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Abstract

This paper shows that the satisfiability problems for a
bounded fragment of probabilistic CTL (called bounded
PCTL) and an extension of the modal µ-calculus with prob-
abilistic quantification over next-modalities (called PµTL)
are decidable. For bounded PCTL we provide an NEXP-
TIME-algorithm for the satisfiability problem and show that
the logic has a small model property where the model size is
independent from the probability bounds in the formula. We
show that the satisfiability problem of a simple sub-logic of
bounded PCTL is PSPACE-complete. We prove that PµTL
has a small model property and that a decision procedure
using 2 player parity games can be employed for the satis-
fiability problem of PµTL. These results imply that PµTL
and qualitative PCTL formulas with only thresholds >0 and
=1—are incomparable.

Categories and Subject Descriptors F.4.1 [Mathemat-
ical Logic and Formal Languages]: Mathematical Logic.;
G.3 [Probability and Statistics]: Markov Processes.

1. Introduction

Background and context. Probabilistic versions of
CTL, such as PCTL [13] and PCTL∗ [2], are logics to express
quantitative properties of models such as Markov chains
(MCs) and Markov decision processes (MDPs). These logics
are quite popular in the field of probabilistic verification.
Whereas model checking amounts to checking whether a
given finite structure satisfies a logic formula, satisfiability
focuses on the problem whether a given formula f has a
model, i.e., whether there exists a (possibly infinite) struc-
ture satisfying f . For logics such as PCTL, PCTL∗, as well as
the more expressive probabilistic µ-calculus [18], the model-
checking problem is known to be decidable. In contrast,
the satisfiability problem for these logics turns out to be a
much more difficult endeavour. The satisfiability problems
for PCTL and the probabilistic µ-calculus are long-standing
open problems. Results so far are restricted to logical frag-
ments or by considering variations of the satisfiability prob-
lem. For qualitative PCTL—a fragment of PCTL in which
all probability bounds are =1 or >0—a decision procedure
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has been provided by Hart and Sharir [14], and showed that
qualitative PCTL does not possess the finite model prop-
erty. Brázdil et al. [5] proved qualitative PCTL satisfiability
to be EXPTIME-complete. Bertrand et al. [1] encoded the
bounded satisfiability problem for PCTL formulas, i.e., does
there exist a “simple” model for a PCTL formula, as an
SMT problem. (Here a simple model means a model of a
given number of states with rational transition probabili-
ties.) Recently, Weiwan et al. [17] showed the decidability
of PµTL, an extension of the modal µ-calculus with a prob-
abilistic next-modality by providing a 2-EXPTIME decision
procedure.

Bounded PCTL. In our attempts to tackle the satisfac-
tion problem, we have found that the difficulty of providing
a decision procedure for probabilistic logics primarily lies in
the presence of quantified recursively defined path formu-
las. This includes formulas of the form [aU b]≥1/2 expressing
that a b-state is to be reached via a-states with probability
at least 1/2. This paper therefore considers probabilistic log-
ics in which syntactic restrictions are imposed on recursively
defined path formulas. We consider the satisfiability problem
for two logical fragments (and some of their sub-fragments):
bounded PCTL and PµTL. Bounded PCTL is a PCTL frag-
ment in which until-modalities are bounded by the number
of steps that can be taken; e.g., [aUnb]≥1/2 expresses that
a b-state is to be reached within n steps. Bounded PCTL
thus abandons the unbounded until-modality. We show that
the logic has a finite (tree) model property where the size of
the model is independent from the probability bounds (like
≥ 1/2) in the formula. To study the computational complex-
ity of bounded PCTL satisfiability, we first show that the
satisfiability problem of a simple sub-logic of bounded PCTL
that (besides propositional logic) only contains nested quan-
tified next-modalities is PSPACE-complete. The main result
is an NEXPTIME-algorithm for the entire bounded PCTL
satisfiability. This is based on a novel variable elimination
method for solving the satisfiability problem for specific class
of formulas in the theory of the reals. Finally, we show that
the satisfiability of bounded PCTL-formula f is EXPTIME-
hard in the encoding of f .

Simple probabilistic µ-calculus. In the second part of
the paper we extend our results to a logic with recursion:
PµTL, a version of the modal µ-calculus equipped with a
probabilistic next-modality. This logic allows to express for-
mulas like νY.

(
a ∧ [XY ]≥1/3

)
asserting that a holds and con-

tinues to hold with at least probability 1/3 in the next state.
The logics PµTL and (bounded) PCTL have incomparable
expressive power. PµTL is subsumed by various probabilis-
tic logics with recursion, such as µ-PCTL [7], Mio’s prob-
abilistic µ-calculus with independent product [18] and the
µp-calculus [7]. PµTL has recently been introduced in [17]
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where the satisfiability problem was shown to be decidable
only for finite models. A 2-EXPTIME decision procedure was
provided by reducing the problem to the emptiness prob-
lem of certain alternating tree automata. We extend this
with the following results. We show that PµTL has a small
model property in the sense that every satisfiable formula f
has a model of size exponential in |f | (and has a bounded
out-degree at most |f |+1. These results imply (using [5])
that PµTL and qualitative PCTL are incomparable1. Our
constructive proof exploits the results on (ordinary) par-
ity games for the satisfiability problem of PµTL. Similar to
results for the modal µ-calculus, we obtain that a PµTL-
formula f is satisfiable iff player zero has a winning strategy
in the game arena that corresponds to f . Using these re-
sults we establish that—in contrast to PCTL [5] with a pri-
ory fixed model size —every satisfiable PµTL-formula has
a rational model, i.e., a model with rational probabilities
only.2 Our results show that one needs to solve a parity
game of exponential size in order to decide PµTL satisfia-
bility. This is the strongest possible bound since PµTL can
encode µ-calculus, and our result shows that satisfiability
of PµTL lies in the same complexity class as the satisfiabil-
ity of µ-calculus. This sharpens the 2-EXPTIME complexity
in [17] that used alternating tree automata, and the result
is no longer restricted to finite models.

Organisation of this paper. Section 2 presents prelim-
inary notions such as weighted covers and Markov chains.
Section 3 considers bounded PCTL and some sub-logics,
their satisfiability and complexity. Section 4 introduces
PµTL, pre-models, and presents a decision problem of PµTL
satisfiability using 2-player parity games. Section 5 con-
cludes the paper. Omitted proof details are provided in the
Appendix.

2. Preliminaries

2.1 Weighted covers

Let XY be the functions from the set Y to the set X.

Definition 1 ((Weighted) cover). Let H be a set of objects.
A cover c is a set of sets of objects of H, such that

⋃
e∈c e =

H. The cardinality of c is called the width of the cover
c. A weighted cover of H is a cover c with a mapping
w : c→ (0, 1], such that

∑
e∈c w(e) = 1.

Proposition 1. A set of cardinality n has at most 2n·(k+1)−2n

2n−1

different covers of width at most k.

Proof. Let H be a set with |H| = n, and c a cover of H with
width i ≤ k. An object of H can be placed in every set of c.
Given that c covers H, there are at most 2i−1 possibilities.
This holds for every object of H. The number of different
covers of width i thus is (2i−1)n (or, 6 2n·i). Summing over
all 1 ≤ i ≤ k gives the desired bound.

For weighted cover (c, w) of H = {o1, . . . , on}, let H(oi) =
{e ∈ c : oi ∈ e} and w(oi) =

∑
e∈H(oi)

w(e).

Proposition 2 (Dual of Helly’s theorem). Let T be a count-
able set of vectors in Rn. For every vector ~v being a convex
combination of vectors from T , there exists a set T ′ ⊆ T

1 This contradicts the result in [17] that qualitative PCTL is
strictly less expressive than qualitative PµTL for finite models.
2 We don’t know that such a property holds for PCTL in general.

such that ~v is a convex combination of vectors from T ′ and
|T ′| ≤ n+1.

Proof. The vector ~v is inside the convex polytope defined by
T . A triangulation of a polytope is a partitioning of the space
inside the convex polytope using (n+1)-simplexes (tetrahe-
drons) in n-dimensions. Such a triangulation always exists
even if the convex polytope is generated by a countable set
of points. Thus, ~v is inside (or on) some n+1-simplex whose
vertices are in T ′ ⊆ T . Which implies, ~v can also be defined
as a convex combination of vectors in T ′.

2.2 Markov chains

Let R+ denote the set of non-negative reals. Let DX be the
set of probability distributions over the set X where ~d ∈ DX
iff ~d ∈ RX+ and ~dT ·~1 = 1, where ~1 denotes the vector only
containing ones.

Definition 2 ((Labelled) Markov chain). A (labelled)
Markov chain (MC) M is a quintuple (S, P, AP, L, sin)
where S is a countable set of states, P (s) ∈ DS for all
s ∈ S, AP is a set of atomic propositions, L : S → 2AP is a
labelling function, and sin ∈ S is the initial state.

An infinite path w through MC M is a sequence of states
w = {wi}i≥0, where for all i ≥ 0, P (wi, wi+1) > 0. Let
path(s) denote the set of (finite or infinite) paths starting
from state s. For a path w, let last(w) denote the last state
of w if this exists (i.e., if w is finite) and |w| denote the length
of w. Let succ(s) = {t : P (s, t) > 0} be the set of successors
of state s. A probability measure (Ωs,F ,Pr) where Ωs is the
set of infinite paths from state s is obtained by a standard
cylinder set construction [3]. Details are omitted here.

3. Bounded PCTL
This section is concerned with the satisfiability problem
for bounded PCTL, i.e., PCTL without unbounded until-
modalities. We first show that the satisfiability problem for
this PCTL fragment is decidable, and is in NEXPTIME in
the size of the formula, and EXPTIME-hard in its encoding.
In addition, we consider the complexity for the satisfiability
problem for some other bounded fragments of PCTL.

