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Chapter 1

Introduction

Software and hardware systems have become more and more complex, while at the
same time the cost of failure of some of these systems has grown tremendously. These
costs can go beyond monetary losses, since the failure of some systems can pose a
threat to life and limb. So we are in need of assurance that, simply put, systems do
what they are supposed to do.

The techniques in the field of model checking are among those that can give us such
assurance. Model checking can establish if the model of a system adheres to its speci-
fication. It does this by comparing a model of the system with a property, expressed
as a logical formula, from the specification. Given a system model and a formula the
process to determine if the model satisfies the formula, and thus the system has a cer-
tain property, is fully automatic. In the language of mathematical logic, we check if
the system is a model of the logical formula, i.e. satisfies it; hence the name model
checking.

The system models used in model checking are based on directed graphs: Each
state of the system corresponds to one node in the underlying graph. Such a node is
simply called a state and the set of all nodes the state space.
Unfortunately, the number of states in the model often grows exponentially with the
number of components in the system. This phenomenon is called state space explosion.
The performance of model checking depends largely on the number of states in the
system model, so state space explosion becomes a huge obstacle to model checking
for systems of a realistic size. One countermeasure to state space explosion is state
space minimization; or short just minimization. The idea is to represent a system by a
new model which has the same properties, as expressed by logical formulae, but fewer
states. We can then run the model checking algorithms on the smaller system model
and still get the same results concerning properties as on the full model.
Every minimization technique has to balance the properties it preserves with the re-
duction in state space it can achieve. So if a technique achieves a larger reduction than
another technique it might only be able to do this by preserving fewer properties.

In this thesis we will develop a new minimization technique for a system model
called continuous-time Markov chains (CTMCs). The standard technique for minimiza-

1



tion of CTMCs is bisimulation. Bisimulation is well-established and in its different
variants also the standard technique for minimization of a number of other system
models. In this thesis we develop a minimization technique that achieves greater state
space reduction than bisimulation. This can only be done at the cost of preserving
fewer properties compared to bisimulation.
This new technique is based on Markovian testing equivalence (MTE), which was devel-
oped by Marco Bernardo in [Ber07a]. Bernardo develops MTE on a process calculus
called sequential Markovian process calculus (SMPC). Although SMPC has CTMCs as
its underlying semantics, MTE on SMPCs is not directly usable for model checking on
CTMCs and thus we need to transfer the idea behind MTE to CTMCs. Bernardo shows
that MTE includes bisimulation for SMPC and that a number of important properties
are preserved. His work serves as a starting point for this thesis. Our goal is to go
the whole way from the theoretical underpinnings of the minimization technique to
an algorithm which does the actual minimization.

Towards this goal, we first translate MTE to CTMCs and extend it to an equivalence
on the state space. It turns out that MTE cannot yield a minimization technique as it
does not put all states into relation which can be implicitly merged under MTE. The
problem is that MTE implicitly compares sets of states with each other, which cannot
be reflected in MTE itself as it is an equivalence between states. To solve this problem
we propose Markovian testing minimization equivalence (MTME) based on the idea
behind MTE. In the construction of MTME, we manage to avoid an equivalence bet-
ween sets of states and map the idea to an equivalence between states.

We show that MTME includes bisimulation, which means that MTME minimiza-
tion always performs at least as well regarding state space reduction as bisimulation.
This leaves the question: The preservation of which properties had to be sacrificed for
this increase in state space reduction and which remain? Some branching properties
are not preserved. We however show that with time-bounded reachability and time-
bounded until MTME preserves two important properties.

In the next step towards the goal of a complete minimization technique, we de-
velop an algorithm to compute an MTME for a given CTMC. This algorithm is a par-
tition refinement algorithm but it also has to accommodate for the fact that MTME in-
ternally compares sets of states. Because there does not exist a unique maximal MTME
the algorithm includes a non-deterministic choice. This choice can be expressed as an
exact cover problem with side conditions. So based on Knuth’s Algorithm X, which
computes solutions to exact cover problems, we develop an inner algorithm.
We show correctness of the algorithm and that it is able to compute, given an MTME,
this MTME or a coarser one. The latter is a sort of completeness result as it means that
the full minimization potential of MTME can be achieved using this algorithm.
In two case studies we show that MTME performs at least as well as bisimulation and
sometimes can achieve 20 to 40 percent additional state space reduction in an accept-
able amount of time.
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Outline of the thesis

Chapter 2 introduces and defines the basic concepts needed in this thesis. In the first
part of Chapter 3, we present Markovian testing equivalence (MTE) as defined by
Bernardo and then translate it to CTMCs. However, MTE is not suitable for mini-
mization of CTMCs, so in the second part of Chapter 3 we develop Markovian testing
minimization equivalence (MTME) on the basis of MTE. In Chapter 4 we investigate
which properties are preserved by MTME. Chapter 5 presents an algorithm for the
computation of an MTME. Two case studies for minimization with MTME are ana-
lyzed in Chapter 6. Finally, Chapter 7 summarizes the results of the thesis and high-
lights where open questions remain and further work seems promising.
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Chapter 2

Preliminaries

This chapter introduces the basic concepts and definitions for this work. It already
places them into the context of model checking and especially the minimization of
CTMCs. Most explanations are geared towards giving a working intuition to those
who are new to continuous-time or probabilistic model checking and not familiar with
its prevailing concepts. For a more in-depth treatment, the reader is referred to addi-
tional literature (e.g. [BK08] for model checking in general, [BHHK03] for continuous-
time model checking and [ADD00] for probability and measure theory).

2.1 Continuous-time Markov chains

Continuous-time Markov chains (CTMCs) describe the systems whose properties we
want to investigate by model checking. CTMCs are timed and probabilistic, i.e. they
model the passage of time in the system and changes of the state of the system are
described probabilistically.
We present CTMCs as an extension of transition systems, which are also known as
Kripke structures. Transition systems are the standard formalization in model check-
ing of systems which are neither timed nor probabilistic.

Transition system

A transition system (without actions) TS is a tuple (S,→, L, I). It has states, which
represent the states the system can take and the set of states S is called the state space
of the transition system. In this thesis the state space is assumed to be finite, although
in general it just has to be countable. If a system can go from one state to another state,
there is a so called transition between them. The transition relation is given by the
binary relation→⊆ S×S. The set of initial states I ⊆ S contains all states in which the
system can start. Each state has a labeling which is determined by the labeling function
L : S → 2AP . Such a labeling is a subset of a set of atomic propositions AP . This set of
atomic propositions can be an arbitrary fixed set and describes the states of the system.
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Definition 2.1 (Transition System). A transition system is a tuple TS = (S,→, L, I)
where,

• S is the set of states,

• →⊆ S × S the transition relation,

• L : S → AP the labeling function, where AP is the set of atomic proposition, and

• I ⊆ S the set of initial states.

Continuous-time Markov chain

CTMCs have a similar structure to transition systems but they add information about
timing and the probability of a transition. Both aspects are handled at the same time
using an exponential distribution on every transition that models the waiting time un-
til the transition is taken.
An exponential distribution has probability density function λ · e−λt, where λ is the
so called rate of the exponential distribution and t the argument of the function. The
expected value of an exponential distribution with rate λ is 1

λ
.

Two properties of exponential distributions are important for CTMCs. First of all, it
is the only continuous memoryless function. When interpreting the exponential dis-
tribution as waiting time, memorylessness means that the probability to wait another
t time units before taking a transition is independent of the time we have already
waited. This is important as Markov chains have to fulfill the Markov property which
says that the next state of the system and the waiting time until this state is reached
only depend on the current state. So in particular, it must not depend on the amount
of time we have already waited. The second important property is that the minimum
of n exponentially distributed random variables is again exponentially distributed. If
the rates of these random variables are λ1, . . . , λn, then the minimum is given by an
exponential distribution with rate

∑n
i=1 λi.

A CTMC is described by a tupleM = (S,R, L, ν). The set of states S and the labeling
function L are exactly the same as in a transition system. The transition relation→ is
replaced by a rate function R and the set of initial states I by an initial distribution ν.
The rate function R : S×S → R≥0 assigns a rate λ to each tuple of states (s, s′). If λ > 0,
it is the rate of an exponential distribution that describes the time until this transition
fires and is taken. In the case that a state has multiple outgoing transitions, the first
transition that fires is taken, which implicitly determines the probability of taking a
specific transition.
The initial distribution ν assigns to each state the probability that the system starts in it.

Definition 2.2 (Continuous-time Markov chain). A continuous-time Markov chain
(CTMC) is a tupleM = (S,R, L, ν), where

• S is a countable, nonempty set of states,

• R : S × S → R≥0 is a rate function,

• L : S → 2AP is a labeling function for some finite set of atomic propositions AP
and

6



• ν : S → [0, 1] is the initial distribution, such that
∑

s∈S ν(s) = 1.

We define the rate from a state s ∈ S into a set of states S ′ ⊆ S as R(s, S ′) =
∑

s′∈S′

R(s, s′). The exit rate E(s) of a state s ∈ S is the rate of this state into the whole

state space S: E(s) = R(s, S). The exit rate determines the average sojourn time, which
is the average time that passes between entering a state and taking an outgoing tran-
sition, as 1

E(s)
.

We are now interested in the probability to take a specific transition out of a state. So
let s ∈ S be the current state, S = {s1, . . . , sn} and λi = R(s, si). Then the probability
to take a specific transition is the ratio of the rate of the transition and the exit rate of
the state, i.e. R(s,si)

E(s)
= λi

∑n
j=1 λj

.

We sometimes need to consider the union of two CTMCs without initial distri-
bution. The union is simply constructed by putting the two CTMCs side by side. Let
M1 = (S1, R1, L1) andM2 = (S2, R2, L2) be CTMCs over the same set of atomic propo-
sitions AP . Furthermore, let them have disjoint state spaces, i.e. S ∩ S ′ = ∅. Then the
union CTMC is defined as M1 ∪M2 = (S1 ∪ S2, R

′, L′), where R′ and L′ mimic the
original function for their respective domains and R′ equals 0 for pairs of states from
two different state spaces. We will often use this union construction implicitly when
we apply definitions to two CTMCs at once.

