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Introduction
[ eJe]e]

Straight-Line-Code

SLC—programs: intermediate code contained in basic blocks

e No Branching
e No Loops

e Simple arithmetic expressions (at most one operation symbol)

e Loop bodies consist of SLC = optimization important
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Introduction
[ eJe]e]

Straight-Line-Code

SLC—programs: intermediate code contained in basic blocks

No Branching

No Loops

Simple arithmetic expressions (at most one operation symbol)

Loop bodies consist of SLC = optimization important

Applications

e Compilers
e Model Checking

Machine with

e unlimited amount of registers

e arbitrary operations (interpretation)

\
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Introduction
[e] Te]e]

Example Program

ﬁin-(w’y)

B:u «— 3;
V — Y
w «— u—+ 1;
T — T — Y;
v o—w—1;
U «— T — Y;
Z — U * w;

Vout ¢ (u,v)
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Introduction
[e]e] o]

Signature ¥ = (F,C)

e finite set of function symbols F’

e (not necessarily finite) set of constant symbols C
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Signature ¥ = (F,C)

e finite set of function symbols F’

e (not necessarily finite) set of constant symbols C

~
Interpretation

2 := (A, ¢) with domain A and interpretation function

p:FUCUA— | J{6]6: A" — A}
=0
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Introduction
[e]e] o]

Signature ¥ = (F,C)
e finite set of function symbols F’

e (not necessarily finite) set of constant symbols C

Interpretation

2 := (A, ¢) with domain A and interpretation function

p:FUCUA— | J{6]6: A" — A}
=0

A\

Example (Arithmetic on 7Z)
F={+® -@ @} c=7, A=17
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Introduction
[efe]e] )

Assumption: Completeness

We assume that every variable is defined before use.
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Introduction
[efe]e] )

Assumption: Completeness

We assume that every variable is defined before use.

Types of Equivalence

e Equivalence wrt. interpretation 2A: 7 ~g o
undecidable (arithmetic over 7Z without division: decidable)

e Strong equivalence: 71 ~ o (71 ~g o for all 2A)
decidable using the term representation
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Introduction
[efe]e] )

Assumption: Completeness

We assume that every variable is defined before use.

Types of Equivalence

e Equivalence wrt. interpretation 2A: 7 ~g o
undecidable (arithmetic over 7Z without division: decidable)

e Strong equivalence: 71 ~ o (71 ~g o for all 2A)
decidable using the term representation

Term Representation

By successive backward variable substitution a term representation
of a program 7 wrt. an output variable can be computed.
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Classical Algorithms

Overview

@ Classical Algorithms
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Classical Algorithms
@000

Program Transformation

T :SLC — SLC is called (2-)program transformation if:
@ Correctness: T'(m) ~g 7 for an interpretation 2
@® |dempotency: T(T'(7)) = T'(m)
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Classical Algorithms
@000

Program Transformation

T :SLC — SLC is called (2-)program transformation if:
@ Correctness: T'(m) ~g 7 for an interpretation 2
@® ldempotency: T(T' (7)) = T'(n)

ot
Equivalence of Program Transformations

“Mutual application” without effect:

T ~ 15 < T (Tg(ﬂ')) = Tz(ﬂ') A TQ(T] (71')) = Tl(ﬂ')
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Classical Algorithms
[o] le]e}

Dead-Code Elimination T

Backward analysis, syntax based

(67 NV; g V7r

U — 3 NVo = {u,z,y}

V=T =Y N‘/?)\{w}u{u} = {u7‘7:7y}
we—u+1; | NVi\{ztU{z,yt = {w,z,y}
T T —Y; NVS\{/U}U{U/'} = {wvxvy}
ve—w—1; | NVe\{utu{z,y} = {v,z,y}
u—ax—y; | NVz ={u,v}

z—uxw; | NVy\{u}U{u} = {u,v}

we—2xu; | Vo ={u,v}

O NO Ol WDN .
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Classical Algorithms

[e] le]e]

Dead-Code Elimination T

Backward analysis, syntax based

1| o NV, CV,. Dead-Code?
1| w3 NVy = {u,z,y} No
2|l ve—xz—y; | NVs\{w}U{u} ={u,z,y} Yes
3| we—u+1; | NVy\{z}U{z,y} ={w,z,y} | No
4|l z—zxz—y;, | NV;\{v}Hw} ={w,z,y} No
5 /ve—w-1; | NVy\{u}U{z,y} ={v,z,y} | No
6| u—xz—y; | NVz={u,v} No
7| z—uxw; | NVg\{u}U{u} = {u,v} Yes
8| u—2xu; | Vo ={u,v} No
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Classical Algorithms
[e]e] e}

Common Subexpression Elimination T'cg

Forward analysis, syntax based.
Prevents duplicate expression evaluation where possible.