3.1 Bounded PCTL: syntax and semantics

Probabilistic CTL [13], or PCTL for short, is a branching
time temporal logic interpreted on infinite probabilistic com-
putation trees obtained by unfolding Markov chains. We
consider a bounded fragment of PCTL, obtained by omitting
the unbounded until-modality. Let a ∈ AP be a proposition,
p ∈ Q∩ [0, 1] a probability, �∈ {>,≥} a binary comparison
operator, and n ∈ N.

Definition 3 (Bounded PCTL syntax). The syntax of
bounded PCTL is given by the following BNF grammar:

f ::= a | ∼f | f ∧ f | [g]�p and g ::= X f | f Unf.

The semantics of bounded PCTL is defined on labelled
Markov chains; for state sentence f this is standard, where
the semantics of [g]�p is given for state s by:

s |= [g]�p iff Pr{w ∈ Ωs : w |= g} � p

where Pr is the probability measure defined on cylinder sets
of the Markov chain to which state s belongs. The semantics
of the next-operator is standard and omitted. For an infinite
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path w = (w0, w1, . . .), the semantics of the bounded until-
operator is defined by:

w |= f1 U
nf2 iff

 w0 |= f2 for n = 0
w0 |= f2 or (w0 |= f1 and

w1 |= f1 U
n−1f2) for n > 0

(1)

A path thus satisfies f1 U
nf2 whenever an f2-state is reached

within n steps while all preceding states satisfy f1. Let Fng
denote trueUng and Gng ≡ ∼Fn∼g.

Example 1. The sentence [F3[G10 b]=1]>1/3 in bounded
PCTL expresses that the probability to reach a state within
three steps from which almost surely b holds for at least the
next ten steps exceeds 1/3.

3.2 Bounded PCTL satisfiability: decidability

An MC whose underlying graph is a tree is called a tree
Markov chain. Every MC M induces a tree MC Ms by
unfolding M from state s. Let Ms,n be the MC obtained
from M by unfolding n steps starting from state s. The
leaves of Ms,n are absorbing by equipping them with self-
loops of probability one. Ms,n is thus a finite tree MC of
depth n rooted at s. For bounded PCTL-sentence f , let
ord(f) be recursively defined as follows:

ord(a) = 1 for a ∈ AP
ord(∼f) = ord(f)

ord(f1 ∧ f2) = max{ord(f1), ord(f2)}
ord([X f ]�p) = 1 + ord(f)

ord([f1 U
nf2]�p) = n+ max{ord(f1), ord(f2)}.

It follows by a straightforward structural induction on f ,
that the satisfiability of bounded PCTL over finite trees obey
the monotonicity property, i.e., Ms,n |= f implies Ms,m |= f
for every m > n > ord(f). This provides the basis for the
following result.

Proposition 3. For bounded PCTL-sentence f and MC M :
M, s |= f iff Ms,n, s |= f with n = ord(f).

Proof. If Ms,n, s |= f with n = ord(f) then obviously
M, s |= f . For the other direction, we proceed as follows.
Assume M, s |= f and let n = ord(f). We prove that
Ms,n, s |= f by induction on the structure of f .

1. f = a. Then, n = 1. By definition, Ms,n consists of a
single node s equipped with a self-loop. Given M, s |= f
it follows a ∈ L(s). Hence, Ms,n, s |= f .

2. f = f1 ∧ f2. Let n1 = ord(f1) and n2 = ord(f2). By
induction hypothesis, Ms,n1 , s |= f1 and Ms,n2 , s |= f2.
As n ≥ n1 and n ≥ n2, by monotonicity, Ms,n, s |= f1

and Ms,n, s |= f2. Thus, Ms,n, s |= f .
3. f = ∼g. By induction hypothesis, Ms,n, s 6|= g, thus
Ms,n, s |= f .

4. f = [X g]�p. Let S′ = {t : M, t |= g and P (s, t) > 0} and
m = ord(g), i.e., n = m+1. By induction hypothesis,
Mt,m, t |= g for every t ∈ S′. As t ∈ S′ is a direct
successor of s, Mt,m is a subtree of Ms,m+1. As M, s |= f ,
we have

∑
t∈S′ P (s, t) � p. Thus, Ms,m+1, s |= f .

5. f = [f1 U
kf2]�p. Let n1 = ord(f1) and n2 = ord(f2). If

M, s |= f2, then the statement follows from the induc-
tion hypothesis and monotonicity. Assume M, s 6|= f2.
Let w be a path starting in s with w |= f1 U

kf2. Thus,
M,wi |= f2 for some 0 < i ≤ k, and, M,wj |= f1, for ev-
ery j < i. By the induction hypothesis, Mwi,n2 , wi |= f2

and Mwj ,n1 , wj |= f1 for every j < i. By monotonic-
ity, Mwi−1,n′ , wi−1 |= f1 and Mwi,n′ , wi |= f2 where
n′ = max{1+ord(f1), ord(f2)}. For n = n′+k, Mwi−1,n′

is a sub-tree of Ms,n, therefore Ms,n, wi−1 |= f1 and
Ms,n, wi |= f2. This is true for any path w |= f1 U

kf2.
Thus, Ms,n, s |= f .

The set sub(f) of sub-formulas of bounded PCTL-formula f
is defined by:

sub(a) = {a}
sub(∼f) = {∼f} ∪ sub(f)

sub(f1 ∧ f2) = {f1 ∧ f2} ∪ sub(f1) ∪ sub(f2)
sub([X f ]�p) = {[X f ]�p} ∪ sub(f)

sub([f1 U
nf2]�p) = {[f1 U

nf2]�p} ∪ sub(f1) ∪ sub(f2).

Similar to Theorem 4 for PµTL, we obtain:

Proposition 4. Every satisfiable bounded PCTL-sentence
f has a tree model with bounded out-degree at most
|sub(f)|+1.

Proof. Let M be a model of f . As the statement trivially
holds for propositional formulas, we focus on path sentences.
Consider state s in M and let H = {g ∈ sub(f) : s |= g}.
Assume w.l.o.g. that no two sub-sentences are syntactically
identical. Let {1, . . . , n} be an enumeration of H, i.e., each
formula in sub(f) is assigned a unique index. Assume s has
more than n+1 descendants, i.e., succ(s) = {t1, . . . , tk} for
k > n+1. Let for path sentence g, Pr(s |= g) abbreviate
Pr{w ∈ Ωs : w |= g}. Define the vectors {~s,~t1, . . . ,~tk} in the
Euclidean space [0, 1]n as follows:

1. for [X g]�p with index i, ~s(i) = q where Pr(s |= X g) = q,
and t(i) = 1 if t |= g else t(i) = 0, for each t ∈ succ(s).

2. for [f1 U
kf2]�p with index i and s 6|= f2, ~s(i) = q

where Pr(s |= f1 U
kf2) = q, and t(i) = q with Pr(t |=

f1 U
k−1f2) = q, for each t ∈ succ(s).

3. for any other index i, ~s(i) = ~t(i) = 0.

For the semantics of a path sentence of the form [g]�p, we
obtain the following relation:

~s =
∑

t∈succ(s)

P (s, t) · ~t.

That is, ~s is a linear combination of the vectors {~t1, . . . ,~tk}.
By Proposition 2 (see page 2), there exists a set G ⊆ succ(s)
with |G| 6 n+1 and a distribution P ′(s) such that:

~s =
∑
t∈G

P ′(s, t) · ~t.

It is easy to see that using G as set of direct successors
(rather than succ(s)) s still satisfies H. Applying this pro-
cedure to every state of M yields a model with out-degree
at most n+1.

Propositions 3 and 4 are the ingredients to obtain a small
model theorem for bounded PCTL.

Theorem 1. Every satisfiable bounded PCTL-sentence f
has a finite tree model of depth ord(f) and out-degree
|sub(f)|+1.

Let the size of bounded PCTL-sentence f be defined as
size(f) = |ord(f)|+|sub(f)|. The small model theorem thus
asserts that for every satisfiable sentence f , there exists a
tree MC model of f whose number of nodes is exponential
in size(f) (but not the space needed to encode f).
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3.3 Bounded PCTL satisfiability: complexity

In this section, we analyse the theoretical complexity of the
satisfiability problem for bounded PCTL. We do so by first
analysing the complexity for the satisfiability problem of
the sub-logic Pxω that supports arbitrary nesting of next-
modalities but has no bounded until-modality. Subsequently,
we treat bounded PCTL.

The PCTL-fragment Pxω is defined as follows. For n ∈ N,
we inductively define the sub-logic Pxn:

Px0 : f ::= a | ∼f | f ∧ f
Pxn : f ::= a | ∼f | f ∧ f | g | [X g]�p for n > 0,

where a ∈ AP, p ∈ Q ∩ [0, 1], and g ∈ Pxn−1. With little
abuse of notation, let Pxn denote the set of all sentences
of the logic Pxn. Let Pxω be the set of sentences with an
unbounded number of nested next modalities.

Proposition 5. The satisfiability problem for Pxω is in
PSPACE.

Proof. We show that the satisfiability problem for sentences
in Pxn is in ΣPn of the polynomial-time hierarchy. Let Tn be
a non-deterministic Turing machine (NTM) with an oracle
Ωn−1. Oracle Ωn can foretell whether a set of sentences in
Pxn is satisfiable3. W.l.o.g. we assume that Pxn sentences
are in negated normal form. Let H be the set of Pxn sen-
tences that the input to NTM Tn. Tn proceeds as follows:
First, H is replaced by closure(H) (Alg. 1). This can be done
in linear time in |H|.