Predecessors and successors in CTMCs

A CTMC is sometimes seen as a directed graph by interpreting non-zero rates between
states as an edge. Successor and predecessor relationships between (sets of) states can
then be defined.

Definition 2.3 (pred(s), post(s)). LetM = (S,R, L, ν) be a CTMC and s ∈ S.
Then pred(s) = {s′ | R(s′, s) > 0} and post(s) = {s′ | R(s, s′) > 0}.

A set of states has two types of predecessor sets: pred(S ′) can be described as the
set of all states which have a transition into any state of S ′. In contrast to this cpred(S ′)
describes the common predecessors of S ′, that is, the set of all states which have a
transition into all states of S ′.

Definition 2.4 (pred(S ′), cpred(S ′)). LetM = (S,R, L, ν) be a CTMC and S ′ ⊆ S.
Then pred(S ′) =

⋃

s∈S′ pred(s) and cpred(S ′) =
⋂

s∈S′ pred(s).

2.2 Probability measures on CTMCs

For this thesis, we need to base probability theory on measure theory since measure
theory can provide us with a solid foundation for probabilities on the set of paths of
a CTMC. This is necessary since the set of paths of a CTMC, which we still have to
formally define, has a discrete and a continuous component. The discrete component
being the sequence of states and the continuous component the sequence of sojourn
times.
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We assume a general understanding of probability theory without measures and try
to connect this to measure theory.
In probability theory without measures, we have a set of outcomes, called the sample
space. We call a subset of the sample space an event and assign a probability to it. Using
measure theory, we do not want to consider arbitrary subsets of the sample space but
only certain ones. More precisely, we want the set of these subsets of the sample space
to form a σ-algebra.

Definition 2.5 (σ-algebra). Let X be a non-empty set, called sample space. Then F ⊆
2X is a σ-algebra if

• X ∈ F ,

• if A ∈ F , then also the complement X \ A ∈ F and

• if A1, A2, · · · ∈ F , then also the countable union
⋃

i∈N
Ai ∈ F .

So a σ-algebra is closed under complement and countable union. Using De Mor-
gan’s law, which expresses intersection by union and complement, we see that a
σ-algebra is also closed under countable intersection.
The next step is to assign a probability to each element of a σ-algebra. This function is
called a probability measure.

Definition 2.6 (Probability measure). Let X be a non-empty set, and let F ⊆ 2S a
σ-algebra. Then µ : F → [0, 1] is a probability measure if

• µ(X) = 1 and

• ifA1, A2, · · · ∈ F and theAi are pairwise disjoint sets, then µ(
⋃

i∈N Ai) =
∑

i∈N
µ(Ai).

So µ assigns probability 1 to the whole sample space. Also if we look at pairwise
disjoint subsets of the sample space from the σ-algebra and take their union, the prob-
ability of this union is the sum of the probabilities of the subsets. Both conditions are
expected behavior for probabilities.

We can now introduce a probability measure on sets of paths in a CTMC. The
definitions of paths and a probability measure on the set of all paths follow those
in [BHHK03].
Paths represent, as the name implies, one possible path through a CTMC. They consist
of the sequence of states visited and the time that has passed in each state. A path can
either be finite and ending in an absorbing state, e.g. a state that has no successor, or
it can be infinite.

Definition 2.7 (Paths). LetM = (S,R, L, ν) be a CTMC. Let ti ∈ R>0 and si ∈ S for all
i ∈ N andR(si, si+1) > 0. Then a path is either an infinite sequence s0

t0→ s1
t1→ s2

t2→ . . .

or it is a finite sequence s0
t0→ s1

t1→ · · ·
tk−1
→ sk where sk is absorbing, e.g. succ(s) = ∅.

We call the set of all paths in M PathsM and its subset of all paths starting in s

PathsMs . We omit the reference toM wherever possible. If π = s0
t0→ s1

t1→ s2
t2→ . . . ,
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the i-th state in a path is given by π[i] = si. The state occupied at time t is given by
π@t = π[k] where k is the smallest index with t <

∑k
i=0 ti.

In order to assign a non-zero probability to paths, we have to consider sets of paths.
We do this in the form of cylinder sets. A cylinder set is described by a finite alternating
sequence of states and time-intervals s0, I0, s1, . . . , Ik−1, sk which gives the beginning

of paths. Formally, it contains all paths s0
t0→ s1

t1→ · · ·
tk−1
→ sk

tk→ . . . where ti ∈ Ii for
1 ≤ i < k.

Definition 2.8 (Cylinder sets). Let si ∈ S and Ii non-empty intervals in R≥0 for all
i ∈ N. Then

Cyl(s0, I0, s1, . . . , Ik−1, sk) =
{

π ∈ Paths | π = s0
t0→ s1 . . .

tk−1
→ sk

tk→ . . . , ti ∈ Ii, 0 ≤ i < k
}

.

The set of all cylinder sets generates a σ-algebra over PathsM.
In order to assign a probability to cylinder sets, we first have a look at the probability,
being in s, to take the transition s → s′ within a time-interval of I . The probability
to take the transition from s to s′ is R(s,s′)

E(s)
. The probability to do so within the time-

interval I is independent of this and can be given as e−E(s)·inf I − e−E(s)·sup I .
We can now inductively define the probability Prν to take a path in a cylinder set given
an initial distribution ν.

Definition 2.9. The probability measure on cylinder sets is given by
Prν(Cyl(s0, I0, . . . , sk, I

′, s′)) = Prν(Cyl(s0, I0, . . . , sk)) ·
R(sk ,s′)
E(sk)

· (e−E(sk)·a − e−E(sk)·b)

where a = inf I ′, b = sup I ′, Prν(Cyl(s0) = ν(s0)) and ν an initial distribution.

In the case of a single initial state s, i.e. ν(s′) = 1 for s′ = s and 0 otherwise, we
write Prs instead of Prν . This effectively restricts the paths to those starting in s.

2.3 Properties of CTMCs

CTMCs model systems, but what we are ultimately interested in is how these systems
behave. We describe this behavior using logical formulae and call the fact if such a
formula is satisfied in a state a property. There are a number of logics on CTMCs. We
will however restrict ourselves to continuous stochastic logic (CSL), as it is presented in
[BHHK03]. CSL is interesting insofar as it characterizes bisimulation (cf. [DP03]).
We first define the syntax of CSL and then explain the semantics. CSL can be divided
into state and path formulae, which are as follows: As the names imply, a state formula
is interpreted over a state and a path formula is interpreted over a path of a CTMC.
We call a state which satisfies a state formula Φ a Φ-state.

Definition 2.10 (Syntax of CSL). Let p ∈ [0, 1] be a real number, E ∈ {≤, <,>,≥} a
comparison operator, and I ⊆ R

+
0 a nonempty interval. Then the syntax of CSL is

inductively defined by:

• true is a state formula.
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• Each atomic proposition a ∈ AP is a state formula.

• If Φ and Ψ are state formulae, then so are ¬Φ and Φ ∧Ψ.

• If Φ and Ψ are state formulae, then XIΦ and Φ U I Ψ are path formulae.

• If ϕ is a path formula, then PEp(ϕ) is a state formula.

• If Φ is a state formula, then so is SEp(Φ).

The most basic type of state formulae are propositional logic formulae over the
atomic propositions, which are defined by the first three points in the definition. Each
atomic proposition serves as a propositional logic variable. Negation ¬, conjunction ∧
and true have their usual meaning.

XIΦ and Φ U I Ψ are path formulae and thus a path can either satisfy or not satisfy
them. XI is the timed next operator, where I gives a time interval. A path starting

with s0
t0→ s1 satisfies XIΦ, if s1, which is the second or next state on the path, satisfies

Φ and is reached within the time interval I , i.e. if t0 ∈ I .
U I is called the timed until operator. A path satisfies Φ U I Ψ if there exists a time t ∈ I
at which we visit a state in which Ψ holds and all preceding states satisfy Φ.
For both operators we omit the time-interval I if it is no restriction, i.e. if I = R

+
0 . We

now define the satisfaction relation for path formulae.

Definition 2.11 (Semantics of CSL path formulae). Let M = (S,R, L, ν) be a CTMC

and π ∈ PathsM a path. Let π start with s0
t0→ s1

t1→ . . . . Then π satisfies a path for-
mula ϕ, written π |= ϕ, as follows:

π |= XIΦ iff π[1] is defined, π[1] |= Φ and t0 ∈ I .
π |= Φ U I Ψ iff there exists a t ∈ I such that π@t |= Ψ and for all t′ ∈ [0, t)

holds π@t′ |= Φ.

PEp(ϕ) is satisfied if the probability to encounter a path which satisfies ϕ is within
the range given by Ep. For each path formula ϕ, the set of paths which satisfy ϕ is
expressible by a union of cylinder sets and we can use the probability measure on
cylinder sets to determine this probability.
SEp(Φ) describes that the so called stationary probability of a state formula is within
the interval given by Ep. Conceptually, the stationary probability gives the probability
to be in a Φ-state after an infinite amount of time. So it describes the behavior of a
CTMC in the long run when a sort of equilibrium has been reached. We omit a formal
definition of stationary probability, as it is not needed in the remainder of the thesis
and needs a number of supporting definitions.
We can now formally define the semantics of state formulae in CSL.

Definition 2.12 (Semantics of CSL state formulae). Let M = (S,R, L, ν) be a CTMC
and s ∈ S. s satisfies Ψ, written s |= Ψ, as follows:
s |= true for all s ∈ S.
s |= a iff a ∈ L(s).
s |= Ψ ∧ Φ iff s |= Ψ and s |= Φ.
s |= ¬Ψ iff not s |= Ψ.
s |= PEp(ϕ) iff Prs(

{

π ∈ PathsM | π |= ϕ
}

) E p .
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Common properties

We now want to present common properties expressible by CSL.
If a state s satisfies P>0(ϕ) there exists a path starting in s which satisfies ϕ. However,
the reverse is, in general, not true, since a single path does have probability 0. So if ϕ
is satisfied for a set of paths starting in s with measure 0, e.g. a single path, P>0(ϕ) is
not satisfied in s although there exist paths which satisfy ϕ. A path which eventually
reaches a Φ-state can be expressed by the path formula true U Φ. Using true as the first
operand does not put any restrictions on the path leading up to the Φ-state. true U Φ
is often abbreviated as ♦Φ, pronounced "eventually Φ".
We now combine both and obtain reachability of a Φ-state P>0(♦Φ). We can extend this
formula in order to express time-bounded reachability, which is the property to reach an
Φ-state with probability at most p and within at most t time units. The corresponding
formula is P<p(♦

[0,t]Φ).

