AN Z P(s,a,s') - probg®(s',c + 7 - W(S,Cb))] dr
0 s'eS

+ e probB*((s, a), c)

where the third equality is obtained by the variable substitution 7/ =t — 7
for the first integral, and 7/ = 7 —t in the second integral. The legitimacy of
the variable substitution follows from the fact that the integrand is piecewise
continuous (thus Riemann integratable) (cf. Theorem [9.1)). (Hence, the
concerned integrals can be deemed as Riemann integrals.) Thus by the
continuity of probi™ (Theorem and an application of L’Hospital’s Rule
to Definition we obtain

V+prob8a"((s, a),c) =

A > P(s,a,s) - probF*™(s',c) | — A probg*((s,a), c) ,
s'eS

which implies the result.
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The proof for V*probg®((s,a),¢) = V™ proba™((s, a), ¢) follows a sim-
ilar argument. By definition and the previous derivation, for adequate ¢ > 0,
we have

probg;™((s, a), €)
= probg™((s,a),(c —t-w(s,a)) +t-w(s,a))

= e M / Z P(s,a,s’) - probg®(s',c — (t—T)-w(s,a))] dr
+e A prObrélaX((‘g?a)a c—t- W(Sv CL))
t
= / Aoe T Z P(s,a,s") - probg®™(s’,c — 7 - w(s, a))] dr
0

+ e M prob®*™((s,a),c —t - w(s,a)) .

where the last equality is obtained through the variable substitution 7/ =
t — 7. Thus by continuity and L’Hospital’s rule, we obtain

V7 probg*™((s, a), ¢) =

Z P(s,a,s’) - proba®(s’,¢)| — A - probg®((s,a),c) .
s'es

It follows that V*probE®((s,a),c) = V- probg™((s,a),c) .

Now we assume that z = s € S1,\G. Denote A := E(s). Define h[s, c] to
be the function

> - ma; P(s,a,s’) - probg®™(s',c — 7 - w(s
For ) e |37 Pls.ans) probg(s e w()
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We first consider V*probga™. By Theorem for all ¢t > 0, we have

proba™(s,c +t - w(s))
= /0 hls,c+t-w(s)](r)dr

= /h[s,c—i—t-w(s)](T)dT+/ooh[s,c+t-W(S)](T)dT
0 t
= e M. M. max
B /0)\ a€En(s)
e M. h s,cl(T)dr
S A

:e_)‘t/)\e - max
0 a€En(s)

+ e . probB® (s, c)

Z P(s,a,s’) - probg™(s,c+ 7 - w(s))] dr
s'eS

Z P(s,a,s) prob?}a"(s',c—i—T-w(s))] dr
s'eS

where the third equality is obtained by the variable substitution 7/ =t — 7
for the first integral, and 7/ = 7 — ¢ in the second integral. The legitimacy
of the variable substitution follows from the fact that the integrand is piece-
wise continuous (cf. Theorem [9.1). Thus by applying L’Hospital’s rule to
Definition we obtain that

V' prob@*(s,c) =

max A-
a€En(s)

Z P(s,a,s") - (probg™(s',c) — probg‘ax(s,c))] ,
s'eS

which implies the result. The proof for V™ probgi®*(s,c) follows a similar
argument. By Theorem and previous derivations, for adequate t > 0,

probg™ (s, c)

= probg™(s,(c —t-w(s))+t-w(s))

t
= e M. AT max
0 a€En(s)

b prob®®(s,c —t - w(s))

+e
t

= /)\-6_/\'7- max
0

Z P(s,a,s) - probg®™(s’,c — (t — 1) w(s))] dr

acEn(s)

Z P(s,a,s’) - probg™(s,e — 7 - w(s))] dr

+ e probB®*(s,c — t - w(s)) .
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where the last equality is obtained through the variable substitution 7/ =
t — 7. Thus by applying L’Hospital’s Rule to Definition [0.6] we obtain

V™ probg™(s,c) =

nﬁ&}({))\- E P(s,a,s") - (probg™(s’,c) — probg™(s,c))
ackn(s
s'eS

which directly shows that V*probgE®(s,c) = V™ probg™(s, c). O

Remark 9.3. The value R(s,a,s’) can be viewed as the exit-rate of s via a

to s (cf. [57]).

Theorem (9.3 gives a differential characterization for prob&®*(z,.) with
2 € ZgU(Sla—G). Since VT probg®*(z,c) = V™ probg*(z, c), we will solely
use Vprobgi®(z,c) to denote both of them.

