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I. INTRODUCTION

We consider probabilistic programs of the form

C — z:=expr | C; C | if(§){C}else{C}
| while (§){C},

where £ is a probabilistic guard which behaves as follows:
Let ¥ denote the set of program states, i.e. mappings from
program variables to valuations. If the computation is currently
in a state ¢ € ¥ then £ evaluates to true with probability
[€](0) and to false with probability 1 — [¢](0) = [-&](0).
For example, the probabilistic guard

[z is even] - (2/3(true) + 1/3(false)) + [« is odd] - (false)

evaluates to false with probability 1/3 if in the current program
state x is even and likewise with probability 1 if = is odd.

Given a program C, a random variable f mapping program
states to reals, and an initial state o, we are now interested in
the following question: What is the expected value of f after
termination of C' on input o ? This expected value is referred to
as the pre—expectation of C with respect to post—expectation
f. For example, what is the pre—expectation of

Cyeo > while (1/2(true) + 1/2(false)) {z : =z + 1}

with respect to post—expectation f = x? The answer is x + 1,
since Cge, terminates with probability 1 and the execution of
Cyeo increases x on average by 1.

If we stay in the realm of non-negative expectations, i.e.
random variables f € EX, == {f | f: & — Rxo U {oc0}},
the situation is fairly well understood, e.g. by means of the
weakest pre—expectation calculus [1], [2], [3], [?]. It gives
a meaning to each program C' by means of a transformer
wp[C]: EY, — EZ, that maps any post—expectation f € E
to a pre—expectation Wp [C] (f) € EZ,, such that N

wp [C](f) (e) = Ejcye) (f)

where E, (h) denotes the expected value of random variable
h with respect to distribution p and [C](o) denotes the dis-
tribution obtained by executing program C' on input . Hence
wp [C] (f) (o) is the expected value of f after termination of
program C' executed on input o.

What happens, however, if we drop the requirement of
f being non-negative? Suppose we want to reason about
Cyeo Wwith respect to post—expectation f = (=2)%/z. Is
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wp [z :=1; Cyeol (f) well-defined in that case? Intuitively,
the pre—expectation is given by the series
11 1 1 1 1
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The problem with this series is that—though it converges—it
does not converge absolutely and thus—as a consequence of
the well-known Riemann Series Theorem [4]—by reordering
of the summands we can make the above series converge to
any real value or even make it fend to 400 or —oo. For
representing expected values, however, the ordering of the
summands should not matter as there is no natural ordering in
which the mass of an expected value should be accumulated.
For that reason, the expected value of a mixed—sign random
variable f should exist if and only if f is integrable, i.e. if and
only if the expected value of | f| is finite. We therefore propose
a weakest pre—expectation semantics that internally keeps track
of the integrability of f, while still being well-defined for any
program with respect to any mixed-sign post—expectation f.

= —1In(2).

II. OUR PROPOSAL
A. Integrability Witnessing Expectations

To keep track of the integrability of expectations, we accom-
pany each mixed-sign expectation f € E* .= {f | f: ¥ — R}
with a non—negative expectation g € E, such that |f| < g.
We call such a pair (f, g) an integrability witnessing pair.
The intuition behind an integrability witnessing pair (f, g)
is the following: If wp[C](g) (¢) < oo, then the pre—
expectation of C in o with respect to f € E* should exist
as [ is integrable with respect to distribution [C](o). If,
however, wp [C] (¢9) (¢) = oo then we should not care about
the pre—expectation of C' in o with respect to f since it should
not be defined because in that case f is not integrable. This
intuition leads to a quasi—order = on integrability witnessing
expectations given by (f, g) 3 (f/, ¢') iff for all o € X,

g'(0) # 0 implies f(o) < f'(0) and g(o) < ¢'(0) .
Notice that, indeed, =X is not a partial order as it is not

antisymmetric: we can have two integrability witnessing pairs

(f, 9) # (', ¢) with (f, g) 2 (f', ¢') and (£, 9) Z (', 9)

This is the case if for some state 0 € ¥ we have g(o) = oo =
¢'(c), but (o) # /(o).

On the other hand, two integrability witnessing pairs (f, g)
and (f', ¢’), for which f(o) # f’(o) holds only for those
states in which g(c) = oo = ¢'(o), should really be



considered equivalent, even though they are not equal. This is
because for states o in which g(o) = oo = ¢'(0), the evalua-
tions of f(o) and f’(o) should be irrelevant since integrability
is not ensured. Consequently, we need a notion of equivalence
of integrability witnessing pairs, given by ~= XN . We
denote the ~—equivalence class of an integrability witnessing
pair (f, g) by {f, ¢§ and call such an equivalence class an
integrability witnessing expectation. We denote by IE the set
of integrability witnessing expectations.