2.4 Minimization of CTMCs

Minimization of CTMCs means that a CTMC is transformed into another CTMC with
fewer states. This has to be done in such a way that the properties we are interested in
are preserved. The benefit is that model checking can be done on the smaller CTMC,
which makes it faster or, due to memory constraints, possible in the first place.
All minimization techniques in this thesis follow the same pattern: At first, states of
a CTMC that "behave the same" are grouped together via an equivalence relation. Then
those grouped states are replaced by a single state. The exact meaning of "behaving
the same" differs between minimization techniques and is at the core of them.
As the name implies, equivalence relations put elements into relation which are equal
in some aspect. An example is the relation that considers the parity of integers, e.g.
if they are odd or even, and puts integers into relation if they have the same parity.
Equivalence relations are defined as binary relations that are reflexive, symmetric and
transitive. These properties do not come as a surprise when keeping the example in
mind. Reflexivity means that each element is in relation to itself. Symmetry means
that if a is in relation with b then also b with a. Finally transitivity means that if a and
b are in relation, as are b and c then a has also to be in relation to c.

Definition 2.13 (Equivalence Relation). Let M be a set. E ⊆ M ×M is an equivalence
relation on M if it is

• reflexive: (a, a) ∈ E for all a ∈M ,

• symmetric: (a, b) ∈ E iff (b, a) ∈ E and

• transitive: if (a, b) ∈ E and (b, c) ∈ E then (a, c) ∈ E.

We commonly write aEb as an infix notation for (a, b) ∈ E
The elements of the set M are divided into equivalence classes by an equivalence rela-
tion. Coming back to the example, one equivalence class contains the odd numbers
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and one the even numbers. In the context of minimization, such an equivalence class
contains states and is collapsed into a single state.

Definition 2.14 (Equivalence Classes). Let M be a set and E ⊆ M × M an equiva-
lence relation on M . Then the equivalence class of a under E is defined as [a]E =
{b ∈M | (a, b) ∈ E}. The set of all equivalence classes {[a]E ⊆M | a ∈M} is denoted
by M/E.

Note that for all (a, b) ∈ E, it holds that [a]E = [b]E . So the choice of representative
for an equivalence does not matter.

Partitions are strongly related to equivalence relations. A partition divides the ele-
ments of a set M into pairwise disjoint subsets in such a way that the union of these
subsets is again the set M . In other words, every element of M is contained in exactly
one subset.

Definition 2.15 (Partition). Let M be a set. P ⊆ 2M is a partition of M if

• M =
⋃

M ′∈P

M ′ and

• M1 ∩M2 = ∅ for all M1,M2 ∈ P .

Given an equivalence relation E on M , the set of equivalence classes M/E forms a
partition of M . Also, the other way around, given a partition P , it holds that
{(a, b) ∈M ×M |M ′ ∈ P, a, b ∈M ′} is an equivalence relation. So each partition cor-
responds to an equivalence relation and vice versa. Also this correspondence is sym-
metric, i.e. if partition P corresponds to equivalence relation E then also equivalence
relation E corresponds to partition P . This means that both concepts can be used in-
terchangeably.
We say a partition P is coarser than a partition P ′ if for every set T ′ ∈ P ′ there exists a
set T ∈ P such that T ′ ⊆ T . In other words, for every T ∈ P there exist T ′

1, . . . , T
′
n ∈ P

′

which form a partition of T . The opposite to coarser is finer. So, if P coarser than P ′,
then P ′ finer than P .

Bisimulation

A bisimulation∼ is an equivalence relation on the states of a CTMC with two additional
conditions for every pair of states s, s′ with s ∼ s′: First of all, s and s′ have to share the
same labeling. This is not a surprising condition as the labeling represents the most
basic properties of the system the CTMC models and minimization wants to preserve
properties. Furthermore, the rate from s into any other equivalence class C has to be
the same as the rate from s′ to C. The idea behind this is that otherwise we could
distinguish s from s′ which would result in a difference in properties.
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Definition 2.16 (Bisimulation). LetM = (S,R, L, ν) be a CTMC. A bisimulation onM
is an equivalence relation ∼bis such that for all s ∼bis s

′ holds

• L(s) = L(s′) and

• R(s, C) = R(s′, C) for all C ∈ S/∼bis
.

An important consequence of the second condition is that also the exit rates of
bisimilar states are the same, e.g. s ∼bis s

′ implies E(s) = E(s′).
We call two states bisimilar if there exists a bisimulation which puts them into relation.

For any CTMC there can be, and usually are, different bisimulations. However
there is a unique maximal bisimulation which contains all other bisimulations.

Theorem 2.1. Let M = (S,R, L, ν) be a CTMC and let B ⊆ 2S×S be the set of all bisi-
mulations on M. Then ∼max=

⋃

∼∈B ∼ is a bisimulation and we call ∼max the maximal
bisimulation onM = (S,R, L, ν).

Two states are put into relation by the maximal bisimulation if and only if they are
bisimilar. So the maximal bisimulation can be characterized as
∼max= {(s, s

′) ∈ S × S | s bisimilar s′}.

Bisimulation Quotient

Given a bisimulation, we can minimize a CTMC. The resulting CTMC is called the
bisimulation quotient. Its state space consists of the set of equivalence classes of the
bisimulation. In other words, all states of an equivalence class are collapsed into a
single state representing this class. All states in an equivalence class of a bisimulation
share the same labeling. So we use this labeling as the labeling of the equivalence
class. Similarly, all bisimilar states go with the same rate into another class. This rate
becomes the rate between these classes in the quotient. Lastly, we define the value of
the initial distribution for an equivalence class as the sum of the values of the initial
distribution of its contained states.

Definition 2.17 (Bisimulation quotient). LetM = (S,R, L, ν) be a CTMC and ∼ a bisi-
mulation onM. Then the bisimulation quotient is defined asM∼ = (S∼, R∼, L∼, ν∼)
with

• S∼ = S/∼,

• R∼ : S∼ × S∼ → R≥0 where R∼ : ([s]∼, C) 7→ R(s, C),

• L∼ : S∼ → AP : [s]∼ 7→ L(s) and

• ν∼ : S∼ → R≥0 : C 7→
∑

s∈C ν(s).

13



Partition refinement algorithm

The standard algorithm to compute a (maximal) bisimulation given a CTMC is the
partition refinement algorithm. The idea of this algorithm is to first partition the set of
states according to their labeling and exit rates. This initial partition is then refined by
successively splitting individual sets C in the partition in order to make them comply
to the condition that R(s,D) = R(s′, D) for s, s′ ∈ C and for all D in the partition. In
this case D is called the splitter. This process is repeated until the partition comes to a
fixpoint and the aforementioned condition is satisfied by all sets in the partition.

Input: CTMCM = (S,R, L, ν)
Let R ⊆ S × S be the relation defined by: (s, s′) ∈ R⇔ L(s) = L(s′) ∧ E(s) = E(s′)
Let P = S/R

do
P ′ = P
for all C ∈ P ′

Let Rsplit ⊆ C × C with (s, s′) ∈ Rsplit ⇔ R(s,D) = R(s′, D) for all D ∈ P
P = (P \ C) ∪ C/Rsplit

while P ′ 6= P

Output: P

14



Chapter 3

Markovian testing minimization
equivalence

This chapter first shortly describes the context in which the original version of Marko-
vian testing equivalence (MTE) was developed. It then presents a version of MTE
which has been adapted for CTMCs. As MTE is not suitable for the minimization of
arbitrary CTMCs, its underlying concepts are employed to develop Markovian testing
minimization equivalence (MTME). Finally this chapter compares the presented equi-
valences with each other and with bisimulation.

From this point onwards, we will only consider CTMCs with the property that
every state has at least one predecessor. This restriction allows for much clearer and
compact definitions, as it avoids the special case of states without predecessors. It
does, however, not restrict the applicability of the minimization technique built, as an
arbitrary CTMC can easily be transformed into one with this property while preserv-
ing all interesting properties. The idea is to give each state with no predecessor an
artificial one. These newly introduced states in turn have a self-loop and thus a prede-
cessor. As the initial distribution is left unchanged the added states are unreachable.
Since all considered properties speak exclusively of the reachable part of a CTMC this
transformation preserves these properties.
Formally, we transform the CTMCM = (S,R, L, ν) into the CTMCM⊤. Therefore, let
Snp = {⊤s | s ∈ S, pred(s) = ∅} be the set of additional states and
M⊤ = (S⊤, R⊤, L⊤, ν⊤) defined as follows:

• S⊤ = S ∪ Snp

• R⊤(s, s′) =



















R(s, s′) s, s′ ∈ S

1 s = ⊤′
s

1 s = s′, s ∈ Snp

0 otherwise

• L⊤(s) =

{

L(s) s ∈ S

∅ otherwise

• ν⊤(s) =

{

ν(s) s ∈ S

0 otherwise
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3.1 Markovian testing equivalence

Markovian testing equivalence (MTE) was developed by Bernardo in [Ber07a]. We will
not present the complete original definition here as it requires a substantial apparatus,
which would not be used afterwards anymore. Instead we describe the formalism in
which MTE was developed and then directly provide a definition on CTMCs.

Sequential Markovian process calculus

The original version of MTE works on the sequential Markovian process calculus
(SMPC). In this context, processes are described by process terms. The set of pro-
cess terms of SMPC is generated by the following syntax:

P ::= 0
| 〈a, λ〉 .P
| P + P
| A

The semantics of such a process term are multitransition systems, i.e. transition
systems where there can be more than one transition between states. Process terms
correspond to states and each transition is labeled with 〈a, λ〉 where a is an action and
λ the rate of an exponential distribution. The operators are defined as follows:

• 0: The null-term cannot execute any actions and is thus a state without any out-
going transitions.