Secondly, if H ∩ Px0 is unsatisfiable, then Tn rejects. Oth-
erwise, Tn selects a weighted cover (see Def. 1) (c, w) of
{g : [X g]�p ∈ H} with

1. w(g) � p for each [X g]�p ∈ H, and
2.
∧
g∈G g 6≡ false for each G ∈ c.

By Proposition 4, we restrict to covers whose widths are
at most |H|+1. Checking (1) can be done by solving linear
equations, and (2) satisfiability of formulas for each G ∈ c is
delegated to the oracle Ωn−1. This is possible since the set
G only contains sentences in Pxn−1. The NTM Tn accepts
if such a weighted cover exists, else it rejects.

The correctness of the above algorithm is straightforward.
The algorithm generates a model (and accepts H) iff H is
satisfiable. We omit the details. The satisfiability of a set of
Pxn sentences can thus be solved by an NTM with an oracle
Ωn−1 in polynomial time. Hence, the satisfiability problem

for Pxω is in NPNPNP...

, and hence in PSPACE.

PSPACE-hardness is proven by exploiting the fact that the
satisfiability of modal formulas in the K-logic is PSPACE-
hard [16]. A detailed reduction is provided in Appendix 6.1.

Proposition 6. The satisfiability problem for Pxω is PSPACE-
hard.

We now consider the complexity of the satisfiability prob-
lem for bounded PCTL. We use the following machinery to
solve the satisfiability problem.

Proposition 7. For finite tree T and bounded PCTL-formula
f , it can be decided in NP whether M |= f for some tree
MC M with T as its underlying graph.

3 See [15] for background information on oracle Turing machines
and the polynomial time-hierarchy.

Algorithm 1 closure(H)

1: for each f ∈ H do
2: if f = a ∈ AP or f = ∼a then skip
3: if f = f1 ∧ f2 then H := (H \ {f}) ∪ {f1, f2}
4: if f = f1 ∨ f2 then
5: H := (H \ {f}) ∪ {fi}, where i = 1 or 2
6: if f = [X g]�p then skip
7: if f = [f1 U

0f2]�p then H := (H ∪ {f2}) \ {f}
8: if f = [f1 U

nf2]�p and n > 0 then
9: either H := (H ∪ {f2}) \ {f} or H := H ∪ {f1}

10: end for
11: return H

Algorithm 2 label(s)

1: if L(s) ⊆ Px0 then
2: return true iff L(s) is satisfiable
3: else L(s) = closure(L(s))
4: end if ;
5: for each f ∈ L(s) do
6: if f = [X g]�p then
7: choose non-deterministically S′ ⊆ succ(s)
8: for each t ∈ S′ do
9: L(t) := L(t) ∪ {g}

10: H := H ∪ (
∑
t∈S′ x(s,t) � p)

11: extend H with constraint for s and S′

12: end for
13: elseif f = [f1 U

nf2]�p
14: choose non-deterministically S′ ⊆ succ(s);
15: for each t ∈ S′ do
16: (L(t) := L(t) ∪ {[f1 U

n−1f2]=pt})
17: or (L(t) := L(t) ∪ {f2} and pt = 1)
18: where pt is a new variable
19: H := H ∪ (

∑
t∈S′ x(s,t)·pt � p)

20: end for
21: end if
22: end for
23: for each t ∈ succ(s) do label(t) od

Proof. Let tree T = (V,E, s0), where V is a set of vertices,
E ⊆ V ×V a set of directed edges, and s0 is the root. Every
edge e ∈ E is assigned a variable xe denoting the weight
of e. Let P = {xe : e ∈ E} be the set of weights in T . To
construct an MC M with T as underlying graph, we non-
deterministically select a labelling function L using Alg. 2.
Function L labels every vertex in T with a set of bounded
PCTL-formulas. This goes as follows. We initialize L(sin) to
{f}, and invoke label(sin) (see Alg. 2.). Line 2 covers the
case when s is only labeled with propositional formulas. If s
is labeled with a non-propositional formula, its labelling is
adapted to the Hintikka set of L(s) (line 3). The computa-
tion of the Hintikka set is done using Alg. 1. This procedure
is non-deterministic (see lines 5 and 9). After labelling s,
a non-deterministic selection of its direct successors is la-
beled in the for-loop (line 5–22). During this loop, a set H
(initially empty) of multi-variate polynomial inequations is
computed over the variables xe and newly introduced vari-
ables pt for vertex t (line 16–17). Each vertex of T is visited
twice: once to calculate the polynomial inequations and once
in the recursive call. Thus, the labelling algorithm is in NP.

Formula f holds in sin iff the set of (real non-linear)
inequations H, with variables in P is satisfiable. The num-
ber of inequations is in O(|V |·|sub(f)|) and the number of
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variables is |E|, i.e., polynomial in the size of the input.
Using the existential theory of the reals [6], we can deter-
mine the feasibility of the inequations in PSPACE. This
complexity can be improved by exploiting the special struc-
ture of the inequations. Observe that after some simplifi-
cation (and removal of new variables introduced in lines
16–17 of Alg. 2 4) every equation has the following form:
a0·σ0 + a1·σ1 + . . . + ak·σk � b, where a0, . . . , ak, b ∈ Q
and σi (0 ≤ i ≤ k) is a term of a polynomial of the type
xe1,ixe2,i . . . xen,i where e1,ie2,i . . . en,i is a path in the tree
T . Furthermore, the edges e1,i for every 0 ≤ i ≤ k have the
same source vertex. In Appendix 6.2 it is shown how to solve
the satisfiability problem of such a system of (in)equations
in NP.

The complexity for the satisfiability problem for bounded
PCTL is now straightforward.

Proposition 8. The satisfiability problem for bounded PCTL
is in NEXPTIME in the size of the formula.

Proof. Let f be a bounded PCTL-formula. Theorem 1 and
Proposition 7 suggest the following algorithm to solve the
satisfiability problem. We non-deterministically guess a tree
T of size 2O(size(f)). Then we check whether there is an MC
with the underlying graph T that satisfies f . The algorithm

works in NTIME(2O(size(f)2)) ⊆ NEXPTIME in the size of the
formula.

Proposition 9. The satisfiability of bounded PCTL-formula
f is EXPTIME-hard in the encoding of f .

Proof. By a reduction from the acceptance problem for an
alternating polynomial-space Turing machine to the satisfi-
ability of bounded PCTL-formula. Details can be found in
Appendix 6.1.

4. Simple probabilistic µ-calculus

This section considers a modal µ-calculus extended with a
probabilistic next-modality. After introducing the logic, we
define the notions of rank and signature. We then show that
satisfiable PµTL-sentences have a model of bounded out-
degree. Finally, we provide a decision procedure for PµTL
satisfiability using parity games—in the same vein as for
the modal µ-calculus—and yield a small model as well as a
rational model property.

4.1 Syntax and semantics of PµTL

The logic PµTL, originally proposed in [17], embeds a prob-
abilistic next-modality in the modal µ-calculus.

Definition 4 (PµTL syntax). The syntax of PµTL is given
by the following BNF grammar:

f ::= a | ∼a | Z | f ∧ f | f ∨ f | [X f ]�p | µZ.f | νZ.f.
Sentences are assumed to be in negative normal form,
i.e., negations only occur adjacent to propositions. The µ-
sentence µZ.f is the least fixed point and the ν-sentence
νZ.f stands for the greatest fixed point. The logical vari-
able Z is used in fixed points. The µ- and ν-sentences can
intuitively be understood by considering Z as a set of states.
The sentence µZ.f is valid for all those states in the smallest
set Z that satisfies the equation Z=f , where Z generally

4 Note that the variable pt is the lvalue of a single equation of the
form pt = . . .. Thus pt can be easily substituted.

occurs in f . Similarly, νZ.f is valid for the largest set Z
satisfying Z=f . An occurrence of variable Z is bound in a
sentence f if it occurs within a subsentence of f having ei-
ther the form µZ.f or νZ.f . In all other cases, Z occurs free
in f . We sometimes write µZ.f(Z) instead of µZ.f to make
the dependence of f on Z explicit. A sentence f is closed
if all variables occurring in f are bound. In the sequel, all
sentences are assumed to be closed unless stated otherwise.

Definition 5 (PµTL semantics). The semantics of PµTL is
defined on labelled Markov chains. The pointed satisfaction
of a PµTL sentence for a Markov chain M with state space
S and state s ∈ S is defined by the following rules:

s |= a iff a ∈ L(s)
s |= ∼a iff a 6∈ L(s)
s |= g ∧ h iff s |= g and s |= h
s |= g ∨ h iff s |= g or s |= h

s |= [X g]�p iff
∑

s′:s′|=g

P (s, s′) � p

s |= µZ.g iff s ∈
⋂
{S : g(S) ⊆ S}

s |= νZ.g iff s ∈
⋃
{S : S ⊆ g(S)}

With little abuse of notation, a PµTL-sentence f also de-
notes set of states satisfying f . It should be clear from the
context, when f is considered as a sentence and when as a
set of states. In particular, µZ.g is valid in state s when-
ever s is contained in the smallest set of states such that
g(S)—the sentence g where Z is replaced by S—is a subset
of S.

Example 2. The logic PµTL can be used to model proba-
bilistic programs where probability distributions are fixed
and variables have a finite domain. Consider the proba-
bilistic program while(c == heads) toss(c) where c is a
fair coin that initially equals heads or tails. The following
PµTL sentence where proposition t stands for tails and h
abbreviates heads:

(t→ [X t]=1) ∧
(
h→ νZ.([X t]≥1/2 ∧ [X h ∧ Z]≥1/2)

)
.

expresses that c being initially t implies c stays t almost
surely, and that c being initially h implies that it turns into
t with at least probability 1/2 or stays h and continues with
the same threshold.