Theorem allows one to approximate probgi™(z,c+t-w(z)) through
probgx®™(z,c¢) and Vprobg®™(z,c). This suggests an approximation algo-
rithm which approximates prob@a™(z,c) from {prob®(z,c¢’) | ¢/ < ¢} .
An exception is the case when w(z) = 0. Below we tackle this situation.
Proposition 9.1. Let

—.

Yo i={z € Zg U (5\G) | w(z) = 0}
U{s € Sex — G | (Ja € En(s).w(s,a) = 0)}

For all ¢ € Rgo, the function y — probg™(y,c) (y € Yg) is the least
fized-point (w.r.t <) of the higher order operator Ve : [Yo — [0,1]] —
Yo — [0, 1]] defined as follows: for each (s,a) € Yo N Zg,

Yea(h)(s,a) =

Z P(s,a,s’) - h(s') + Z P(s,a,s) - probg®(s',c) ;
s'eYgnsS s'eS\Yg

for each s € Yg N Ser,

Ve, (h)(s) := max{max{h(s,a) | a € En(s), (s,a) € Y5},
max{probgs™((s,a),c) | a € En(s), (s,a) € Ya}} ;

for each s € Yg N Sia,

Vea(h)(s) =

max Z P(s,a,s) - h(s') + Z P(s,a,s’) - probg®™ (s, c)
a€En(s) S'EYaNS s'€S\Yg
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Proof. Let ¢ € R’go. By Theorem y — probg™(y,c) is a fixed-point
of Ve,g. Suppose that it is not the least fixed-point of V¢ . Let the least
fixed-point be h*. Define

e = maX{Pl“ObgaX(yv c)—h*(y)|lye YG}v and
o Y':={y € Yg | probg™(y,c) — h*(y) = 6} .

Since y — proba™(y, c) # h*, we have § > 0. Consider an arbitrary y € Y.
By the maximal choice of § and Y’, one can obtain that

1. for all (s,a) € Y'NZg, s € Y whenever s’ € S and P(s,a,s’) > 0;

2. forall s € Y'NSer, (s,a) € Y/ whenever a € En(s) and probi™ (s, c) =
probga™((s,a),c) .

3. forall s € Y'NS,, s’ € Y/ whenever there exists an a € En(s) such that
P(s,a,s") > 0 and probg™(s,c) = > .1cgP(s,a,s”) - probg™(s”,c) .

Intuitively, one can decrease every coordinate in Y/ on probi® by a same
amount so that a certain “balance” still holds. Choose §’ € (0,0) such that

probi®*(s, ¢) — &' > max{prob@**((s,a),c) — & - 1y(s,a) | a € En(s)}

for all s € Y/ N S, and

probg®(s,c) — 4§’ > max Z P(s,a,s) - (probg®(s',c) — &' - 1y:(s"))
a€En(s) | £ <

for all s € Y'NSy,. Define h : SxR* — [0, 1] by: h(s,c’) := probE™(s, c’)—d’

if ¢ =cand s € Y, and h(s,c’) := probg**(s,c’) otherwise. Then h is a

pre-fixed-point of 7 which satisfies that A < probg™. Contradiction to

Theorem [0.1] O

9.4 Approximation Algorithm

In this section, we develop approximation algorithms to compute the maxi-
mal cost-bounded reachability probability under measurable schedulers. Our
numerical algorithms will achieve the following task:

e Input: a CTMDP (S, Ser, Sta, Act, Eer, El,, P), a cost function w :
S x Act — R';O, aset G C S, astate s € S, a vector ¢ € N’g and an
error bound € > 0;

e Output: a value z € [0, 1] such that [probi™(s,c) — z| <.

For computational purposes, we assume that each w;(s,a) is an integer;
rational numbers (and simultaneously the input cost-bound vector) can be
adjusted to integers by multiplying a common multiplier of the denomina-
tors, without changing the maximal probability value to be approximated.



9.4. APPROXIMATION ALGORITHM 131

In the following, we fix a CTMDP M = (S, Ser, Sia, Act, Eer, Ej,, P) and a
cost function w : S x Act — RE . And we fix a set G C S.

Based on Theorem [9.3]and Proposition 0.1}, we design our approximation
scheme as follows. First we introduce our discretization for a given ¢ € ng
and a discretization step & (N € N). Note that prob**(s, ¢) = 1 whenever
s € G and ¢ > 0. Thus we do not need to incorporate those points into
discretization.

Definition 9.7. Let c € N§ and N € N. Define
Disc(c,N):={d e R* |0 <d<cand N-d; € Ng for all 1 <i <k} .
The set DY, of discretized points is defined as follows:
Y =((S—-G)UZg) x Disc(e,N) .