• 〈a, λ〉 .P : Sequential composition can execute an a-action with rate λ and then
behaves like P .

• P + P : Alternative composition behaves like either process term.

• A: A definition of a process term can contain the definition of process constants.
A behaves like the process term it is defined as.

P

A

0

〈a, λ1〉

〈b, λ2〉

〈b, λ2〉 P := 〈a, λ1〉 .A+ A

A := 〈b, λ2〉 .0

Figure 3.1: SMPC process term and resulting multitransition system.
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Figure 3.1 shows a simple process term and its resulting multitransition system: P can
do an a-action with rate λ1 and then behave like A or directly behave like A. A does a
b-action and then stops to execute any actions since it has reached the null-term.
A multitransition system can be converted into a CTMC by replacing multitransitions
with a single transition and removing the action-names. This new transition is labeled
with the sum of the rates of the transitions it replaces.
The original version of MTE is an equivalence relation on the set of all process terms.
In the underlying semantics on CTMCs this corresponds to an equivalence between
CTMCs with a single initial state.

Markovian testing equivalence on CTMCs

We now directly provide a translation of MTE to CTMCs. It is based on Bernardo’s
fourth characterization ([Ber07a] Chapter 4.3.4). This characterization is especially
suited, since it fully abstracts from testing and replaces it by an approach which com-
pares the probability of performing computations with certain timing characteristics.
These computations are described by extended traces. Extended traces contain in ad-
dition to the labeling of states also their exit rates. An extended trace σ ∈ (R+

0 × 2AP )∗

is written as σ = (r1, A1) ◦ (r2, A2) ◦ · · · ◦ (rn, An). We can project the labeling and rate
components as trace(σ) = A1, A2, · · · , An and rates(σ) = r1, r2, · · · , rn. The set of all
extended traces is defined as ET = (R+

0 × 2AP )∗.
For a given extended trace σ we now define the set of cylinder sets which are compat-
ible with σ. The union of these cylinder sets contains exactly those paths which start
with a sequence of states that match the exit rates and labeling of the extended trace.

Definition 3.1. Let σ = (r1, A1) ◦ (r2, A2) ◦ · · · ◦ (rn, An) be an extended trace. The set
of cylinder sets compatible with σ is defined as

Cσ =
{

Cyl(s0,R
+
0 , . . . ,R

+
0 , sn) | L(si) = Ai, E(si) = ri, 1 ≤ i ≤ n

}

.

A path is called compatible with σ if it is in the union of the cylinder sets in Cσ. We
are now interested in the probability measure of this union of the cylinder sets in Cσ,
that is Prs(Cσ) := Prs(

⋃

Cyl∈Cσ
Cyl).

We first show that the union of these cylinder sets is actually measurable: For a finite
state space, the cardinality of Cσ is finite. This means

⋃

Cyl∈Cσ
Cyl describes a count-

able union. So it is an element of the σ-algebra and thus also a measurable set.
Furthermore, the cylinder sets contained in Cσ are disjoint. This allows us to express
the measure of the union as the sum of the measures of the contained cylinder sets.
Consequently, Prs(

⋃

Cyl∈Cσ
Cyl) =

∑

Cyl∈Cσ

Prs(Cyl) for all σ ∈ ET .

Prs(Cσ) gives the probability for paths starting in s to be compatible to an extended
trace σ. This allows to compare states based on this probability. If there exists an ex-
tended trace σ such that Prs(Cσ) 6= Prt(Cσ), s and t can be distinguished using σ. If
there exists no such σ these states cannot be distinguished by extended traces. Marko-
vian testing equivalence is defined exactly by this indistinguishability by extended
traces.

17



Definition 3.2. LetM = (S,R, L, ν) be a CTMC. A relation ∼MTE⊆ S × S is called a
Markovian testing equivalence (MTE) if for all s, s′ ∈ S

s ∼MTE s′ iff

∀σ ∈ ET . P rs(Cσ) = Prs′(Cσ)

We call states Markovian testing equivalent (mt-equivalent) if MTE puts them into
relation. In other words, s mt-equivalent s′ iff Prs(Cσ) = Prs′(Cσ) for all σ ∈ ET .
MTE is always an equivalence relation. It inherits this property from the equality on
real numbers between Prs(Cσ) and Prs′(Cσ) which is also an equivalence relation.
Additionally, for any CTMC there exists exactly one MTE. If two states are bisimilar
they are also mt-equivalent. In the same fashion the maximal bisimulation is also an
MTE. The proof for these results is lengthy and can be found in Subsection 3.3, which
is dedicated to the comparison of the presented equivalences.

s

sa

s1

sb

1

4

{a} {b}

{}

{} s2

1

4

{}

(a) M

t

ta

t1

tb

2

2 2

{a} {b}

{}

{}

(b) M′

Figure 3.2: Example: Markovian testing equivalence, adapted from [Ber07a].

Figure 3.2 shows the smallest example where MTE is stronger than bisimulation.
In this example, apart from reflexivity, only sa is bisimilar to ta and sb to tb. So these
pairs of states are also mt-equivalent. However, in addition to bisimulation, s and t
are mt-equivalent.
For s and t to be mt-equivalent Prs(Cσ) has to be equal to Prt(Cσ) for all extended
traces σ. s and t both have a labeling of {} and an exit rate of 2. This means that all
extended traces σ which do not start with (2, {}) have Prs(Cσ) = Prt(Cσ) = 0. The
same goes for all other extended traces which do not have a compatible path starting
in s or t.
The remaining extended traces are σa = (2, {}) ◦ (4, {}) ◦ (0, {a}), σb = (2, {}) ◦ (4, {}) ◦
(0, {b}) and their prefixes.
We now have a closer look at Prs(Cσb

) and Prt(Cσb
). Cσb

contains two cylinder sets,
which correspond to the time-abstract paths s→ s2 → sb and t→ t1 → tb:
Cσb

=
{

Cyl(s,R+
0 , s2,R

+
0 , sb), Cyl(t,R

+
0 , t1,R

+
0 , tb)

}

.
We can now compute Prs(Cσb

) = Prs(Cyl(s,R
+
0 , s2,R

+
0 , sb))+Prs(Cyl(t,R

+
0 , t1,R

+
0 , tb)).

The second term is equal to 0 as the cylinder set starts with t and not s. This leaves us
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with Prs(Cσb
) = Prs(Cyl(s,R

+
0 , s2,R

+
0 , sb)), which is the probability to go, starting in

s, via s2 to sb. Thus Prs(Cσb
) = R(s,s2)

E(s)
· R(s2,sb)

E(s2)
= 1

2
·1 = 1

2
. In the same way we can com-

pute Prt(Cσb
) = R(t,s1)

E(t)
· R(t1,tb)

E(t1)
= 2

2
· 2

4
= 1

2
. This shows that indeed Prs(Cσb

) = Prt(Cσb
).

The cases of Cσa
and the prefixes of these two extended traces go analogously.

What happens in this example is that both CTMCs can go in two steps from their ini-
tial state to a b-state with probability 1

2
and the visited states have the same sequence

of labelings and exit rates. This is exactly what the definition of MTE requires. The
difference now is the point at which the decision to go to the final b-state has to be
taken.
Seen from the perspective of minimization we can transformM intoM′ by merging s1

and s2 into t1 and both CTMCs still exhibit the same behavior with respect to extended
traces.

This concept can be generalized, which is depicted in Fig. 3.3. As in the previous
example, we have three tiers of states. s and s′ in the upper tier are mt-equivalent for
the right choice of rates. On the middle tier s1, . . . , sn are merged into s′′. The lower
tier, consisting of states t1, . . . , tm, is unchanged.
s has n successors s1, . . . , sn. The rate from s to si is called ri. Each si has successors
in {t1, . . . , tm}. We call the rate from si to tj ri,j. For the sake of simplicity, we consider
ri,j to be 0 if there is no such transition.

We now want to derive under which conditions s mt-equivalent s′ in Fig. 3.3:
All si and s′′ are required to have the same labeling and exit rate, i.e. L(si) = L(sj) =
L(s′′) and E(si) = E(sj) = E(s′′) for all 1 ≤ i, j ≤ n. This is necessary since otherwise
these states could be immediately distinguished. For the same reason we require the
same for the upper tier, i.e. L(s) = L(s′) and E(s) = E(s′). The latter means that
r′ = E(s) =

∑

1≤i≤n ri.
We want to derive the value of r′j: If s mt-equivalent s′, the probability ps,tj to go from
s to tj and the probability ps′,tj to go from s′ to tj have to be the same. ps,tj = ps′,tj leads

to
∑

1≤i≤n
ri

r′
·

ri,j

E(si)
= r′

r′
·

r′j
E(s′′)

. E(si) is independent of i. So we choose i to be 1 and we

set E(s′′) = E(s1). So E(s1) ·
∑

1≤i≤n
ri

r′
· ri,j =

r′j
E(s1)

. We cancel out E(s1) and get the
result r′j =

∑

1≤i≤n
ri

r′
· ri,j.

In summary, s mt-equivalent s′ in Fig. 3.3 iff

• L(s) = L(s′) and E(s) = E(s′),

• L(si) = L(sj) and E(si) = E(sj) for all 1 ≤ i, j ≤ n,

• L(s′′) = L(s1) and E(s′′) = E(s1),

• r′ =
∑

1≤i≤n ri and r′j =
∑

1≤i≤n
ri

r′
· ri,j.

This effectively gives us a rewriting rule for MTE. In order to be used in such a way
within a CTMC we also require that s1, . . . , sn do not have any predecessors beside s.
Bernardo shows for non-recursive process terms that a version of this rewriting rule
together with rules that axiomatize bisimulation axiomatizes MTE ([Ber07a] Chapter
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4.6). Axiomatization in this context means that the rules can be used to transform a
process term into any other mt-equivalent process term.