Sub-sentences of PµTL-sentence f are defined in the stan-
dard way, e.g., the sub-sentences of µZ.f are µZ.f and all
sub-sentences of f , and the sub-sentences of f ∧ g are f, g
and f ∧ g. A Markov chain M is a model of PµTL-sentence
f whenever sin |= f .

4.2 Ranks and signatures

Let f be a function on subsets of a universe U , i.e., f : 2U →
2U . If f is monotonic, then by the Knaster-Tarski theorem,
least and greatest fixed points of f exist. For ordinal α, the
least fixed point µ(f) =

⋃
α µα(f), and the greatest fixed

point ν(f) =
⋂
α να(f), where:

µ0(f) = ∅ and µα+1(f) = f(µα(f)) and
ν0(f) = U and να+1(f) = f(να(f)).

Recall that we can view a PµTL sentence f as characterising
a set of states satisfying f . Hence, we denote ηα+1(f) = {s :
s |= f(ηα(f))} for η ∈ {µ, ν} where µ0(f) = ⊥ and ν0(f) =
>. With little abuse of notation, we denote s |= ηα(f) iff
s ∈ ηα(f). The satisfaction relation of PµTL (see Def. 5)
can now be rephrased as follows:

s |= µZ.f(Z) iff for some ordinal α, s |= µα(f)
s |= νZ.f(Z) iff for all ordinals α, s |= να(f).
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No state satisfies µ0(f), and every state satisfies ν0(f).

Definition 6 (Rank). The µ-sentence µZ.f(Z) has rank α
at state s if α is the least ordinal such that s |= µα(f). If
there is no ordinal α < ω such that s |= µα(f), then the
rank of µZ.f(Z) at s is ω. 5

Example 3. Consider the following Markov chain:

s1
1−→ s2

1−→ s3
1−→ s4

1−→ . . .

where s4 satisfies a and si satisfies ∼a for i < 4. The sentence
µY. (a ∨ [XY ]>0) has rank 4 at s1, 3 at s2, 2 at s3 etc.

Definition 7 (Signature). A signature is a sequence of or-
dinals. Let < be the lexicographical ordering on signatures.
Over a set of bounded length signatures, the lexicographical
ordering is total and well defined.

Definition 8 (µ-height). The µ-height of PµTL-sentence f
is the nesting depth of closed µ-sub-sentences (including f)
of f .

Example 4. Formula µZ.([XZ]>0 ∨ µY.(b ∧ [XY ]>0)) has
µ-height 2. The µ-height of µZ.(a∨µY.(b∧[XZ]=1∨[XY ]>0))
is 1, since µY.(b ∧ [XZ]=1 ∨ [XY ]>0) is not closed.

Definition 9. Let f be a PµTL-sentence of µ-height n.
Sentence f has the signature σ = α1, . . . , αn at state s if σ
is the (lexicographically) least signature such that s |= f ′

where f ′ is obtained by replacing every µ-sub-sentence µZ.g
in f of µ-height i by µαi(g).

Observe that ordinal αi is used only for least fixed point
sentences of µ-height i. Greatest fixed point sentences play
no role for this notion.

Example 5. Let the sentence f = µZ.([XZ]>0∨(b∧µY.(a∨
[XY ]>0))) with µ-height 2. Consider the MC:

s1
1−→ s2

1−→ s3
1−→ s4

1−→ s5
1−→ . . .

where only s5 satisfies a and only s3 satisfies b. Sentence f
has signature (3, 3) at s1, (3, 2) at s2, (3, 1) at s3, (2, ω) at
s4, and (1, ω) at s5.

Proposition 10. Signatures of PµTL sentences satisfy:

1. If f ∨ g has signature σ at s, then either f or g has
signature ≤ σ at s.

2. If f ∧ g has signature σ at s, then f and g both have
signatures ≤ σ at s.

3. If [X g]�p has signature σ at s, then there is a set H of
successors of s, such that

∑
t∈H P (s, t) � p, and g has a

signature ≤ σ at t, for every t ∈ H.
4. If µZ.f(Z) has signature σ at s, then f(µZ.f(Z)) has

signature σ′ < σ at s.
5. If νZ.f(Z) has signature σ at s, then f(νZ.f(Z)) has

signature σ′ with prefix σ at s.

Proof. Cases 1 and 2. Suppose ϕ = f ∨ g has a signature
σ = (α1, . . . , αn) at s. Let ϕ′ be the formula obtained by
replacing each occurrence of µ-sentence µZ.f(Z) of µ-height
i by µσi(f). Then s |= ϕ′. Observe that each µ-sub-sentence
of ϕ belongs either to f or g. Thus the sentence obtained
by replacing every µ-sub-sentence µZ.f(Z) of either f or g
of height j by µσj (f) is also satisfied by s. Thus, either f
or g has signature σ′ at most σ. Similar arguments hold for
f ∧ g.

5ω denotes the first infinite ordinal.

Case 3. Assume [X g]�p has signature σ = (α1, . . . , αn).
Let g′ be the sentence obtained by replacing every occur-
rence of µ-sentence µZ.f(Z) of height i by µσi(f) in g. Then
s |= [X g′]�p. This implies that there exists a set H of suc-
cessors of s such that

∑
t∈H P (s, t) � p and for each t ∈ H,

either t |= g′, or g has a signature at most σ at t.
Case 4. Let ϕ = µZ.f(Z), and the signature at s be

σ = (α1, . . . , αn). We assume without loss of generality that
ϕ is the only formula with µ-height n. Let ψ be a µ-sub-
sentence in f(ϕ). We distinguish:

1. ψ occurs either properly inside ϕ or does not contain Z.
Then the µ-height of ψ in ϕ and f(ϕ) coincide. Thus, the
rank αi, say, of ψ in ϕ is the rank of ψ in f(ϕ) too.

2. ψ = ϕ. The µ-height of ϕ in f(ϕ) remains n. By definition
of µα(f), the rank of sub-sentence ϕ (of f(ϕ)) is αn−1.

3. ψ contains Z. Let j be the µ-height of ψ (when occur-
ring) in ϕ. Then it has µ-height n+j in f(ϕ). The sig-
nature of f(ϕ) at s is thus σ′ = {α1, . . . , αn−1, (αn−1),
α′n+1, . . . α

′
n+k}, where n+k is the µ-height of f(ϕ). Lex-

icographically, σ′ < σ.

Case 5. concerns greatest fixed points, which does not change
the signature of any sub-sentence of f(νZ.f(Z)) whose µ-
height is ≤ n.

4.3 Pre-model and derivations

Throughout the rest of this section, we will assume that
every sub-sentence of a given sentence is unique.

Definition 10 (FL closure). The Fisher-Ladner closure of
PµTL-sentence f is the smallest set FL(f) satisfying:

1.f ∈ FL(f).
2.If g ∨ h ∈ FL(f) then g, h ∈ FL(f).
3.If g ∧ h ∈ FL(f) then g, h ∈ FL(f).
4.If [Xg]�p ∈ FL(f) then g ∈ FL(f).
5.If ηZ.g ∈ FL(f) then g(ηZ.g) ∈ FL(f) for η ∈ {µ, ν}.

Example 6. For ϕ = νZ.(a ∧ [XZ]=1), we have FL(ϕ) =
{ϕ, a ∧ [X (νZ.a ∧ [XZ]=1)]=1, a, [X (νZ.a ∧ [XZ]=1)]=1}.

Remark 1 ([11]). For every PµTL-formula f , |FL(f)| ∈
O(|f |).

Here |f | denotes the length of sentence f . We now introduce
the notion of pre-model of formula f .

Definition 11 (Pre-model). A pre-model of PµTL sentence
f is an MC Mf = (S, P, 2FL(f), L, sin) satisfying:

1. f ∈ L(sin).
2. If f ∈ L(s) then ∼f 6∈ L(s).
3. If f ∨ g ∈ L(s) then f ∈ L(s) or g ∈ L(s).
4. If f ∧ g ∈ L(s) then f, g ∈ L(s).

5. If [X g]�p ∈ L(s) then
∑

s′:g∈L(s′)

P (s, s′) � p.

6. If ηZ.f ∈ L(s) then f(ηZ.f) ∈ L(s) with η ∈ {µ, ν}.

Each pre-model defines a specific choice of derivation rules.

Definition 12 (Derivation). The derivation relation in-
duced by pre-model Mf = (S, P, 2FL(f), L, sin) of PµTL sen-
tence f is defined by:

1. If ϕ = h ∨ g ∈ L(s) and h ∈ L(s), then ϕ derives h (at
s). Similar holds if g ∈ L(s).

2. If ϕ = h ∧ g ∈ L(s), then ϕ derives h and g (at s).
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f = µZ. (νY.(a ∧ Y ) ∨ Z) νY.(a ∧ Y ) ∨ f

ϕ = νZ. (µY.(b ∨ [XY ]=1) ∧ [XZ]=1) µY.(b ∨ [X Y ]=1) ∧ [Xϕ]=1

b ∧ [Xϕ]=1 b ∨ [XµY.(b ∨ [XY ]=1]=1) ∧ [Xϕ]=1

Figure 1. Derivation sequence for two formulas. The
derivation sequence in the upper part shows a regeneration
sequence; the derivation in the lower part is not a regenera-
tion sequence.