) (673
1| w3
2 | vela]—y;

w—[u]+1;
[z]—[z]-¥;

v—w—1;

[u] —z—y;

Z — Uk w;

o ~NO O~ W

U — 2% u;

Thomas Noll, Stefan Rieger Composing Transformations to Optimize Linear Code 10/30



Classical Algorithms
[e]e] e}

Common Subexpression Elimination T'cg

Forward analysis, syntax based.
Prevents duplicate expression evaluation where possible.

1| oy AE; C{1,...,n} New Instr.

1| w3 0

2| ve[z]-y; |0 ty — 2 —y;
v« to;

3| we—[u]+1; | AEU{2} = {2}

4| [z]—[z]—y; | AE3U{3} ={2,3} T to;

5| vew-—1; (AE,U{4})\{2,4} = {3}

6 |[@e—z—v |(ABsU{}) = (3,5}

7| 2 ux*w; (AEsU{6})\{3} = {5,6}

8 | u« 2x*u; (AE;U{7}) ={5,6,7}
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Classical Algorithms
[e]e] e}

Common Subexpression Elimination T'cg

Forward analysis, syntax based.
Prevents duplicate expression evaluation where possible.

1| oy AE; C{1,...,n} New Instr.

1| w3 0

2| ve[z]-y; |0 ty — 2 —y;
v« to;

3| we—[u]+1; | AEU{2} = {2}

4| [z]—[z]—y; | AE3U{3} ={2,3} T to;

5| vew-—1; (AE,U{4})\{2,4} = {3}

6 |[@e—z—v |(ABsU{}) = (3,5}

7| 2 ux*w; (AEsU{6})\{3} = {5,6}

8 | u« 2x*u; (AE;U{7}) ={5,6,7}

Observation: insertion of copy instructions
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Classical Algorithms
[e]ele] ]

Constant Folding Tor

Only weak equivalence is retained (partial evaluation)

? ?_ .7
ul—x =y

? ? 4
z0—ut xws

) (673

1] ud—3;

2| 07— 2? —
3wt e—ud+1;
4 a;?<—a;?—y?;
5 v3<—w4—1;
6

7

8

? ?
U — 2%u’;
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Classical Algorithms
[e]ele] ]

Constant Folding Tor

Only weak equivalence is retained (partial evaluation)

? ?_ .7
Uty | ue =y

? ?
2! <—U'*w4; T —uxd;

1| ooy New Instr. o
1] ud—3; U — 3;

2 v?<—x?—y?; V— T —Y;
3wt — w41 | w4

4 " —a' =y |z —a—y;
5|0 —wt—1; | v 3;

6

7

8

? ?
u' — 2xu; U 2% u;
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Classical Algorithms
[e]ele] ]

Constant Folding Tor

Only weak equivalence is retained (partial evaluation)

? ?_ .7
Uty | ue =y

? ?
2! <—U'*w4; T —uxd;

1| ooy New Instr. o
1] ud—3; U — 3;

2 v?<—x?—y?; V— T —Y;
3wt — w41 | w4

4 " —a' =y |z —a—y;
5|0 —wt—1; | v 3;

6

7

8

? ?
u' — 2xu; U 2% u;

Observation: constant folding “produces” dead—code.
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DAG-Optimization

Overview

©® DAG-Optimization
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DAG-Optimization
@00000

e Construction of a directed acyclic graph

e Proposed by Aho, Sethi and Uliman (1970) for code
generation and optimization
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DAG-Optimization
@00000

e Construction of a directed acyclic graph

e Proposed by Aho, Sethi and Uliman (1970) for code
generation and optimization

Correspondence

® DAG—Construction

e Common Subexpression Elimination
e Constant Folding

® Code Generation
e Dead—Code Elimination
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty

u—3

VT — Y

we—u+1

Te—x—y

ve—w-—1

U—x—y

Ze—ukw

U— 2%
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3

VT — Y

we—u+1

Te—x—y

ve—w-—1

U—x—y

Ze—ukw

U— 2%
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
we—u+1
T—T—Y
ve—w—1
U— T —Y
Ze—ukw
U— 2%

k?g/—
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
3lw—u+1 4
T—T—Y
ve—w—1
U— T —Y
Z = ukw
U— 2%