Thus D, is the set of “grid points” that are within the scope of ¢ and
are discretized with discretization step % The following definition presents
the approximation scheme on D%;. Intuitively, the approximation scheme
describes how those “points” are related.

Definition 9.8. Define X := ((S — G) U Zg) — Yg. The approximation
scheme TEN on DY, consists of the following items:

e czactly one rounding argument for each element of DS, ;
e a system of equations for elements in Xg x Disc(c, N) ;
e a linear program on Yg for each d € Disc(c, N)

Rounding Arguments: For each element y € DS, the rounding argument
for y is as follows:

K K+1

o ]\/2> for some integer 0 < K < N2,

- K

proba(y) = <7 ¥ proba(y) € [
Equations: The system of equations is described as follows. For all points
((s,a),d) € D with (s,a) € Zg, w(s,a) #0 and d — % - w(s,a) > 0, there
is a linear equation

prObG((‘S? a), d) — pT(ﬂiG((Sv a’)v pre(d, (57 a)))

N

Z R(‘S’ a, 3/) ’ (mG(Sla pre(d, (57 a))) - MG((& a)7 pre(d, (87 a’))))
s'eS

- (E1)

where pre(d, 2) :== d— % -w(2) for z € ZgU(S1,\G). For all ((s,a),d) € D§
with (s,a) € Zg, w(s,a) # 0 and d — + - w(s,a) ? 0, there is a linear
equation

probg((s,a),d) =0 . (E2)
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For all (s,d) € D such that s € Ser and w(s,a) # 0 for all a € En(s),
there is an equation

prob(s,d) = mas probg((s,a),d) - (E3)
ackn(s

For all (s,d) € D% with s € Sia, w(s) # 0 and d — + - w(s) > 0, there is a
linear equation

prObG(Sv d) — pI‘Ova(S, pre(da S))
1

= (E4)

For all (s,d) € D$; with s € Sia, w(s) # 0 and d — + - w(s) # 0, there is a
linear equation
probg(s,d) =0 . (E5)

Linear Programs: For each d € Disc(c, N), the collection {probg(y, d)}yev,
of values is the unique optimum solution of the linear program as follows:

min )y, probg(y, d), subject to:

e probg((s,a),d) > >, P(s,a,) - probg(s’,d) for all (s,a) € Yo N
Zag;

e probg((s,a),d) < probg(s,d) forall (s,a) € YoeNZg and s € YgNSer;

e probg(s,d) > >, gP(s,a,5") - probg(s’,d) for all s € Yg N S, and
a € En(s);

e probg(y,d) € [0,1] for ally € Yg;

where the values {probg(y,d)}yex, are assumed to be known.
In all of the statements above, both probg(s,d) and probg(s,d) repre-
sents 1 for s € G.

Generally, probe(y,d) approximates proba®*(y,d) and probg(y,d) ap-
proximates the same value with a rounding operation. A detailed computa-
tional sequence of the approximation scheme is described in Algorithm

In principle, we compute the “higher” grid point probs(z,d + % -w(2))
by probs(z,d) and (E1) (or (E4)), and then update other “higher” points
through (E3) and the linear program. The rounding argument is incorporat-
ed to avoid precision explosion caused by linear programming. The following
proposition shows that Algorithm [I] indeed terminates after a finite number
of steps.

Proposition 9.2. Algorithm[]] terminates after a finite number of steps for
allcEng and N € N.
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Algorithm 1 The Computation of TSN

1: Set all relevant discretized points to zero by (E2) and (E5);

2: Compute all probs(s,d) that can be directly obtained through (E3);

3: Compute all probg(y, d) that can be directly obtained through the linear
program;

4: Compute all probs(y, d) that can be directly obtained by the rounding
argument;

5: Compute all relevant discretized points that can be directly obtained
through (E1) and (E4), and back to Step 2. until all grid points in D%
are computed;

Proof. Let ¢ > 0 and N € N. The proposition can be proved through a
straightforward induction on Zle d; that both prob(y,d) and probg(y, d)
can be computed after a finite number of steps for all (y,d) € D§;. The base
step where probg(y,d) is computed through (E2) or (E5) is easy. For the
inductive step, suppose that for all (y,d’) € DS, with Zle d; < Zle d;,
both probg(y,d’) and probg(y,d’) can be computed after a finite number of
steps by Algorithm [I} Then the inductive step can be sequentially justified
by (E1) or (E4), (E3), the linear program and the rounding argument. []

Below we prove that the approximation scheme really approximates
probB®.  To ease the notation, we shall use probg(y,d) or probg(y,d)
to denote both the variable at the grid point and the value it holds under
the approximation scheme.