3. If ϕ = [X g]�p ∈ L(s) and g ∈ L(t) for some successor t
of s, then ϕ (at s) derives g (at t).

4. If ϕ = ηZ.h ∈ L(s) with η ∈ {µ, ν}, then ϕ derives
h(ηZ.h) (at s).

The derivation relation of f is the union of derivation rela-
tions induced by all pre-models of f , i.e., g derives h iff for
some states s, t of a pre-model of f , g in s derives h in t.

Note that the derivation relation of f only relates sentences
in FL(f). An intuitive way to understand the derivation
relation is to consider it as a logical implication. Not all
pre-models of f are models of f . For instance, sentence
ϕ = µZ.f(Z) could be derived forever (by clause 4 of
Def. 12). For a pre-model to be a model, a µ-sentence cannot
be derived over and over again without ever satisfying it. But
it is possible that a µ-sub-sentence appears infinitely often
in a derivation sequence. So we have to be careful about
which derivation sequences we are referring to. We will use
the following definition.

Definition 13 (Regeneration). The µ-sentence ϕ is regen-
erated by a sequence of derivations, if starting from ϕ we
end up again with ϕ, and ϕ is a µ-sub-sentence for every
sentence in any intermediate derivation.

Example 7. Sentence f = µZ. (νY.(a ∧ Y ) ∨ Z) derives
νY.(a∧Y )∨µZ. (νY.(a ∧ Y ) ∨ Z) that contains f , and which
can derive µZ. (νY.(a ∧ Y ) ∨ Z) which equals f . Thus the µ-
sentence f is regenerated. (See Fig. 1, upper part).

Example 8. Let ϕ = νZ. (µY.(b ∨ [XY ]=1) ∧ [XZ]=1). ϕ
derives µY.(b ∨ [XY ]=1) ∧ [X ϕ]=1. This derives a formula
containing µY.(b∨ [XY ]=1)∧ [Xϕ]=1 (see Fig. 1, lower part).
This in turn derives b ∧ [Xϕ]=1 which derives ϕ. Although
the µ-sentence µY.(b ∨ [XY ]=1) is witnessed again, it is not
regenerated, since it is not a sub-sentence of every derived
sentence.

Definition 14 (Well-foundedness). A pre-model Mf of
PµTL-sentence f is well-founded if every µ-sub-sentence ϕ
of f is regenerated finitely often.

Theorem 2. Every model of PµTL-sentence f is a well-
founded pre-model of f .

Proof. Let M be a model of f . We first generalize the state-
labeling; ∀f ∈ FL(ϕ) : s |= f ⇐⇒ f ∈ L(s). Note that with
the generalized labeling, the model satisfies the conditions in
Def. 11. The rest of the reasoning is as follows: If M, sin |= ϕ,
then ϕ has a signature at initial state sin, and we can ensure
that every µ-sub-sentence of ϕ is regenerated finitely often.

Let ψ = µZ.f(Z) be a sub-sentence of ϕ with µ-height n
that is regenerated following a sequence of derivations from

s to t (s and t can be identical). We will show that the
signature σ = (α1, . . . , αn) of ψ from s to t decreases. As per
definition, the derivation step begins by deriving f(µZ.f(Z))
from µZ.f(Z). By Proposition 10, the sentence f(µZ.f(Z))
has lexicographically smaller signature at s. It remains to
show that this decrease is not violated by other derivation
rules between s and t.

For disjunction h ∨ g, suppose (w.l.o.g.) s |= g. By
Def. 12, g is derived. By Proposition 10, the signature cannot
increase. As the derivation relation for a conjunction does
not affect the signature, for this case no decrease occurs. The
derivation rule for [Xg]�p derives g at some successor state
t. If f(ψ) is a sub-sentence, then the signature at t cannot
increase; the other case is trivial.

A derivation may involve other fixed point sentences.
Derivations of fixed point sentences that are sub-sentences of
ψ do not affect the µ-height of f(ϕ). For example, consider
ψ = µZ.f(Z, µY.g(Y )) with µ-height n. Applying the deriva-
tion for ϕ yields ψ′ = f(ϕ, µY.g(Y )) which has µ-height n
too. The derivation steps for µY.g(Y ) in f(ϕ, µY.g(Y )) give
f(ϕ, g(µY.g(Y ))). The µ-height of µZ.f(Z, g(µY.g(Y ))) does
not change, hence the ordinal αn in the signature of f(ϕ) is
unaffected.

Now, consider φ = ηY.g(Y ) (where η ∈ {µ, ν}) with µ-
subsentence ψ = µZ.f(Z). Distinguish two cases:

1. The derivation of φ does not affect the µ-height of ψ.
In such a case, deriving µY.g(Y ) decreases the signa-
ture (by Proposition 10). For example, consider the
derivation steps for ϕ = µY.g(Y, µZ.f(Z)). This gives
g(µY.g(Y, µZ.f(Z)), µZ.f(Z)). The µ-height of µZ.f(Z)
is not affected, and the signature of ϕ decreases.

2. The derivation of φ increases the µ-height of ψ. For
example, φ = ηY.g(ψ), where ψ = µZ.f(Z, Y ). Observe
that a derivation of ψ can only occur after a derivation
of φ. That would make φ a subsentence of ψ, namely
µZ.f(Z, φ). The case where φ is a subsentence of ψ has
already been considered.

Thus, we have derivations where each µ-sentence reduces its
corresponding rank. Since the derivation sequence from ϕ
has bounded length (by Observation 1, pp. 6), a regeneration
can only happen finitely often. Thus the pre-model is well-
founded.

Theorem 3. Each well-founded pre-model of PµTL-sentence
f is a model of f .

Proof. (sketch) Let MC M be a well-founded pre-model of f .
Then the regeneration relation for every µ-subsentence of f
terminates. Each µ-sentence thus has a (finite) rank at every
state in M , and hence there exists a signature for ϕ ∈ FL(f)
at each state. Let σ = α1, . . . , αn be the lexicographically
smallest such signature. Replace each occurrence of the
µ-sentence µZ.f(Z) of height i by µαi(f). It follows by
structural induction on sentences that ϕ ∈ L(s) implies
s |= ϕ.

Theorem 4. If PµTL-sentence f is satisfiable, then it has a
model of bounded out-degree at most |f |+1.

Proof. Similar to the proof of Proposition 4 (pp. 3).
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4.4 Decision procedure for PµTL satisfiability

This section presents a decision procedure for determining
the satisfiability of PµTL sentence f . The procedure is based
on a parity game obtained as cross-product of a game graph
and a deterministic parity automaton.

Deterministic parity automaton

We first focus on the parity automaton. The starting point
is a Büchi-automaton Aϕ for each µ-sentence ϕ of f . The
automaton Aϕ accepts the regeneration sequences for ϕ, i.e.,
derivation sequences that derive ϕ infinitely often and for
which ϕ is a sub-sentence of every sentence in the derivation.

Definition 15 (Büchi automaton for an µ-sentence). Let f
be a PµTL-sentence with ϕ a µ-sentence in FL(f). The non-
deterministic Büchi automaton (NBA) Aϕ is a quintuple
(Qϕ,Σϕ, Qϕ,in, δϕ, Fϕ) where:

1. Qϕ = {ψ ∈ FL(f) : ϕ is a µ-sentence of ψ}, the state-set

2. Σϕ = 2FL(f), the alphabet
3. Qϕ,in = Qϕ, the set of initial states,
4. δϕ(q, q′) = q′, if q′ is obtained from q by a derivation
5. Fϕ = Qϕ, the set of final states.

The transition relation is represented in a compressed
form, that is, δϕ(q, a) = q′ implies that for all A ∈ Σ with
a ∈ A, δϕ(q,A) = q′.

For PµTL-sentence f , let Af be a deterministic parity
automaton (DPA) which is the complement of the union of
the automata Aϕ for µ-sentence ϕ of f :

L(Af ) =
⋃

ϕ∈FL(f):ϕ is a µ-sentence

L(Aϕ)

Af thus accepts all terminating regeneration sequences for
every µ-sentence in FL(f). The union of L(Aϕ) can be
described by an NBA of maximal size in O(kn) where k
is the number of µ-sentences in FL(f) and |FL(f)| = n. The

DPA Af then has size at most O(2(kn)2) [19].

A two-player game

Our next aim is to define a two-player game where player
0 aims to show that PµTL-sentence f is satisfiable, while
its opponent wants to refute this claim. The vertices of the
game graph are sets of subsets of FL(f). A vertex v is called
transitive iff:

• For all g ∨ h ∈ v either g ∈ v or h ∈ v.

• For all g ∧ h ∈ v, g, h ∈ v.

• For all ηX.g(X) ∈ v, g(ηX.g(X)) ∈ v.

• There exists [Xg]�p ∈ v.

Definition 16 (Two-player game). The two-player game
Gf for PµTL-sentence f is the triple (V,E, v0) where V =
V0 ] V1 with V0 ⊆ 2FL(f) the set of Player 0 vertices, V1 the
set of Player 1 vertices (defined below), v0 = {f} ∈ V0 the
starting vertex, and E is defined by:

1. (v, v ∪ {gi}) ∈ E for i=1, 2, if g = g1 ∨ g2 ∈ v
2. (v, v ∪ {g1, g2}) ∈ E) if g = g1 ∧ g2 ∈ v
3. (v, v ∪ {g(µX.g)}) ∈ E if µX.g ∈ v, and
4. (v, vc) ∈ E if v is a transitive vertex and vc represents

weighted cover (c, w) of Vv = {g : [X g]�p ∈ v} with
w(g) � p for all g ∈ Vv. In addition, (vc, v

′) ∈ E for each
v′ ∈ c. If no such cover c exists, then (v,⊥) ∈ E. Let
V1 = {vc : (v, vc) ∈ E} with vc as above.