1 2 3 T Y @
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
3lw—u+1 4
dle—xz—y ko
ve—w—1
U— T —Y
Z—uxw
U— 2%

1 2 3 T Y @
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
3lw—u+1 4
dle—xz—y ko
S5lve—w-—1 3

U— T —Y

Z—uxw

U— 2%

1 2 3 T Y @
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
3lw—u+1 4
dle—xz—y ko
S5lve—w-—1 3
6lu—xz—y |k
Z—uxw
u—2%u kb/_
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

7| oy u vow Ty z
0 Ty
1 u—3 3
2|lve—z—y ko k?/*
Jlwe—u+1 4
dle—xz—y ko 1
5lve—w-1 3
6lu—xz—y |ke
Tl z—u*xw k7

u— 2%u k6/_

1
2
ko/—
1 2
2 3 T Y
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DAG-Optimization
[o] Jele]e]e}

DAG-Construction

i | oy u oUW Ty z
0 Ty
1 u—3 3
2lve—z—y ko
3lw—u+1 4
dle—xz—y ko
S5lve—w-—1 3
6lu—xz—y |ke
Tl z—u*xw ke
8|lu—2xu |k

1

kg kz /%
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DAG-Optimization
00e000

Determining Output—Relevant Nodes

il ou vow Ty Z
0 Ty
1] 3
2 ko ks /* k7 /*
3 4
4 k2 2 1
5
6| ke
7 k7
8 ke /—
1 1 2
2
ko/—
1 2
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DAG-Optimization
000e00

Code Generation from the DAG

B ke x—y;
kg < ka2 —y 2
u +— 2% kg;
v — 3;
. ’ ke/—
Uout : (u,0) /
1 1
2
ko/—
1 2
2 3 T Y
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DAG-Optimization
000080

Tpaq is optimal wrt. all classical transformations
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DAG-Optimization
000080

Tpaq is optimal wrt. all classical transformations

Backward direction valid for composition of classical algorithms?

Vin - (l‘,y)

8: [« o
y —[u]+y;
[v] < u;
u<—>|<y;
ve—u+[v]

Uout = (u,v)
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DAG-Optimization
000080

Tpaq is optimal wrt. all classical transformations

Backward direction valid for composition of classical algorithms?

W ¢ (ajay)

8: [u]—a;
y —[ul+y; Tonc ky —z+y;
[v] — u; — U — X% ko
u < [v]*y; v —u+ T

ve—u+[v]

Uout = (u,v)
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DAG-Optimization
000080

Tpaq is optimal wrt. all classical transformations

Backward direction valid for composition of classical algorithms?

W ¢ (ajay)

8: [u]—a;
y —[ul+y; Tonc ky —z+y;
[v] — u; — U — X% ko
u < [v]*y; v —u+ T

ve—u+[v]

Uout = (u,v)

= No!
= Introduction of “preprocessing step”
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Copy Propagation

DAG-Optimization
00000e

Thomas Noll, Stefan Rieger Composing Transformations to Optimize Linear Code 18/30

i | oy CP,CV,xV,xN

1| u «—ux; 0

2|y —uty; {(u,z,1)}

3| v —u; {(u,z,1)}

4 ‘_ V*Y; {(7x7 1)7(2}77 1),(v, 513’2)}
5/ v «—u+tw {(v,z,2)}




DAG-Optimization
00000e

Copy Propagation

Thomas Noll, Stefan Rieger Composing Transformations to Optimize Linear Code 18/30

1| o CP, CVyxVyxN New Instr. o
1] u « a; 0 U — x;
2|y —u+ty; {(u7m71)} Yty
3| v —u {(u,z,1)} v — T

4 (_v*y; {(,.’E, 1), (v, [u],1),(v,2,2)} | u e x*y;

5| v —u+tw {(v,z,2)} Ve U+ 3



Copy Propagation

DAG-Optimization
00000e

1| o CP, CVyxVyxN New Instr. o
1] u « a; 0 U — x;
2|y —u+ty; {(u7m71)} Yty
3| v —u {(u,z,1)} v — T

4 (_v*y; {(,.’E, 1), (v, [u],1),(v,2,2)} | u e x*y;