Theorem 9.4. Let ¢ € N’g and N € N with N > Epax. For each (y,d) €
D%,

b d) - bmax(,, q)| < ( Z_—max Tmax , - ), d; Ee
|probg(y, d) — prob&a™(y, )|—< N - Win +N> [; 0 N
and
[probe(y, d) — probE™(y, d)| <
k
2 - E12max * Wmax 1 Emax
_— AT ! d N2 -
< N'Wmin " N ; i N ' e

Proof. We proceed by induction on the number of computation steps illus-
trated by Algorithm

Base Step: (y,d) satisfies that d — % -w(y) # 0 . Then we know that
prob@*(y,d —xz-w(y)) = 0 where z € [0, ] is the largest real number such
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that d — z - w(y) > 0. Then by Theorem and Lagrange’s Mean-Value
Theorem, we obtain that

prob%™(y. d) — probl™(y.d — x - w(y)) = & - Vprob™ (y,d — 2’ - w(y))

for some 2’ € (0, z). It follows that prob@*™(y,d) < % -E(y). Thus we have:

1
‘prObgaX(ya d) - pI'Ob(;(y, d)| < N : Emax .

Inductive Step. The inductive step can be classified into the following
cases:

Case 1: (y,d) = (s,d) with s € Se; and probg(s,d) is computed through
(E3). Then the result follows directly from the fact that

[prob™(s,d) — prob(s,d)| < max [probE™((s,a),d) — prob((s, ), d)].
ackn(s

Case 2: (y,d) is computed through the linear program for d. From Knaster-
Tarski’s Fixed-Point Theorem (Theorem , the linear program indeed
computes the least fixed-point of Vg . By induction hypothesis, for all
/

y € Xa,

[probg(y', d) — prob@*(y',d)|
2.E2 _.w 1 k

max max = X dz
(2B, 1.5~

Thus by induction on n, one can prove that

IN

-, =, 2 . E2 * Wmax 1 - Em x
Yan(0) = Va0 < (zvfnwm ’ N> | [Z YN
1=

—I—N,

where Y/ is the operator obtained by replacing {probg™(y, ¢)}yex, in the

definition of Vg ¢ (cf. Proposition with {probg(y,c)}yexe, and Van
(resp. y{i’n) is the n-th Picard’s iteration of Vq ¢ (resp. V)). It follows that

. 2. B2, Wmax 1 b Emax
[probg(y, d) — probg™(y,d)| < (A;“azvmna + N)[E; di| +— -
1=

Case 3: (y,d) = ((s,a),d) and prob(y,d) is computed through (E1). By
Lagrange’s Mean-Value Theorem and Theorem [9.3] we have

1
prob™(y,d) — prob™(y, pre(d, )) = - - VprobE>(y,d — z - w(y))
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for some z € (0, %). By Theorem [9.3|and Theorem we can obtain that
probmax(( a),d) = probg™((s, a), pre(d, (s, a))) + 6 + ()

Z s,a,8') - [probg™(s’, pre(d, y)) — probi™(y, pre(d, y))]
s'eS

2 2
2 . Emax'wmax 2 . EmaX'Wmax]
N2 Wmin » N2 Wmin

for some ¢ € [— . Rewriting (*) and (E1), we

obtain that

probga™(y,d) = [Z R(s,a,s’) - probg® (s, pre(d,y)) | +
s'es
(1- E(;’,“)) probg™(y, pre(d. ) + 5
and
probg(y,d [Z R(s,a,s’) - probg(s’, pre(d,y)) | +
s'eS
(1- E(N)) Brob (v, pre(d. )
By induction hypothesis, we have
[prob™(y, d) — probg(y, d)| <
k
(2B o, ). [Z (pre(d, )| +13] + g + e

from which the induction step can be obtained.

Case 4: (y,d) = (s,d) and probg(y,d) is computed through (E4). This
case is very much similar to the previous case. By Lagrange’s Mean-Value
Theorem and Theorem [0.3] we have

probgx®™(s,d) — probia™ (s, pre(d, s)) = N Vprobg®(s,d — - w(s))

for some z € (0, %) By Theorem and Theorem we can obtain that

probg™*(s,d) = probgi™ (s, pre(d, s)) + 6 + (%)
1

¥ agﬁ)((s) R(s,a,s") - [probg™ (s, pre(d, s)) — probg™ (s, pre(d, s))]

s'eS
for some 0 € [— 2??‘5?@"""““, N}i,%"?@ﬁ”"] . Rewriting (**) and (E4), we
obtain
proba™(s,d) = — - max [ZR (s,a,s") - probE®(s’, pre(d, s)) | +
a€En(s)

< _E](VS)) prob¢;*(s, pre(d, s)) + &
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and
b d)=—"- R( b (s d
probo(s.d) = 3 max !Z 5,a,') - prob(s', pre(d, s)) | +
E I
<1 - (S)> - probg(s, pre(d, s)) .
N
By induction hypothesis, we have
[prob™ (s, ) — probg (s, d)| <
2.E2,. W 1 b 1
max max o d
< N - Wi N) [; pre(d, 5) N N2

from which the induction step can be obtained.