Example 9. Consider the game in Figure 2. Let us clarify
one of its weighted covers. Consider the vertex 〈¬t, [X t]> 1

2
∧

[X h∧ νZ.ϕ(Z)]> 1
2
〉. There are two possible weighted covers:

(c1, w1) and (c2, w2). Let c1 = {v1, v2} and c2 = {v3}, where
v1 = 〈h∧νZ.ϕ(Z)〉, v2 = 〈t〉 and v3 = 〈h∧νZ.ϕ(Z), t〉. The
weights are w1(v1) = w1(v2) = 1/2 and w2(v3) = 1.

Let V⊥ be the set of vertices which contain propositional
contradictions (like a and ∼a). The game graph Gf is of size

at most 2O(n2) where n = |FL(f)|. Player 0 looses if the finite
play reaches V⊥. An infinite play is winning for player 0 if it
is accepted by the DPA Af . To accomplish this, we define
the parity game Gf as the (synchronous) cross product of
game Gf and DPA Af ; for details we refer to Appendix 6.3.

Remark 2. There are some crucial differences between the
game Gf and the tree-automaton construction for PµTL
in [17]. For vertices with formula g ∧ h, the set of formu-
las is not split into two vertices (one containing g and one
containing h); instead they are kept together. The key differ-
ence is the distribution of formulas as solutions of weighted
covers.

Proposition 11. Player 0 has a winning strategy in parity
game Gf for every satisfiable PµTL-sentence f .

Proof. Let f be satisfiable. By Theorem 2, f has a well-
defined pre-model, say MC Mf = (S, P,AP, L, sin). The
proof is by constructing a winning strategy π : V + → V in
game Gf for player 0 against any strategy of player 1. This
is done using the auxiliary function Γ : V + → S that maps
finite plays in Gf onto states of Mf . Define Γ(v0) = sin.
Consider a finite play ρ of Gf with s = Γ(ρ) and v = last(ρ).
Distinguish the following cases:

• v is a vertex with g1 ∨ g2 ∈ v. If gi ∈ L(s) then let
π(ρ) = vi (see Def. 16) and Γ(ρ·vi) = s, for i ∈ {1, 2}.
• v is a transitive vertex. Assume s has direct successors
{t1, . . . , tk}. By Theorem 4, it follows k ≤ |FL(f)|+1. De-
fine π(ρ) = vc (i.e., a cover vertex, see Def. 16) for cover
c = {L(t1), . . . , L(tk)}. (Note that such cover always ex-
ists.) If player 1 selects L(ti), then let Γ(ρ·vc·L(ti)) = ti.
• in any other case, v has at the most one successor, say
v′. Define π(ρ) = v′ and Γ(ρ·v′) = s.

It remains to show that π is a winning strategy. For any
strategy σ of Player 1, consider the resulting path ρ from
the pair of strategies (π, σ). Path ρ cannot terminate in a
⊥-vertex, as otherwise the label of Γ(ρ) should contain a
propositional contradiction. If ρ is infinite, then every re-
generating µ-sub-sentence in the vertices of ρ is terminating.
Hence ρ ∈ L(Af ).

Proposition 12. If there exists a winning strategy for player
0 in parity game Gf , then f is satisfiable.

Proof. Let π be a winning strategy of player 0 in Gf . Ap-
plying the strategy π to the game Gf yields the digraph Gπf .
Let Π be the set of all finite paths σ = (σ0 . . . σn) in Gπf such
that

1. σ0 is a player 0 configuration, and it is either the initial
configuration or has a player 1 configuration as a parent.

2. σn is a player 1 configuration.

Consider a path σ ∈ Π. Observe that each configuration
except the last configuration (σn) of σ has at most one de-
scendant. Path σ is said to lead to σ′, if the last configuration
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(t→ [Xt]=1) ∧ (h→ (νZ.ϕ(Z)))

(∼t ∨ [Xt]=1), (∼h ∨ νZ.ϕ(Z))

∼t, ∼h ∨ νZ.ϕ(Z) [Xt]=1, ∼h ∨ νZ.ϕ(Z)

∼t ∧ ∼h ∼t, νZ.ϕ(Z)

∼t, [Xt]> 1
2
∧ [Xh ∧ νZ.ϕ(Z)]> 1

2

� �

h ∧ νZ.ϕ(Z)

h, [Xt]> 1
2
, [Xh ∧ νZ.ϕ(Z)]> 1

2

t t, h ∧ νZ.ϕ(Z)

⊥

∼h, [Xt]=1

�

t

[Xt]=1 ∧ νZ.ϕ(Z)

[Xt]=1, [Xh]> 1
2
∧ [Xh ∧ νZ.ϕ(Z)]> 1

2⊥

� � � �

Each branch will be closed since

[Xt]=1 and [Xh]> 1
2

cannot be true

Figure 2. The satisfiability game for (t → [Xt]=1) ∧ (h → (νZ.ϕ(Z))), where ϕ = [Xt]> 1
2
∧ [Xh ∧ Z]> 1

2
. The black squares

indicate Player 1 vertices, others are Player 0 vertices. Since there are no µ sub-sentences, any infinite path (or ending in no
⊥-vertex) is winning for Player 0.

h

t

t

t

1
2

1
2

1

Figure 3. Two models generated by two different winning
strategies of Player 0 in the game given in Fig. 2

of σ has an edge to every configuration of σ′. Let pre-model
Mf = (S, P,AP, L, s0) be obtained from digraph Gπf in the
following way:

• S = {sσ : σ ∈ Π}.
• P (sσ, sσ′) > 0, if σ leads to σ′. The exact value is

the weight defined by the weighted cover σn (see also
Example 9).

• L(sσ) =
⋃k−1
i=0 σi, where k = |σ|.

• s0 = sσ, where σ = (σ0, . . . , σn) such that σ0 is the initial
configuration of the game.

It is easy to see that the pre-model M is well-founded. From
Proposition 3 it follows that f is satisfiable.

Theorem 5. Every satisfiable PµTL sentence f has a model
of size exponential in |f |.

Proof. By Propositions 11 and 12 it follows that PµTL-
sentence f is satisfiable iff Player 0 has a winning strategy in
Gf . It is well-known that if a winning strategy for a parity
game exists, then there exists a pure memoryless winning
strategy [12]. The size of the well-founded pre-model defined

by a pure memoryless strategy is 2O((kn)2).

Remark 3. Our last result together with the fact that qual-
itative PCTL has no finite model property [5] yields that
qualitative PCTL and PµTL have incomparable expressive
power. The PµTL-formula νY. (a ∧ [XY ]>0) cannot be ex-
pressed in qualitative PCTL. Vice versa, the PCTL-formula
[G ([X a]>0 ∧ ∼a)]>0 cannot be expressed in PµTL.

Corollary 1. Every satisfiable PµTL sentence has a model
whose transition probabilities are rational.

Proof. The weight function for the weighted cover is deter-
mined by linear constraints. Thus if it is satisfiable, then it
has a rational solution (recall that the probability bounds
on the formula are rational).

4.5 Discussion

Compared to the alternating tree automaton approach in [7],
our game-based approach has the following advantages:

• It provides a clear separation of recursive sub-sentences
and sentences with probability bounds. The probability
bounds in the decision procedure only affect the existence
of the cover vertices (v, vc) in the game.

• An (ordinary) non-stochastic parity game was used for
the satisfiability of a probabilistic logic.

• The game graph of a PµTL-sentence f captures all mod-
els of f .

The latter property enables querying some quantitative
properties, e.g., the maximum probability of reaching cer-
tain states in the models of f . For instance, consider the
game graph Gf = (V,E, v0) in Fig. 2, where all vertices that
are losing for player 0 are omitted. The maximum proba-
bility of reaching specific vertices can then be obtained as
follows. The cover vertices (player 1 vertices) act as prob-
abilistic vertices whose transition relations are defined by
linear equations. Using algorithms for determining reacha-
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bility probabilities in convex MDPs [8, 21]6, we can calculate
the maximum probability of reaching certain vertices.

This observation is a step towards considering an exten-
sion of PµTL with until-modalities (that do neither occur
as sub-sentence of another until-modality nor as part of a
µ-sentence). Our decision procedure can be extended as fol-
lows for [f1 U f2]�p. We first extend the transition relation
in Def. 16 by:

5.1 (v, v′) ∈ E if [f1 U f2]�p ∈ v and f2∨(f1∧[XU ∗(f1, f2)]>0) ∈
v′, where U ∗(f1, f2) denotes [f1 U f2]�p′ for some p′

(which is not relevant here).

5.2 (v, v′) ∈ E if U ∗(f1, f2) ∈ v and f2∨(f1∧[XU ∗(f1, f2)]>0) ∈
v′.

Intuitively, [f1 U f2]�p is dealt as µZ. (f2 ∨ (f1 ∧ [XZ]>0)).
This yields the game graph Gf = (V,E, v0) and the win-
ning condition is obtained as in Section 4.4. We remove
all vertices that are not winning for player 0 and the sen-
tence is satisfiable if for each (remaining) vertex w with
[f1 U f2]�p ∈ w, the supremum probability of reaching ver-
tices with f2 only via vertices containing f1 is � p.

This raises the question whether this technique can be ex-
tended to nested until-modalities. By a similar mechanism
as above we annotate vertices with sentences [f1 U f2]�p with
obligation � p. This then amounts to decide the reachability
problem for MDPs with obligations [10].7 To our knowledge,
such obligatory games can only be solved under strong struc-
tural restrictions. Nonetheless we believe this indicates that
tying the satisfiability problem of a recursive probabilistic
logic (with unbounded until) to a finite obligatory game is
a promising avenue.