However, these rules cannot be used to build an effective minimization technique

s

s1 · · ·· · ·

r1

r1,1
r1,m

sn

rn,1
rn,m

si

ri,1
ri,m

ri

rn

t1, . . . , tj, . . . , tm

(a)

s′

s′′

r′1 r′m

r′

t1, . . . , tj, . . . , tm

(b)

Figure 3.3: Rewriting rule for MTE, adapted from [Ber07a].

on CTMCs. The rules have to be used in both directions, so their application is not
trivial. Also they only work for non-recursive process terms. Non-recursive process
terms yield directed acyclic graphs as CTMCs. This would restrict the applicability of
such a technique also to non-recursive CTMCs.

3.2 Markovian testing minimization equivalence

Our goal in this thesis is to build a minimization technique for CTMCs based on MTE.
However, when we have a closer look, MTE does not put all the states into relation
that can be merged. In Fig. 3.2, s is mt-equivalent to t and we can merge s1 with s2 in
order to transformM intoM′. Despite this, s1 is not mt-equivalent to s2 and thus they
are not in the same equivalence class. In other words, the quotient of MTE on the state
space does not yield a sensible grouping of states which can be extended to a quotient
on the CTMC.
The reason is, that the original version of MTE is an equivalence between process
terms. Process terms correspond to CTMCs with a single initial state. So the original
MTE does not have to explicitly consider states deeper in the CTMC. In the transla-
tion to CTMCs we already extend this to an equivalence on the state space. Unfortu-
nately, this did not suffice. As a solution, we propose a new equivalence relation called
Markovian testing minimization equivalence (MTME).

Subclasses

We will describe MTME starting with its building blocks. Figure 3.4 contains a larger
example. Here, the union ofM andM′ can be minimized intoMmin. Again, the states
in the middle tier, i.e. s1, s2, s′1 and s′2, can be merged into a single state but are not
pairwise mt-equivalent. In our new equivalence, they should be in the same equiva-
lence class, so they can be merged. However, when we have a closer look, we see that,
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for example s1 can reach an a-state while s2 and s′2 can not. Similar examples can be
found for all pairs of these states. Bisimulation and MTE compare single states. The
trick with MTME is now to consider sets of states instead of single states and com-
pare these. So we group the states into two sets SC1 = {s1, s2} and SC2 {s

′
1, s

′
2}. Now

there exists a path from SC1 and a path from SC2 to an a-state and the same for b- and
c-states. So, to reiterate, the idea is that we do not compare the states of each equiva-
lence class directly with each other, but instead, we group them into subclasses and
compare these.
Fortunately, we can avoid an equivalence relation between sets of states, i.e. a rela-
tion on 2S . It turns out that the sets we would like to compare each have a common
predecessor. Given an equivalence class, the idea is now to group the states by their
common predecessors. We call these subsets of equivalence classes subclasses. For-
mally, subclasses are maximal subsets of an equivalence class, such that all states in
such a set have a common predecessor.

Definition 3.3 (Subclasses). LetM = (S,R, L, ν) be a CTMC,∼⊆ S×S an equivalence
relation and C ∈ S/∼. Then

Subc(C, s0) = post(s0) ∩ C.

We call Subc(C, s0) the subclass of C induced by s0:

Subc(C) = {Subc(C, s0) | s0 ∈ pred(C)} .

s

s3 s5

s1 s2

s4

2 2

6 6 12

s⊤

1

1

{a} {b} {c}

{}

{}{}

{⊤}

(a) M

s′

s′4s′3

s′2s′1

s′5

31

4 812

s′⊤
1

1

{a} {b} {c}

{} {}

{}{⊤}

(b) M′

t

t2 t4

t1

t3

4

3
3 6

t⊤

1

1

{}

{}

{a} {b} {c}

{⊤}

(c) Mmin

Figure 3.4:M,M′ and their minimizationMmin.

An example for the construction of subclasses can be seen in Fig. 3.5. The subclass
C consists of s1, s2 and s3, and s0 has the three successors s2, s3, s4. The subclass
Subc(C, s0) contains now those members ofC which have s0 as a predecessor, i.e. states
s2 and s3.

The subclasses of a class do not in general partition the class. An example can
be seen in Fig. 5.1 on page 491. C = {s3, s4, s5, s6} forms an equivalence class with

1The figure is also used as an example for a run of the minimization algorithm for MTME and has
thus been placed in the respective chapter for easier reference.
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s4

s0

r3

s2s1

r1

SC = Subc(C, s0)

s3

r2

C post(s0)

Figure 3.5: Construction of a subclass.

subclasses SC1 = {s3, s4, s5} induced by s1 and SC2 = {s5, s6} induced by s2. SC1 and
SC2 overlap since s5 has two predecessors: s1 and s2.

Weight function on subclasses

In order to be able to compare subclasses with each other, we have to assign a weight
to each of their states. Let SC be the subclass of C induced by s0. Then the weight
assigned to a state s ∈ SC will be the conditional probability to go from s0 to s given
a transition from s0 to SC: P (s0 → s | s0 → SC). Coming back to the example from
Fig. 3.4, the subclass {s′1, s

′
2}, which is induced by s′, would have weight 1

4
for state s′1

and weight 3
4

for state s′2.
The same subclass could have been induced by two different predecessors, so we have
to take s0 into the signature of weight.

Definition 3.4. LetM = (S,R, L, ν) be a CTMC. Then weight : S ×S × 2S → R>0 with

weight(s0, s, SC) =
R(s0, s)

R(s0, SC)

We use weight(s0, s, SC) exclusively for s0 ∈ pred(SC), so the case where R(s0, SC)
becomes 0 does not occur. It is a weight function on the states of SC normalized to 1.

Lemma 3.1. Let C ⊆ S, s0 ∈ pred(C), SC = Subc(C, s0) then
∑

s∈SC

weight(s0, s, SC) = 1.

For the example in Fig. 3.5 we get weight(s0, s1, SC) = R(s0,s1)
R(s0,SC)

= r1

r1+r2
. Similarly

we obtain weight(s0, s2, SC) = r2

r1+r2
.
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Weighted rate

Given a subclass SC = Subc(C, s0) of an equivalence class C with predecessor s0 ∈
pred(C) and another equivalence class D, we are now interested in the rate from SC
to D. We weight this rate by the above defined function. In this way, we get the
conditional probability to perform transitions from s0 via C to D given a transition
from s0 to C.

Definition 3.5 (Weighted rate). LetM = (S,R, L, ν) be a CTMC. Then wrate : S×2S×
2S 99K R>0 with

wrate(s0, C,D) =
∑

s∈Subc(C,s0)

weight(s0, s, Subc(C, s0)) · R(s,D)

We sometimes directly use the subclass SC = Subc(C, s0) as argument and write
wrate(s0, SC,D) instead ofwrate(s0, C,D). This is possible, since Subc(Subc(C, s0), s0) =
Subc(C, s0) and consequently wrate(s0, SC,D) = wrate(s0, C,D).

Markovian testing minimization equivalence

Now we can define Markovian testing minimization equivalence (MTME). First of all,
for two states to be considered equivalent, we require that they have the same labeling
and exit rate. This is a natural condition since we want to obtain an equivalence which
is stronger than bisimulation.
Apart from that, we compare for each equivalence class its subclasses using wrate.

Definition 3.6 (Markovian testing minimization equivalence). LetM = (S,R, L, ν) be
a CTMC.
An equivalence relation ∼⊆ S × S is a Markovian testing minimization equivalence
(MTME) iff

• for all s1 ∼ s2 :
L(s1) = L(s2) (1)

and E(s1) = E(s2). (2)

• for all C,D ∈ S/∼ and all s0, s
′
0 ∈ pred(C):

wrate(s0, C,D) = wrate(s′0, C,D) (3)

Consider the CTMC in Fig. 5.1 on page 49 and the equivalence relation ∼with par-
tition {{s0} , {s1} , {s2} , {s3} , {s4, s5, s6} , {sa} , {sb} , {sc}}. This relation is an MTME.
It is easy to see that the states in every equivalence class share the same labeling and
exit rate. For condition (3), dealing with weighted rates, the only interesting equiva-
lence class is C = {s4, s5, s6}. C has predecessors s1 and s2. These induce the sub-
classes {s4, s5} and {s5, s6}. We can now compute the weighted rates. We choose
D = {sb} as the destination class. wrate(s1, C,D) = weight(s1, s4, {s4, s5}) · R(s4, sb) +
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weight(s1, s5, {s4, s5}) · R(s5, sb) = 1
2
· 2 + 1

2
· 0 = 1. In the same way, we compute

wrate(s2, C,D) = 1. Continuing this for all D ∈ S/∼ we can establish that ∼ is indeed
an MTME.
Now let∼2⊆ S×S be induced by {{s0} , {s1} , {s2} , {s3} , {s4, s6} , {s5} , {sa} , {sb} , {sc}}.
This equivalence is an MTME as well. In fact it is also the maximal bisimulation. This
shows that MTMEs are not unique, i.e. there can be more than one equivalence rela-
tion that is an MTME for any given CTMC. In this example, but not in general, ∼ is
strictly coarser than ∼2. So in terms of minimization, ∼ is preferable. This motivates
the definition of a maximal MTME as one where there exists no coarser MTME.

Definition 3.7 (Maximal MTME). Let M = (S,R, L, ν) be a CTMC and ∼⊆ S × S a
Markovian testing minimization equivalence (MTME) onM. If there does not exist an
MTME ∼′ onM such that ∼′ is coarser than ∼, then ∼ is called a maximal MTME on
M.

Given an equivalence relation, any coarser equivalence relation can be obtained by
merging equivalence classes. So in a maximal MTME no two (or more) equivalence
classes can be merged and still result in an MTME.

3.2.1 Quotient under MTME

Our next step towards minimization is to define the quotient under MTME.

Definition 3.8 (Quotient under MTME). LetM = (S,R, L, ν) be a CTMC and∼⊆ S×S
a Markovian testing minimization equivalence (MTME) onM. We define the quotient
ofM under ∼ asM/∼ := (S ′, R′, L′, ν ′), where

• S ′ = S/∼ ⊆ 2S ,

• R′ : S ′ × S ′ → R≥0,

• R′ : ([s]∼, C) 7→ wrate(s0, [s]∼, C) where s0 ∈ pred([s]∼),

• L′ : S ′ → AP : [s]∼ 7→ L(s) and

• ν ′ : S ′ → R≥0 : [s]∼ 7→
∑

s′∈[s]∼
ν(s′).