5| v —u+tw {(v,z,2)} Ve U+ 3

e To achieve determinism the transitive depth is important at

instruction 4.
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Copy Propagation

DAG-Optimization
00000e

1| o CP, CVyxVyxN New Instr. o
1| u « a; 0 U — x;
2|y —u+ty; {(u7m71)} Yty
3| v —u {(u,z,1)} v — T

4 (_v*y; {(,.’E, 1), (v, [u],1),(v,2,2)} | u e x*y;

5| v —u+tw {(v,z,2)} Ve U+ 3

e To achieve determinism the transitive depth is important at

instruction 4.

e Final Dead—Code Elimination removes instructions 1 and 3.
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Composition of the Transformations

Overview

O Composition of the Transformations
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Composition of the Transformations
@00000

Enabling Relation

Definition
T — Ty, & dwe SLC with Tl(ﬂ‘) =7 A Tl(TQ(ﬂ')) 75 TQ(?T)
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Composition of the Transformations
@00000

Enabling Relation

Definition
T — Ty, & dwe SLC with Tl(ﬂ‘) =7 A Tl(Tg(ﬂ')) 75 TQ(?T)

| Toc Tcs Tcr Tcp T 8 (@3)
Too - - B: e fao)
Tcs | - - — z — f(z,@);
Tcr | — — - z — f(y,2);
Tcp = s - Tout * (y,Z)
Tin : () Uin : ()
B: t— a; 0: t«— x;

y — f(z,a); Yy — g(z);

z — f(=,1); z — g(t);
77011,15 : (Z/, Z) /ﬁout : ('!/s Z)

-
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Composition of the Transformations
(o] lelelele)

Mutual Dependency of T¢s and Tep

Is there a fixed constant ¢ € N, such that ¢ applications of
Tcop o Teog suffice?
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Composition of the Transformations
(o] lelelele)

Mutual Dependency of T'cg and Top

Is there a fixed constant ¢ € N, such that ¢ applications of
Tcop o Teog suffice?

n—fold application of Top and Tog necessary
T = ({F@},0), (), (y, 2), B2) with 3, as follows:

B =y — f(z,x);
z + f(z,z);

ﬁn—i—l = Bn;
Y« f(y,);

2z f(z,x);
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Composition of the Transformations
[e]e] lelele)

Example Computation

y — f(z,x);
z — f(z,x);
Y f(y,z);
z — f(z,x);
Y f(y,z);
z — f(z,x);
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Composition of the Transformations
[e]e] lelele)

Example Computation

y<—f(€13,$); tlbf(w’:l;);

z — f(z,x); Z:Z’
Y f(y,z); ’
s flmay VW

);
TIEIE e (m )
S
. o (2, 2);

z<—fz7
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Composition of the Transformations
[e]e] lelele)

Example Computation

t1 — f(x,x); t1 — f(x,x);
y<—f(€13,$); 1 f(. ) 1 f( )
: Yy — t1; Y t1;
z — f(z,x); ’ i
y — f(y,); ol o
2 f(Z,%); y<—f(y7 Y — f(t13:1:);

);

) Z<—f(t1,:13);
,T); y — f(y,);
); z— f(z2);

z — f(z,

Y f(y,z);
o) y— [y
ZZ f(z,2); (

z— [z
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Composition of the Transformations
[e]e] lelele)

Example Computation

t1 — f(x,m);

— . t1 — f(x,z); t1 — f(z,z); e
Z(_;Eza:;;’ y «— t1; Y t1; Z(_Z’
y— f(y f;)' ’ z oty sl 1‘/4<—f7(f1~17)1
Z<—f(27$)7 y<—f(y7 )7 y(_f(t13$); y<—t4' : /
y<—f(y,ﬂf)’ 2 flz ) z — f(ts, ); z<—t4’
e ﬂci y— f(y,x);

2 — f(z,); y — f(y,);

2 flze 2 f(z2);

(2,
o) y = [y,
;Z f(z2); (
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Composition of the Transformations
[e]e]e] lele)

Fixed Point Iteration
For T :=TcpoTlcg, Topcs : SLC — SLC is given by:

R if '(r) =m
Tepes(m) = { Tepes(T(m)) otherwise

At most as many iterations as operation expressions to reach the
fixed point.
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Composition of the Transformations
[e]e]e] lele)

Fixed Point Iteration
For T :=TcpoTlcg, Topcs : SLC — SLC is given by:

R if '(r) =m
Tepes(m) = { Tepes(T(m)) otherwise

At most as many iterations as operation expressions to reach the
fixed point.