5. Conclusion

This paper considered the satisfiability problem of bounded
PCTL and PµTL. Both logics possess the finite model prop-
erty, whereas PµTL is shown to also have the rational model
property. Our results for PµTL show that PµTL and qualti-
tative PCTL have incomparable expressive power. We have
shown that the satisfiability problem for bounded PCTL for-
mula f is in NEXPTIME in the size of f , and EXPTIME-hard
in its encoding. The satisfiability problem for PµTL is shown
to be in the same complexity class as the satisfiability prob-
lem for the modal µ-calculus, i.e., in UTIME(2O(|f |))∩co-
UTIME(2O(|f |)). This improves the 2-EXPTIME algorithm
recently provided in [17]. Table 1 summarises the current
situation. The satisfiability of PCTL [13] and µ-PCTL [7]
remain open problems.
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6. Appendix

6.1 Hardness proofs for bounded PCTL

Proposition 6. The satisfiability problem for Pxω is
PSPACE-hard.

Proof. The proof is by a reduction from the quantified
Boolean formula (QBF) problem which is PSPACE-hard.
The main idea behind the reduction is to give a logspace
transducer to convert every instance of a QBF f to an
equivalent sentence g in Pxω. The proof goes along the
lines of proving the PSPACE-hardness of the modal logic
K [20], as provided in [16]. This follows from the similar-
ity of the Pxω-sentence [X g]=1 and the �-modality in the
logic K 8. Let �g denote [X g]=1 and ♦g denote ∼[X∼g]=1,
i.e., ♦g is equivalent to [X g]>0. Let QBF f of the form
Q1x1. · · ·Qmxm. ϕ(x1, . . . , xm) with quantifier Qi ∈ {∃, ∀},
Boolean variable xi and quantifier-free Boolean formula
ϕ(x1, . . . , xm) with variables x1, . . . , xm.

We use the new propositions y0, . . . , ym to uniquely en-
code the index 0 ≤ i ≤ m. To that end, let z1, . . . , zn, where
n = dlogme be new propositions such that

yi ≡ βi,1z1 ∧ . . . ∧ βi,nzn for 0 ≤ i ≤ m,

where βi,j = ∼ if the jth bit of (binary) i is zero, else βi,j is
the empty string (1 ≤ j ≤ n). Let g′ denote the conjunction
of all such equivalences. We now define the Pxω-sentence g
as the conjunction of the following sentences:

(F1) : �m g′

(F2) : y0

(F3) : �m(yi → ♦yi+1) for 0 ≤ i < m
(F4) : �m(yi → ((xi → �m−i xi+1)

∧ (∼xi → �m−i ∼xi+1))) for 0 < i < m
(F5) : �m(yi → (♦(yi+1 ∧ xi+1) ∧ (♦(yi+1 ∧ ∼xi+1))))

if Qi = ∀, for 0 ≤ i < m
(F6) : �m(ym → ϕ),

where �mh = h ∧�(�m−1h) for m > 0 and �0h = h. Intu-
itively, �mh holds at s if h is true at every state reachable
from s within m steps. The idea behind the reduction is that
any model of Pxω-sentence g simulates the QBF f . This can
be seen as follows. Assume g is satisfiable. By Theorem 1, g
is satisfiable by a tree MC with root sin, say. The variable
yi marks the states of the tree MC at depth i, as ensured
by (F1) through (F3). If the ith quantifier Qi is universal,
then (F5) guarantees that there are two descendants, one of
which makes xi true and the other makes ∼xi true. Once
xi (or ∼xi) is chosen at a branch, (F4) guarantees that it
remains unaltered for every descendant. Finally, by (F6) the
quantifier free Boolean sentence ϕ(x1, . . . , xm) is evaluated
at depth m.

To see that logspace suffices to obtain the Pxω-sentence
g from the QBF f , observe that at each step we need to be
able to count the index i (0 ≤ i ≤ m). This can be stored in
logspace of the working tape, while the corresponding string
(the sentence as defined by (F1)–(F6)) can be written on
the output tape.

Proposition 9. The satisfiability of bounded PCTL-formula
f is EXPTIME-hard in the encoding of the formula f .

Proof. We will show EXPTIME-hardness by encoding the
runs of an alternating Turing machine in bounded PCTL.

8 The more appropriate modal logic system would be with K and
serial axioms.

A similar proof technique was used in [11] to show EXP-
TIME hardness for PDL (Propositional Dynamic Logic). An
alternating Turing machine (ATM) is a non-deterministic
Turing machine (NTM) equipped with a function type indi-
cating whether a state is an and-state or an or-state. An
ATM with only or-states behaves exactly like an NTM.
Formally, an ATM A = (Q,Σ,Γ, δ, q0, type, F ) where Q
is a finite set of states, Σ is a finite set of input sym-
bols, Γ is a finite set of tape symbols (with Σ ⊆ Γ),
δ ⊆ Q× Γ×Q× Γ× {L,R} is a transition relation, q0 ∈ Q
is the initial state, type : Q→ {∧,∨}, and F ⊆ Q is the set
of accepting states.

Configurations of an ATM are elements in Γ∗ × Q ×
Γ+; configuration σ = xqay denotes that the current tape
content is xay = tape(σ) ∈ Γ+ with a ∈ Γ, the head
is at position |x|+1, presently reading input a and the
current state is q = state(σ). A configuration σ is an and-
configuration (or-configuration) iff type of state(σ) is ∧ (∨,
respectively). Configuration σ is accepting iff state(σ) ∈ F .
The successor configuration σ′ = x′q′a′y′ of σ = xqay is
defined as follows:

• If (q, a, q′, b, L) ∈ δ then x′a′ = x and y′ = by.
• If (q, a, q′, b, R) ∈ δ then x′ = xb and y = a′y′.

A run C of ATM A for input xin ∈ Σ∗ is a tree of
configurations rooted at q0xin ∈ C. For every σ ∈ C with
state(σ) 6∈ F it holds: if type(state(σ)) = ∨, then one of the
successor configurations σ′ of σ is in C, if type(state(σ)) = ∧
then every successor configuration of σ is in C. Pictorially,
C is a tree where each node is a configuration and edges are
defined by the next relation. A run C for input x is accepting
if it is finite and the state of each leaf configuration of C is
accepting. Let:

L(A) = {x ∈ Σ∗ : there is an accepting run C for x }
For function S : N→ N, an ATM A is in ASPACE(S(n)) iff
every configuration of all runs for x requires at most S(n)
space, for every input x ∈ Σ∗ with n = |x|. (Here it is
assumed that a configuration occurs at most once in run C
of x. This can be achieved by enumerating every reachable
configuration while encoding the numbering in S(|x|) cells
of the tape.) Thus, the number of steps of an accepting (or
rejecting) run is at most |Γ|2S(n) or in 2O(S(n)). We will need
the following identity [9]:

ASPACE(S(n)) =
⋃
k

DTIME(2kS(n)). (2)

Now consider an input x of length n of ATMA ∈ ASPACE(S(n)),
where m = S(n)+2 and the maximum number of steps
needed by the ATM to accept (or reject) is k = 2m. Observe
that k can be encoded in m bits.

We will construct a bounded PCTL-formula f from ATM
A and input x such that every model of f encodes a com-
putation of A with input x iff x ∈ L(A). Each node of the
model will encode a configuration of the computation and
the successor relation is simulated by �g or ♦g, i.e., [X g]=1

or [X g]>0, respectively. We use the following set of proposi-
tions AP:

1. Cells: for each a ∈ Γ and 0 ≤ i ≤ m, Ca,i ∈ AP.
2. States: for each q ∈ Q, Qq ∈ AP.
3. Head: for each 0 ≤ i ≤ n, Hi ∈ AP.

Intuitively, Ca,i denotes that the ith cell of the tape contains
symbol a, Qq denotes that the current state of A is q and
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Hi denotes that the head is on the ith cell. We will use the
following formulas to capture the behaviour of ATM A:

• At every node of the model, A is at exactly one state:

g1 :=
∨
q∈Q

(
Qq ∧

∧
q′∈Q\{q}

∼Qq′

)
• Every tape cell contains one symbol:

g2 :=

m∧
i=0

∨
a∈Γ

(
Ca,i ∧

∧
a′∈Γ\{a}

∼Ca′,i

)
• The head points to one position on the tape:

g3 :=

m−1∨
i=1

(
Hi ∧

∧
j 6=i

∼Hj

)
∧ ∼H0 ∧ ∼Hm

• Unread cells are unchanged in the next configuration:

g4 :=

m∧
i=0

∧
a∈Γ

(
∼Hi ∧ Ca,i → �Ca,i

)
• Transition relation for and-states:

g5 :=

m−1∧
i=1

∧
a∈Γ

∧
type(q)=∧

(
Hi ∧ Ca,i ∧Qq →

∧
(q,a,q′,b,R)∈δ

♦(Hi+1 ∧ Cb,i ∧Qq′)

∧
∧

(q,a,q′,b,L)∈δ

♦(Hi−1 ∧ Cb,i ∧Qq′)
)

• Transition relation for or-states:

g6 :=

m−1∧
i=1

∧
a∈Γ

∧
type(q)=∨

(
Hi ∧ Ca,i ∧Qq →

∨
(q,a,q′,b,R)∈δ

♦(Hi+1 ∧ Cb,i ∧Qq′)

∨
∨

(q,a,q′,b,L)∈δ

♦(Hi−1 ∧ Cb,i ∧Qq′)
)

• The accepting states:

gF :=
∨
q∈F

Qq

• The initial configuration:

gin := Qq0 ∧H1 ∧
n∧
i=1

Cai,i ∧ Ct,0 ∧
m∧

i=n+1

Ct,i

where input x = a0 . . . an and t is the blank space.