The definition of the rate function of the quotient uses a state s0 ∈ cpred(S1). s0

can be chosen arbitrarily, since the definition of MTME ensures that wrate(s0, S1, S2)
is independent of this choice. Similarly the labeling function is well-defined, as states
belonging to the same equivalence class of an MTME share the same labeling.

We have already seen that there can exist multiple MTMEs for a given CTMC. An
example how this manifests in the quotient can be seen in Fig. 3.6. The original CTMC
M0 can be minimized in two different ways.M is the quotient for the MTME induced
by {{s}, {s1}, {s2}, {s3, s4}, {s5, s6, s7}, {s8, s10}, {s9, s11}, {s12}}. M′ is obtained as the
quotient induced by {{s}, {s1}, {s2}, {s3, s4, s5, s6}, {s7}, {s8, s10}, {s9, s11}, {s12}}.
As an example we will compute forM′ the rates of the equivalence classC = {s3, s4, s5, s6}.
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Figure 3.6: Different minimizations by maximal MTME.

C has the two predecessors s1 and s2. s1 induces the subclass SC = {s3, s4} and s2 in-
duces SC ′ = {s5, s6}. Since both subclasses have to have the same weighted rates we
can choose one. In SC ′ both states are weighted with 1

2
. The rate into equivalence class

{s8, s10} is thus computed as 1
2
· R(s5, {s8, s10}) + 1

2
·R(s6, {s8, s10}) = 1

2
· 4 + 1

2
· 0 = 2.

Both quotients cannot be minimized anymore, since their only MTME is the identity
relation. In other words, they are maximal MTMEs. This shows that unlike bisimula-
tion there does not exist a unique maximal MTME.

Repeated Minimization

LetMq be the quotient of a CTMC under a maximal MTME. Then it is still possible that
the maximal MTME onMq is not the identity relation. In other words, it can be further
minimized using MTME. The reason for this behavior is that MTME does only con-
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sider which successors are in the same equivalence classes and does not do the same
for predecessors. So if in the quotient the predecessors of two states have been merged
this can allow for further minimization. An example can be seen in Fig. 3.7. M′ is
the quotient ofM under the maximal MTME {{s⊤} , {s} , {s1, s2} , {s3, s4} , {s5} , {s6} ,
{s7} , {s8}}.M′′ is the quotient under the MTME {{s′⊤} , {s

′} , {s′1} , {s
′
2, s

′
3} , {s

′
4} , {s

′
5} ,

{s′6}} ofM′. We can see that s3, s4 and s5 can only be merged in two steps since in the
first step their predecessors s1 and s2 have to be merged.

One of the goals in the construction of MTME was to lend itself to a minimization
algorithm by only using conditions which can be verified locally by looking at the
neighbors of a state. For the predecessors of an equivalence class it is however impor-
tant which weight they have. So we would need to know the rates of the predecessor’s
predecessor. This can be seen in the example: s1 and s2 are in the same equivalence
class and form a subclass with weights 4

6
and 2

6
. These weights stem from the rate of

their predecessor s and are incorporated by the quotienting construction into rates one
step down. Namely they are incorporated into the rates of the outgoing transitions of
s′1. Only now we can decide locally for s′2, which represents {s3, s4}, and s′3, which rep-
resents s5, that these states can be merged and more importantly which are the correct
weights.
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Figure 3.7: Repeated minimization using MTME.

3.2.2 Equivalence of CTMCs under MTME

Our next goal is to show that a CTMC and its quotient under MTME are equivalent
under MTME. This result is important as it allows us to show that properties which
are preserved by MTME are also preserved by the quotient construction.
However, we first have to clearly define under which conditions we consider two
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CTMCs "equivalent under MTME". The route taken is using the initial distribution
as an anchor point and letting it propagate from there. This does not rule out that
unreachable parts of both CTMCs disagree on basic properties. However, this does
not concern us, because ultimately we are interested in properties on the reachable
part.

Compatibility between MTME and initial distribution

The minimization potential of MTME stems in part from taking into consideration
common predecessors of states in an equivalence class. This leads to a situation where
a state that can reach an a-state and one that can not are merged and this contradiction
is resolved only in their common predecessor. In Fig. 3.2 s1 and s2 are merged into t1.
Now consider the initial distribution that always starts in s1, i.e. ν(s1) = 1. Then in
the quotient ν ′(t1) = 1. But with these initial distributions the CTMCs have differing
properties, since t1 can reach a b-state while s1 can not.
In consequence, the quotient under MTME cannot preserve arbitrary initial distribu-
tions in a meaningful way. Thus the following definition describes which initial distri-
butions are not affected by this problem. It can also be read the other way around as a
condition an MTME has to fulfill to preserve a given initial distribution. We will also
see later that this compatibility is preserved in the quotient.
The idea behind this definition is that the part of an initial distribution which falls onto
a subclass mimics the weights in this subclass. This is necessary since in MTME the
basic idea about a subclasses is not that the states are equal, but rather we know that,
if we are in a subclass, we are in a certain state of it with a certain probability. This
probability is exactly the weight. The first condition defines this. The second condi-
tion ensures that subclasses which contain initial states do not overlap, as this again
can disregard the weights of a class.

Definition 3.9 (Compatibility between MTME and initial distribution ν). Let
M = (S,R, L, ν) be a CTMC. Further, let ∼⊆ S × S be an MTME.
We say ∼ is compatible with initial distribution ν iff

• for all C ∈ S/∼, s0 ∈ pred(C), SC = Subc(C, s0) and s ∈ SC:
ν(s) = weight(s0, s, SC) · ν(SC).

• for all C ∈ S/∼, SC, SC ′ ∈ Subc(C), SC 6= SC ′:
ν(SC) > 0, ν(SC ′) > 0⇒ SC ∩ SC ′ = ∅

Since the identity relation {(s, s) | s ∈ S} is compatible with every initial distribu-
tion, there always exists an compatible MTME for every CTMC.
So the question remains if for every initial distribution there also exists a non-trivial
MTME which is compatible with it. This in fact is not the case: Consider the example
in Fig. 3.2. There are only two equivalence relations which fulfill the necessary con-
ditions (1) and (2) of the definition of MTME. These are the trivial equivalence rela-
tion with partition ∼1= {{s}, {s1}, {s2}, {sa}, {sb}} and the equivalence relation with
partition ∼2= {{s}, {s1, s2}, {sa}, {sb}}. Now consider the initial distribution ν with
ν(s1) = 1

3
, ν(s2) = 2

3
and 0 otherwise. This initial distribution is not compatible with

∼2 and thus there does not exist a non-trivial MTME with the desired property.
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Equivalence of CTMCs under MTME

Using the concept of compatibility, it is now possible to define when we consider two
CTMCs to be equivalent under MTME. Formally, "equivalent under MTME" is an equi-
valence relation on the set of all CTMCs.

Definition 3.10 (Equivalence of CTMCs under MTME). LetM1 = (S1, R1, L1, ν1) and
M2 = (S2, R2, L2, ν2) be CTMCs.
We considerM1 andM2 equivalent under MTME iff
there exists an MTME ∼ for the union CTMCM =M1 ∪M2 such that for all equiva-
lence classes C ∈ (S1 ∪ S2)/∼

ν1(C ∩ S1) = ν2(C ∩ S2)

and ν1, ν2 are compatible with ∼.

Now we can finally prove that any CTMC and its quotient under MTME are indeed
equivalent under MTME.

Theorem 3.2. Let M = (S,R, L, ν) be a CTMC and ∼ be an MTME on M. Let ν be
compatible with ∼. LetM∼ = (S∼, R∼, L∼, ν∼) be the quotient ofM under ∼.
ThenM andM∼ are equivalent under MTME.

Proof. We will first construct a new equivalence for the union ofM andM∼ in the nat-
ural way, that is, we take each equivalence class of∼ and join it with its representation
in the quotient: Let ∼q⊆ (S ∪ S∼) × (S ∪ S∼) be the equivalence relation induced by
{[s]∼ ∪ {[s]∼}|s ∈ S}. Our first proof obligation that results from Def. 3.10 is to show
that ν(Cq ∩ S) = ν∼(Cq ∩ S∼) for all equivalence classes Cq ∈ (S ∪ S∼)/∼q

.

ν(Cq ∩ S) = ν(C) =
∑

s∈C

s for some C ∈ S/∼

= ν∼(C) by definition of the quotient

The remaining proof obligation is to show that ∼q is an MTME. Conditions (1) and
(2), dealing with labeling and exit rate, follow directly from the definition of the quo-
tient. It remains condition (3):
Let C,D ∈ S/∼q

, s0, s
′
0 ∈ pred(C), SC = Subc(C, s0) and SC ′ = Subc(C, s′0). We have to

cover three cases for SC and SC ′ corresponding to the sets ∼q is constructed from.
Subclasses are subsets of an equivalence class that share a common predecessor. Since
there are no transitions between S and S∼, SC and SC ′ are either a subset of S or a
subset of S/∼.
Case 1: SC ⊆ S, SC ′ ⊆ S
We have to show that wrate(s0, SC,D) = wrate(s′0, SC

′, D). Since ∼ is an MTME, this
immediately follows.
Case 2: SC ⊆ S/∼, SC

′ ⊆ S/∼
By the construction of ∼q, it holds that C = [s]∼ ∪ {[s]∼} for some s ∈ S. So in this case
SC = {[s]∼} = SC ′ for some s ∈ S.
Case 3: SC ⊆ S, SC ′ ⊆ S/∼ or vice versa
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Without loss of generality, let SC ⊆ S, SC ′ ⊆ S/∼. We have to show thatwrate(s0, C,D) =
wrate(s′0, C,D).
There exists an s ∈ S such that C = [s]∼ ∪ {[s]∼} and SC ′ = {[s]∼}.

wrate(s′0, C,D) = wrate(s′0, [s]∼ ∪ {[s]∼}, D)

By the definition of wrate, this term is equal to
∑

s′∈{[s]∼}

weight(s′0, s
′, {[s]∼}) ·R(s′, D) = weight(s′0, [s]∼, {[s]∼}) ·R([s]∼, D) = R([s]∼, D).