There is a canonical [?] partial order C on IE given by
Zfl, ng C Zf27 g2S iff (fl, 91) j (fg, gg) As for an intuitive
interpretation of this partial order, we note that if { f1, g1 § C
{f2, g2 § holds, then we have f](0) = f1(0) < fa(o) = f4(0)
for all (], 1) € L1, 15 (f5, 94) € Lz, 925, and all states
in which g2(0) # oo holds. Thus if integrability in o is
ensured, the first components compare in o, which is the
comparison we are mainly interested in.

The partial order C on IE expectations is complete in the
sense that every non—empty subset has a supremum. However,
IE has no least element; in particular {0, 0§ is not a least
element of IE. This fact prevents us from applying the Kleene
Fixed Point Theorem to ensure existence of least fixed points
for defining a wp—calculus acting on IE.

B. Mixed—Sign Weakest Pre—Expectations

We now propose a weakest pre—expectation transformer
wp[C]: TE — TE defined compositionally by induction on
the structure of C, see Table I. Let us shortly go over
these definitions: Wp [z := E]{f, ¢§ takes a representative
(f, 9) € Uf, g5, performs the assignment x := E on both
components to obtain (f [z/E], g [x/FE]) and then returns the
according equivalence class {f [¢/E], g[z/E]S. Notice that
assignments preserve ~—equivalence, so doing the update on
the representative is a sound and sufficient course of action.
wp [C1; O3] f, g§ obtains a pre—expectation for the pro-
gram C; Cy by applying wp[C}] to the intermediate inte-
grability witnessing expectation obtained from wp [C5] { f, g§.

TABLE I
DEFINITIONS FOR WP. f [/ expr] DENOTES Aoe f(o[z — o(expr)]),
WHERE o[z + o(expr)] IS THE PROGRAM STATE OBTAINED BY UPDATING
IN 0 THE VALUE OF z TO o (ezpr). FOR THE DEFINITION OF while,

Csz"ﬁ 45 DENOTES APPLYING C’EFZf, 45 n—FOLD TO ITS ARGUMENT.
c wp[CILf, 9§
x := expr LS [=/expr], g[z/expr]§
Cy; Co wWp[C1](Wp [C2] LS, ¢5)
if (§){Ci}else{C2}  [€]-Wp[C1]U/, 4§

+ [=€] - wp [C2] Uf, 9§

while (§){C"} o By 4500, 05

lim
n—w

S F U0 YS = [€] U, 95+ [€] - WR [C] X, V'S

WP [1£ (§) {C1}else {Co}]Uf, g5 weights Wp[C1]f, g§
and wp [C2] [ f, g§ according to the probability of the guard &
evaluating to true and false. Here, ¢’ - { f, ¢S =1g" - f, ¢’ - g§
and (', 'S+ Uf. 95 = U+ f. 9 + 95,

wp of while (§) {C'} is defined as the limit of iteratively
applying the characteristic functional

o B ol X YS = [2€]- 1S, g5+ [€] - wp [C'] X, VS,

to (0, 0. This limit can be shown to be existent and unique.
Recall that {0, 0§ is not the least element of IE and thus the
Kleene Fixed Point Theorem cannot be applied to deduct the
existence of this limit. Instead, the core idea for proving this
fact is adopted from a well-known proof proving that every
absolutely convergent series is also convergent.

C. Soundness, Monotonicity, and Loop Invariants

Our mixed-sign weakest pre—expectation transformer is sound,
meaning that if we can establish wp [C]{f, |f|S = Uf', ¢'$
with ¢’(0) < oo, then f'(o) is in fact the expected value of
f after termination of C' on initial state o.

Furthermore, our transformer is monotonic, meaning that

U S EUS', g’ implies wp [C]Lf, S TWRICILf', ¢S -

Since monotonicity of a weakest pre—expectation transformer
is as vital to reasoning about programs as the consequence
rule is to Hoare logic, this is a key feature.

Lastly, we note that we can give a proof rule for loops based
on loop invariants. Going into the details of this rule would
go beyond the scope of this short abstract but suffice it to say
that using our proof rule we can for instance prove that the
pre—expectation of

Cop> @ :=®+1; while (1/2) {® := D —3}

with respect to post—expectation ® is at most ® — 2. In other
words: C'o, decreases ® at least by 2.

Notice that such an analysis would neither be possible
using the deduction rules of PPDL [1] nor the invariant-based
approach of Mclver & Morgan’s wp—calculus [2] off-the—
shelf. Instead, a tailor made argument would be needed for
reasoning about the mixed—sign post—expectation P.
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