Let g =

6∧
i=1

gi and bounded PCTL-formula f be:

f := gin ∧ [gUkgF ]=1.

(Recall that k = 2m.) Due to the one-to-one correspondence
between the models of f and runs of A on input x, it follows
that f is satisfiable iff ATM A accepts input x. Observe that
the encoding takes O((|Γ|+|Q|+|δ|)·S(n)) time. If S(n) is a
polynomial function, then f is constructed in polynomial
time in terms of the size of A and |x| = n. Furthermore, if
S(n) is polynomial in n, then A ∈ EXPTIME (equation (2)),
which yields the desired result.

6.2 Variable elimination procedure

Consider the ring of polynomials D[X] in the integral do-
main D for the setX of variables. A polynomial p(x1, . . . , xn),
with variables x1, . . . , xn ∈ X, is seen as a sum of products
with non-zero coefficients in D. Each xd11 . . . xdnn is called
a term; together with its coefficient it is a monomial. The
degree of the term xd11 . . . xdnn is d1+ . . .+dn; the degree of a
polynomial is the maximum degree of its terms. A polyno-
mial is multivariate if |X| > 1 and univariate if |X| = 1. The
ring of multivariate polynomials D[X] can be viewed as a
ring of univariate polynomials D[X\{x}][x] with coefficients
in the integral domain D[X \ {x}], see [4, Theorem 2, pp.
63]. The degree of a term of a polynomial in D[X \ {x}][x]
is the power of x in that term.

Let E(D[X]) be the set of (in)equations (e.g., x2
1 − x2 ≥

0.4) where the left hand side is a polynomial (such as
x2

1 − x2) in D[X] and the right hand side (e.g. 0.4) is
in D. A variable x is independent of H ⊆ E(D[X]) iff
H = H ∩ E(D[X \ {x}]), else it is dependent. The quotient
domain Q(D) is the rational form of the type f

g
where

f, g ∈ D.
A weighted tree T is a triple (V,E,w), where V is the set

of vertices, E ⊆ V ×V is the set of edges and w is an injective
weight function from E → V, where V is a set of variables.
Let X = img(w). Define relations next and parent as follows;
for x, y ∈ X, v, v′, v1, v2 ∈ V , with w−1(x) = (v1, v) and
w−1(y) = (v′, v2), (x, y) ∈ next iff v = v′, and (x, y) ∈ parent
iff v1 = v′. Let next+ be the transitive closure of next.
Consider a term σ = x1 . . . xk such that for every 1 ≤ i < k,
(xi, xi+1) ∈ next. Define head(σ) = x1, tail(σ) = xk and
xi . . . xk as a suffix of σ, for 1 ≤ i ≤ k. Let H ⊆ E(Q[X]) be
a set of (in)equations satisfying for each ξ ∈ H :

P1. For all x ∈ X, lhs(ξ) ∈ Q[X \ {x}][x] implies degree(ξ) ≤
1.

P2. For each term σ = x1 . . . xk in ξ, (xi, xi+1) ∈ next.

P3. If lhs(ξ) = a1σ1+ . . .+akσk where ai ∈ Q and σi are
terms, then for all 1 ≤ i, j ≤ k, (head(σi), head(σj)) ∈
parent.

Suppose H ⊆ E(Q[X]) satisfies properties P1 through P3.
Let n = |X| and m be the number of (in)equations in H.
We only consider positive variable valuations, i.e., for every
variable x the in-equation x > 0 is in H. We present a non-
deterministic algorithm to decide whether H is satisfiable.
We begin by setting H0 = H and at each iteration i, we
eliminate a (particular) variable, say x, and transform the
set Hi ⊆ E(Q[X]) of equations to Hi+1 ⊆ E(Q[X\{x}]). Let
binary comparison operator ./ to be of the type {≥,=,≤}.
(Strict inequalities can be removed by adding very small
positive quantity ε. For example f < g can be transformed
to f+ε ≤ g.) The algorithm proceeds in the following steps:

1. IfHi is independent of all variables, then each (in)equation
involves only rational numbers (and ε →+ 0)9. Return
true iff each (in)equality in Hi is true.

2. Choose a variable x such that every variable y with
(x, y) ∈ next+, is independent of Hi.

3. Hx is the largest subset of Hi such that every formula in
Hx is dependent on x. If Hx is empty, then Hi+1 = Hi.
Suppose Hx is not empty, every inequation ξ ∈ Hx can
be transformed to a form (σx ./ a0 + a1σ1 + . . . +

9 ε tends to 0 from the positive side.
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akσk), where σ, σ1, . . . , σk are terms in Q[X \ {x}] and
a0, . . . , ak ∈ Q. We will denote this form by f ·x ./ g. Set
Hi+1 = Hi \Hx.

4. Define Λ./ ⊆ Q(Q[X \{x}]), for ./∈ {≥,=,≤} as follows:

• Λ≤ := { g
f
| (f ·x ≤ g) ∈ Hx} ∪ {1}, quotients that are

at least as large as x.

• Λ= := { g
f
| (f ·x = g) ∈ Hx}, quotients that are equal

to x.

• Λ≥ := { g
f
| (f ·x ≥ g) ∈ Hx} ∪ {ε} quotients that are

at least as small as x.

5. Non-deterministically choose an ordering of elements
in Λ≤ and Λ≥. Then we have the following set of
(in)equations:

g1

f1
≤ . . . ≤ gn1

fn1

≤ gn1+1

fn1+1
= . . . =

gn2

hn2

≤ gn2+1

fn2+1
≤ . . . ≤ gn3

fn3

(3)

where,
gi
fi

is in Λ≤ for 1 ≤ i ≤ n1, in Λ= for n1 + 1 ≤ i ≤
n2 and in Λ≥ for n2 + 1 ≤ i ≤ n3.

6. For each 1 ≤ j ≤ n3, we have ξj := (gjfj+1 ./ gj+1fj).
ξ′j is obtained from ξj by canceling variables that are
common divisors of the polynomials in the left hand side
and in the right hand side of ξj . Add ξ′j to Hi+1 for each
ξj (1 ≤ j ≤ n3). Go to step 1.

First we will show that Hi+1 created in step 6, satisfies P1
through P3. Consider:

a0 + a1σ1 + . . .+ akσk
σ

./
b0 + b1σ

′
1 + . . .+ blσ

′
l

σ′
(4)

Let ξ := (σ·x ./ a0 + a1σ1 + . . . + akσk), ξ′ := (σ′·x ./
b0 +b1σ

′
1 + . . .+blσ

′
l) and ξ, ξ′ ∈ Hi satisfy P1–P3. From the

choice of the variable x (step 2), it is evident that either σ|σ′
or σ′|σ (a|b means a divides b). W.l.o.g assume σ′′σ′ = σ.
The crucial observation is that if σ′|σ, then σ′ is a suffix of
σ, as there exists a variable y, such that (x, y) ∈ next and y
is not independent of Hi.

Therefore, equation (4) can be rewritten as:

a0 +a1σ1 + . . .+akσk ./ b0σ
′′+b1σ

′′σ′1 + . . .+blσ
′′σ′l. (5)

Condition P3 holds for equation (5) as head(σ) = head(σi) =
head(σ′′) for 1 ≤ i ≤ k. We have (tail(σ′′), head(σ′)) ∈ next,
since σ = σ′′σ′ and (head(σ′i), head(σ′j)) ∈ parent for all
1 ≤ i, j ≤ l. Thus, the new equations added to Hi+1

(after cancelling common variables) also satisfy P1 and P2
(cancellation is valid since variables can only take positive
value).
The correctness of the algorithm follows from the following
arguments:

1. Suppose Hi is feasible and let ν be a satisfying valuation
of the variables. Then there exists some order among the
rational numbers obtained by substituting the values of
the variables in the quotients { g(x1,...,xn)

f(x1,...,xn)
} in Λ≤ and Λ≥.

If we choose this order as the ordering in the equation (3)
and obtain Hi+1 subsequently, then ν is also a satisfying
valuation for the (in)equations Hi+1.

2. If Hi+1 is satisfiable, then the (in)equations (3) are
true for some value of X \ {x}. If Λ= is not empty,
then set x =

gn2
fn2

, else choose a value for x such that
gn1
fn1

≤ x ≤ gn2+1

fn2+1
. The value thus chosen is strictly

greater than 0, since ε ∈ Λ≥. (Hence, the rational form
and the cancellation of variables as defined in step 5 and
step 6, respectively is valid.) This gives us a satisfying
valuation of Hi.

Observe that at iteration i, the size of Hi is O(|H|) and in
every iteration we remove one variable and spend O(mn) in
obtaining Hi+1 (modulo division of rational numbers). As
the maximum number of iterations is n, this yields a total
time complexity in O(mn2). Thus, the satisfiability of a set
of polynomial equation satisfying P1 through P3 is in NP.

6.3 Product of parity automaton and game

The cross product between the deterministic parity automa-
ton Af = (Q,Σ, q0, δ, F ) and game graph Gf = (V,E, v0)
yields the parity game Gf = (U,R, u0,Ω) where

• U ⊆ V ×Q
• u0 = (v0, q0)

• The transition relation R is defined by:

If v is not a transitive vertex then: (v, q), (v′, q′) ∈ R
iff q′ = δ(q, v).

If v is a transition vertex then: (v, q), (v′,N) ∈ R and
(v′,N), (v′′, q′) ∈ R iff q′ = δ(q, v′).

• Ω : U → Img(F) such that Ω(v, q) = F (q). Recall F is a
parity condition of Af .

Note that N is simply used as a placeholder and has no
special meaning.
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