We use the definition of the quotient under MTME and get

R([s]∼, D) = wrate(s0, SC,D).

From cases 1 to 3 we can conclude that ∼q also fulfills condition (3) of the definition of
MTME and thus is an MTME.

3.3 Comparison of equivalence relations

Comparison between MTE and bisimulation

Bernardo shows for the original version of MTE that bisimulation of SMPC terms im-
plies MTE ([Ber07a]). This is consistent with the case on CTMCs.

Theorem 3.3. Let M = (S,R, L, ν) be a CTMC, s, s′ ∈ S with s bisimilar s′.
Then s mt-equivalent s′.

Proof. We have to show that Prs(Cσ) = Prs′(Cσ) for all extended traces σ ∈ ET .
Let ∼bis be the maximal bisimulation onM. The proof is by induction over the length
of σ ∈ ET where σ = (r1, A1) ◦ (r2, A2) ◦ · · · ◦ (rn, An).

Induction Base: n = 1
Prs(C(r1,A1)) = 1 if E(s) = r1 and L(s) = A1 and 0 otherwise. Since s and s′ are bisimi-
lar, they also share the same labeling and exit rate. So Prs′(C(r1,A1)) = Prs(C(r1,A1)).

Induction Step: (n− 1)→ n
We consider two cases:
Case 1: E(s) 6= r1 or L(s) 6= A1:
Then also E(s′) 6= r1 or L(s′) 6= A1 since s and s′ are bisimilar and no path in Cσ starts
with s or s′. So Prs(Cσ) = Pr′s(Cσ) = 0.
Case 2: E(s) = r1 and L(s) = A1:
Let σ = (r1, A1) ◦ (r2, A2) ◦ · · · ◦ (rn, An). Then

Prs(Cσ) =
∑

Cyl∈Cσ

Prs(Cyl).

Let σ = (r1, A1) ◦ σ
′. By definition of Prs this is equal to

=
∑

Cyl′∈Cσ′

∑

s1∈S

R(s, s1)

E(s)
· Prs1(Cyl

′).
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We now split the sum over S by equivalence classes.

=
∑

Cyl′∈Cσ′

∑

C∈S/∼bis

∑

s1∈C

R(s, s1)

E(s)
· Prs1(Cyl

′)

E(s) is independent of s1 and can be pulled to the front of the sum.

=
1

E(s)

∑

Cyl′∈Cσ′

∑

C∈S/∼bis

∑

s1∈C

R(s, s1) · Prs1(Cyl
′)

We can now use the induction hypothesis. Cyl′ has length n−1 and so for all s1, s
′
1 ∈ S

with s1 bisimilar s′1 it holds that Prs1(Cyl
′) = Prs′1

(Cyl′). This means that Prs1(Cyl
′) is

independent from the choice of s1 within C. So let s′1 ∈ C.

=
1

E(s)

∑

Cyl′∈Cσ′

∑

C∈S/∼bis

Prs′1
(Cyl′) ·

∑

s1∈C

R(s, s1)

We use the definition of R(s, C).

=
1

E(s)

∑

Cyl′∈Cσ′

∑

C∈S/∼bis

Prs′1
(Cyl′) · R(s, C)

Since s bisimilar s′ it holds that R(s′, C) = R(s, C).

=
1

E(s′)

∑

Cyl′∈Cσ′

∑

C∈S/∼bis

Prs′1
(Cyl′) · R(s′, C) = Pr′s(Cσ)

This concludes the induction step and together with the induction base we have shown
the result.

This result can also be expanded to the equivalence relations themselves in the
following way.

Corollary 3.4. Let M = (S,R, L, ν) be a CTMC and ∼ the maximal bisimulation on M.
Then ∼ is also an MTE.

Only the maximal bisimulation is also an MTE. For any other bisimulation there
exist s, s′ ∈ S where these two states are bisimilar but not in relation. But we have just
seen that these are also mt-equivalent.
We have already seen in Fig. 3.2 that there exists an MTE which is not a bisimulation.
So bisimulation and MTE do not define the same equivalence.

Comparison between MTME and bisimulation

One of the goals in the construction of MTME was to have at least the same minimiza-
tion potential as bisimulation. This is shown in the form that every bisimulation is also
an MTME. Also every bisimulation interpreted as an MTME can be used to construct
the quotient under MTME and this quotient is identical to the bisimulation quotient
modulo naming of states.
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Lemma 3.5. LetM = (S,R, L, ν) be a CTMC and ∼bis⊆ S × S a bisimulation.

1. The bisimulation ∼bis is an MTME.

2. The bisimulation quotient and the quotient under MTME ∼bis are isomorphic.

Proof. (1) Let ∼bis be a bisimulation. Then we have to prove for all s1 ∼bis s2:

• L(s1) = L(s2), which follows directly by definition of bisimulation.

• E(s1) = E(s2):

E(s1) =
∑

s′∈S

R(s1, s
′) =

∑

C∈S/∼bis

∑

s′∈C

R(s1, s
′) =

∑

C∈S/∼bis

R(s1, C)

R(s1, C) = R(s2, C) by definition of bisimulation.

∑

C∈S/∼bis

R(s1, C) =
∑

C∈S/∼bis

R(s2, C) = E(s2)

Additionally, we have to prove for all C,D ∈ S/∼bis
, s0, s

′
0 ∈ pred(C)

wrate(s0, C,D) = wrate(s′0, C,D)

Let s1, s2 ∈ C. Since C ∈ S/∼bis
we know that s1 ∼bis s2. So by definition of

bisimulation R(s1, D) = R(s2, D) for all s1, s2 ∈ C (*).
Let SC = Subc(C, s0) and SC ′ = Subc(C, s′0). Then for all s∗ ∈ C

wrate(s0, C,D) =
∑

s∈SC

R(s0, s)

R(s0, SC)
·R(s,D)

(∗)
= R(s∗, D) ·

∑

s∈SC

R(s0, s)

R(s0, SC)

= R(s∗, D) ·

∑

s∈SC

R(s0, s)

R(s0, SC)
= R(s∗, D)

=
∑

s′∈SC′

R(s′0, s
′)

R(s′0, SC
′)
· R(s′, D) = wrate(s′0, C,D)

In conclusion ∼bis fulfills all conditions of MTME, so every bisimulation is an MTME.

(2): Let ∼bis be a bisimulation. It follows by (1) that ∼bis is also an MTME. Our
proof obligation is to show that the components of the bisimulation quotient and the
quotient under MTME are equal. By definition, this is already the case for state space,
labeling function and initial distribution. It remains to also prove equality of the rate
functions.
The rate function of the quotient under MTME is defined asR′([s]∼, D) = wrate(s0, [s]∼, D)
where s0 ∈ cpred([s]∼) and the one of the bisimulation quotient as R∼([s]∼, D) =
R(s,D). We have already seen in the proof of (1) that wrate(s0, [s]∼, D) = R(s,D),
so both rate functions are equal.
Thus both quotients are identical up to isomorphism.

Again Fig. 3.2 serves as a counterexample that the reverse is not true. Consider the
MTME onMwith partition {{s} , {s1, s2} , {sa} , {sb}}. s1 and s2 are not bisimilar, so it
is not a bisimulation.
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Comparison between MTE and MTME

MTME, although being an equivalence relation on the state space, does not compare
states directly. The comparison is done between subclasses, i.e. sets of states, and
each state in a subclass is weighted. MTE however compares states directly since it
originally is an equivalence which compares CTMCs with a single initial state. So in
order to connect MTE with MTME, we examine subclasses which are singleton sets,
i.e. of the form SC = {s}. In such a subclass {s} the weight of s is 1 and thus it matches
MTE which compares single states.
It turns out that for two singleton subclasses belonging to the same equivalence class,
their contained states are mt-equivalent.

Theorem 3.6. LetM = (S,R, L, ν) be a CTMC, ∼ be an MTME and C ∈ S/∼ an equiva-
lence class of ∼. For all {s}, {s′} ∈ Subc(C) it holds s mt-equivalent s′.

This theorem is a special case of theorem 4.1, which connects MTME with extended
traces. A proof can be found there.

The reverse does not hold. If s mt-equivalent s′ there might not exist an MTME
which puts these states in the same equivalence class. We have already seen an ex-
ample for this in Fig. 3.6 where no MTME exists which puts t and t′ in relation in the
union CTMC ofM andM′ although t mt-equivalent t′.

We now want to analyze the relation between MTE and MTME at the conceptual
level. We use the most basic example for MTE which can be found in Fig. 3.2. Here,
s mt-equivalent t as the extended traces σa = (2, {})◦ (4, {})◦ (0, {a}) and σb = (2, {})◦
(4, {}) ◦ (0, {b}) both encountered with probability 1

2
. Their successors are implicitly

weighted with the same 1
2
. This is mimiced in MTME where s and t induce a subclass

with these weights. However, MTME can not perfectly emulate the expressiveness of
extended traces and thus cannot completely mimic MTE.

Verification complexity

Another important property of equivalence relations is their verification complexity.
Verification complexity is the complexity of the problem to decide, given a candidate
equivalence relation, if this candidate is indeed, for example, an MTE.
According to [Ber07b] (Section 5.8), the verification complexity of MTE is O(n5) and
bisimulation can be verified in O(m · log n), where n is the number of states and m the
number of transitions of the CTMC.
The following straightforward algorithm for the verification of MTME shows that the
verification complexity of MTME is at most O(n3). It checks the conditions of the
MTME definition step by step :
LetM = (S,R, L, ν) be a CTMC and ∼ an equivalence relation.

• s ∼ s′ ⇒ E(s) = E(s′) and L(s) = L(s′): This can be checked in O(n) by iterating
through all s ∈ S.