Case 5: prob(y,d) is computed through rounding. The induction step for
this case is straightforward. O

From Theorem we derive our approximation algorithm as follows.

Corollary 9.2. There exists an algorithm such that given any e >0, s € S,
G C S and ¢ € NE, the algorithm outputs a d € [0,1] which satisfies that
|d — proba™(s, c)| < e. Moreover, the algorithm runs in

(’)((max{EmaX, ch (M| + log %) )

time, where M = (2 - E2,, - Wmax 4 1). [Zle cz} + Enax + 1 and | M| is

max Wmin
the size of M .

Proof. The algorithm is a simple application of Theorem If s € G, the
algorithm just returns 1; otherwise, the algorithm just calls Algorithmmwith
N = [max{Epax, 2}|+1 and set d := probG(s c). By Theorem we can
directly obtain that |d — probz™*(s,c)| < M - % . For each d € Disc(c, N),
the total computation of {probs(y, d)}yeXchG and {prob¢(y, d)}yeXchG
takes O((|M| + log 24)8) time, since the most time consuming part is the
linear program which takes O((|M| + log N)®) time (cf. [66]). Thus the
total running time of the algorithm is

O((maX{EmaX, — ch (IM] —i—log%) )

since the size of Disc(c, N) is O(N* . (HZ 1Ci)) - O
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9.5 Conclusion

In this chapter, we established an integral characterization for (multi dimen-
sional) maximal cost-bounded reachability probability on continuous-time
Markov decision processes, the existence of deterministic cost-positional op-
timal scheduler and an algorithm to approximate the cost-bounded reach-
ability probability with an error bound. The approximation algorithm is
based on a differential characterization of cost-bounded reachability proba-
bility, which in turn is derived from the integral characterization. The error
bound is obtained through the differential characterization and a certain Lip-
schitz property. Moreover, the approximation algorithm runs in polynomial
time in the size of the CTMDP and the reciprocal of the error bound, and
exponential in the dimension of the cost-bound vector. Besides, we pointed
out a proof error in the treatment of maximal time-bounded reachability
probability on continuous-time Markov decision processes [57, 59]. We fixed
this error in the more general setting of maximal cost-bounded reachability
probability through a new methodology.
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Chapter 10

Conclusion

This dissertation focuses on both algorithmic and complexity aspect of for-
mal verification of probabilistic systems. The contributions of this disserta-
tion are as follows.

In Chapter [5], we prove that the decision problem of simulation preorder
between probabilistic pushdown automata and finite probabilistic automata
is in EXPTIME. We demonstrate the EXPTIME-membership of the decision
problem through a tableaux system obtained by a variation of the one by
Colin Stirling [70, [69] and a partition-refinement technique. Combined with
the EXPTIME-hardness result by Kucera and Mayr [52], we are able to
show that the decision problem is EXPTIME-complete.

In Chapter [6] we prove that the threshold problem of the bisimilarity
metric on finite probabilistic automata defined by van Breugel and Worrel-
1 [72] lies in UP NcoUP, which is a subclass of NP NcoNP. Our result signif-
icantly improves the previous complexity result by van Breugel et al. [T1].

In Chapter [8| we correct errors in the paper [24] with new proofs and
develop a numerical approximation algorithm for acceptance probability of
CTMC-paths by a general (multi-clock) deterministic timed automata. Un-
like the work by Barbot et al. [9], we are able to provide a tight error bound
for our approximation algorithm.

In Chapter 9], we study maximal cost-bounded reachability probability on
continuous-time Markov decision processes. In detail, we provide a integral
characterization for the maximal cost-bounded reachability probability func-
tion, prove the existence of optimal cost-positional scheduler, and develop a
numerical approximation algorithm for maximal cost-bounded reachability
probability on CTMDPs. Meanwhile, we also fix a proof error in the work
by Neuh&ufler and Zhang [59, [57]. The time complexity of the algorithm is
polynomial in the size of the CTMDP, the unary representation of the cost-
bound vector and the reciprocal of the given error bound, and exponential
in the dimension of the cost-bound vector.
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