Compositional Transformation

Tcopr :=Tpc o TcpcsoTer =Tpco (TepoTes) o Tcr
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Composition of the Transformations
[e]e]e]e] o)
Example TeoopT

Uin + (2,9)

G: u<+ 3;
V=T =Y
w—u+1;
T =T =Y
v—w — 1
U — T — Y,
Z < Uk W
U — 2% u;

Uout = (u,v)
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Composition of the Transformations
[e]e]e]e] o)
Example TeoopT

Uin : (2,Y) ta —z—y;

G: u<+ 3; Teopr v o— 3
V=T —=Y; = u <ty —y;
w—u+1; U — 2%

T =T =Y
v—w — 1
U — T — Y,
Z < Uk W
U — 2% u;

Uout = (u,v)
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Composition of the Transformations
[e]e]e]e] o)
Example TeoopT

Uin : (2,Y) ta —z—y;

G: u<+ 3; Teopr v o— 3
V=T —=Y; = u < tyg —y;
w—u+1; U — 2%

T =T =Y
v—w — 1

U— T —Y; ky —x—y;
Z < Uk W Tpac ke <« ko —u;
—_—
U — 2 % u; u < 2% kg;
Vout = (u,v) v 3;
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Composition of the Transformations
[e]e]e]e] o)
Example TeoopT

Uin : (2,9) ts —x—y;
B: ue3; Tcorr v 3
Ve Ty - Ut~y
w—u+1; u — 2% u;
T—T—y;
v—w — 1
U— T —Y; ky —x—y;
Z < Uk W Tpac ke <« ko —u;
—_—
U — 2 % u; u < 2% kg;
Vout = (u,v) v 3;

Minor Problems

e Order of operations not identical

e Variable names not consistent
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Composition of the Transformations
00000e

Result

Txopr = Tssa 0 Trc o Tpc o (TepoTes) o Tor o Tssa
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Composition of the Transformations
00000e

Result

Txopr = Tssa 0 Trc o Tpc o (TepoTes) o Tor o Tssa

Optimality

Txopr is optimal wrt. Tphaq.

(The backward direction holds since Tpa¢ is optimal wrt. the
single transformations.)

— Proof in the corresponding technical report
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e Classical algorithms do not suffice to “simulate” Tpag
e Essential component: Tpc o (Tep o Tes)* o Teor

e Higher computation overhead, but:

e DAG-algorithm not applicable to iterative code
e Many implementations of classical algorithms exist
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Webinterface

Implementation for testing purposes: slc.srieger.com
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oe

e Combination of Tcg and T¢p possible to avoid iterative
application?
e Application of framework on iterative code

e Evaluation of optimization quality on iterative code
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Some copy instructions cannot be eliminated

m | Tcorr(m) | Tpac(Tcopr(x))
t1 — f(aj‘,ﬂf);

Y fz,2); | y — t1; y «— f(x,z);

7z — flz,z)i| 2z + t1; z—Yy;
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Some copy instructions cannot be eliminated

m | Tcorr(m) | Tpac(Tcopr(x))
l1 f(aj‘,ﬂf);
y — flz,2); |y —ty; y — fla,x);
2 fla,x); | 2t z—y;
= specialized Algorithm [see techn. report]
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Some copy instructions cannot be eliminated

m | Tcorr(m) | Tpac(Tcopr(x))
l1 f(ﬂj‘,ﬂf);
y — f(z,2); |y —ty; y — f(z,z);
2 fla,x); | 2t z—y;
= specialized Algorithm [see techn. report]

v

Another problem

t «— x; 0
£ < f(x)’ {(tvxv 1)}
Y — t; 0

z—g(x); | {(y,t, 1)}
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Some copy instructions cannot be eliminated

m | Tcorr(m) | Tpac(Tcopr(x))
l1 f(ﬂj‘,ﬂf);
y — f(z,2); |y —ty; y — f(z,z);
2 fla,x); | 2t z—y;
= specialized Algorithm [see techn. report]

v

Another problem

t «— x; 0
£ < f(x)’ {(tvxv 1)}
Y — t; 0

z—g(x); | {(y,t, 1)}

= Transformation into Static Single Assignment-Form
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