• for all C,D ∈ S/∼ and all s0, s
′
0 ∈ pred(C) : wrate(s0, C,D) = wrate(s′0, C,D): We

loop through all C,D ∈ S/∼. For every s0 ∈ pred(C) we compute wrate(s0, C,D)
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and compare it to previous values for this combination of C and D. If they do
not match we have shown that ∼ is not an MTME. wrate(s0, C,D) can be com-
puted in O(|C|). The computation of wrate and the loop for C have a combined
complexity ofO(n) since

∑

C∈S/∼
|C| = |S| = n. The loops for D and s0 have each

complexity O(n), which leads to a complexity of O(n3) for this part.

The second part dominates the complexity of the algorithm and thus it has a complex-
ity of O(n3). So with the construction of MTME we could also reduce the verification
complexity compared to MTE.

Summary

Table 3.1 summarizes the properties of the equivalence relations. The first column
shows if for each CTMC there exists exactly one relation which fulfills its properties.
The second column contains if there exists a unique maximal relation of this type.

unique maximal verification
relation complexity

Bisimulation no yes O(m · log n)
Maximal bisimulation yes yes O(m · log n)
MTE yes yes O(n5)
MTME no no O(n3)

Table 3.1: Summarized properties of equivalence relations.
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Chapter 4

Preserved properties

This chapter investigates which properties are preserved by MTE and MTME. First,
it analyzes the quotient under MTME in terms of which properties are not preserved.
It then shows in several steps that time-bounded reachability and time-bounded until
formulae are preserved.

4.1 Properties which are not preserved

It has been shown by Desharnais and Panangaden in [DP03] that CSL characterizes bi-
simulation, i.e. s and s′ are bisimilar if and only if they satisfy the same CSL formulae.
Since bisimulation is contained in MTME and they are not identical, there have to be
CSL formulae which are not preserved by MTME.
For a first example of properties which are not preserved we ignore the timed and
probabilistic nature of CTMCs and argue on the level of the underlying transition sys-
tem.
The additional minimization over bisimulation can be achieved because MTME mod-
ifies the branching behavior. In Fig. 4.1, which is a slight variant of the minimal ex-
ample distinguishing MTE from bisimulation, the decision to eventually go to an a-
or b-state is taken in the initial state s forM. InM′ this decision is postponed by one
step, which allows to replace s1 and s2 by a single state t1. But this means that there
exists the c-state t1 which is able to go to both an a- or a b-state. In M there exists
no such c-state, since the decision has already been taken one step earlier. SoM and
M′ can be distinguished by the CSL formula P>0(♦(c ∧ P>0(♦a) ∧ P>0(♦b))). The
branching comes into play since the ♦-operators are nested. With P>0(♦c) we specify
a state which is not an initial state. In contrast to the initial state, this state can be
distinguished from its counterpart(s) in the other CTMC by P>0(♦a) ∧ P>0(♦b). So for
properties which are preserved we have to examine path properties.

4.2 Preservation of time-bounded reachability

This section shows that time-bounded reachability and time-bounded until are pre-
served by MTME. This is done in three steps. In a first step, we show that subclasses
induced by MTME are indistinguishable by extended traces. This is the general case
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Figure 4.1: Example: Modification of branching behavior by MTME.

of Theorem 3.6, which connects MTME and MTE. Then we show that two states which
are in such a way indistinguishable satisfy the same time-bounded until formulae. In
a last step we add initial distributions to the picture and show that time-bounded until
is preserved between CTMCs that are equivalent under MTME.

Subclasses of MTME are indistinguishable by extended traces

We have already seen in Theorem 3.6, but not yet proven, that two subclasses of car-
dinality 1 are indistinguishable by extended traces, i.e. mt-equivalent. This can be
extended to all subclasses by weighting the states. The weight of s in subclass SC will
be the one we already know from the definition of MTME as weight(s0, s, SC), where
s0 induces SC.

Theorem 4.1. Let ∼ be an MTME over a CTMCM = (S,R, L, ν) and C ∈ S/∼. For all
σ ∈ ET , s0, s

′
0 ∈ pred(C), SC = Subc(C, s0), SC

′ = Subc(C, s′0)

∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cσ) =
∑

s′1∈SC′

weight(s′0, s
′
1, SC

′) · Prs′1
(Cσ).

Proof. We will do an induction over the length of σ.
Induction Base: n = 0
Let C ∈ S/∼, σ0 = ε ∈ ET and SC, SC ′ ∈ Subc(C), then

∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cσ0) =
∑

s1∈SC

weight(s0, s1, SC) · Prs1({Cyl(ε)}).

By definition of Prs:

=
∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cyl(ε))

Since the weights are normalized to 1

= 1 · 1
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By doing the same in reverse, we obtain

=
∑

s′1∈SC

weight(s′0, s
′
1, SC

′) · Prs′1
(Cσ0).

Induction Hypothesis:
For n ∈ N0 and for all σ ∈ (R+

0 × 2AP )n, s0, s
′
0 ∈ pred(C), SC = Subc(C, s0), SC ′ =

Subc(C, s′0)

∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cσ) =
∑

s′1∈SC′

weight(s′0, s
′
1, SC

′) · Prs′1
(Cσ).

Induction step: n→ n + 1
Let C ∈ S/∼, σn+1 = (r1, A1) ◦ · · · ◦ (rn+1, An+1) ∈ (R+

0 × 2AP )n+1, SC, SC ′ ∈ Subc(C).

Case 1: E(s1) 6= r1 or L(s1) 6= A1

This means that Cyl(s1) ∩ Cσn+1 = ∅, since all paths described by Cσn+1 start with a
state s with E(s) = r1 and L(s) = A1. Since s1 ∼ s′1, s′1 has by definition of MTME the
same labeling and exit rate, and so the same argument applies to s′1.
Consequently Prs1(Cσn+1) = 0 = Prs′1

(Cσn+1) and

∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cσn+1) = 0 =
∑

s1∈SC′

weight(s0, s1, SC) · Prs′1
(Cσn+1).

Case 2: E(s1) = r1 and L(s1) = A1

∑

s1∈SC

weight(s0, s1, SC) · Prs1(Cσn+1)

Let σn+1 = (r1, A1) ◦ σn and apply the definition of Prs.

=
∑

s1∈SC

weight(s0, s1, SC) ·
∑

s2∈S

R(s1, s2)

E(s1)
· Prs2(Cσn

)

We split the sum over s2 ∈ S by the partition S/∼,

=
∑

s1∈SC

weight(s0, s1, SC) ·
∑

D∈S/∼

∑

s2∈D

R(s1, s2)

E(s1)
· Prs2(Cσn

)

=
∑

D∈S/∼

∑

s1∈SC

weight(s0, s1, SC) ·
∑

s2∈D

R(s1, s2)

E(s1)
· Prs2(Cσn

)

multiply by R(s1,D)
R(s1,D)

and

=
∑

D∈S/∼

∑

s1∈SC

weight(s0, s1, SC) ·
∑

s2∈D

R(s1, D)

R(s1, D)
·
R(s1, s2)

E(s1)
· Prs2(Cσn

)
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rearrange.

=
∑

D∈S/∼

∑

s1∈SC

weight(s0, s1, SC) ·R(s1, D) ·
∑

s2∈D

·
1

E(s1)
·
R(s1, s2)

R(s1, D)
· Prs2(Cσn

)

Now observe that E(s) is by definition of ∼ constant for all s ∈ C with C ∈ S/∼. Thus
let outC = E(s1) and rearrange.

=
∑

D∈S/∼

∑

s1∈SC

weight(s0, s1, SC) · R(s1, D) ·
∑

s2∈D

·
1

outC
·
R(s1, s2)

R(s1, D)
· Prs2(Cσn

)

=
1

outC

∑

D∈S/∼

∑

s1∈SC

weight(s0, s1, SC) ·R(s1, D) ·
∑

s2∈D

R(s1, s2)

R(s1, D)
· Prs2(Cσn

)

From the induction hypothesis follows that the term
∑

s2∈D

R(s1,s2)
R(s1,D)

· Prs2(Cσn
) is inde-

pendent from the choice of s1. This allows us to apply the definition of ∼ to the term
∑

s1∈SC

weight(s0, s1, SC) · R(s1, D) and switch from SC to SC ′.

=
1

outC

∑

D∈S/∼

∑

s1∈SC′

weight(s0, s1, SC) · R(s1, D) ·
∑

s2∈D

R(s1, s2)

R(s1, D)
· Prs2(Cσn

)

By doing the reverse we finally get to
∑

s1∈SC′

weight(s0, s1, SC) · Prs1(Cσn+1).

Indistinguishability implies time-bounded reachability

We want to show that states which are indistinguishable by extended traces also satisfy
the same time-bounded reachability properties. The premise ties in with Theorem 4.1,
which will be used in the proof, although deeper in the CTMC. This theorem allows
us to study the proof for a simpler case first, before going over to the general case of
MTME.

Theorem 4.2. LetM = (S,R, L, ν) and s, s′ ∈ S such that for all σ ∈ ET holds Prs(Cσ) =
Prs′(Cσ). Then for all propositional formulae ϕ over AP

Prs(♦≤tϕ) = Pr′s(♦≤tϕ).

Before we come to the actual proof of this theorem (see page 40), we present nota-
tions and a lemma to aid in the proof.
We start with a notation: ETM,¬ϕ,k defines a subset of the set of extended traces. It
restricts the exit rates to those which actually occur in the CTMC, restricts the atomic
propositions to those satisfying ¬ϕ and traces of length k. The restriction on the exit
rates ensures that ETM,¬ϕ,k is countable.
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Definition 4.1. LetM = (S,R, L, ν) be a CTMC, ϕ a propositional logic formula over
AP and k ∈ N0 then

ETM,¬ϕ,k = ({E(s) | s ∈ S} × {A ∈ 2AP | A |= ¬ϕ})k.

TAPaths(σ) contains all sequences of states which are compatible with σ. In other
words, it projects out the time-abstract paths contained in the union of Cσ.

Definition 4.2. Let M = (S,R, L, ν) be a CTMC and σ ∈ ET be an extended trace.
Then the set of time-abstract paths compatible to σ is defined as

TAPaths(σ) =
{

(s0, . . . , sk) ∈ S
n | Cyl(s0,R

+
0 , s1, . . . ,R

+
0 , sk) ∈ Cσ)

}

.

We are now interested in the probability to visit a sequence of states with known
exit rates faster than a given time threshold. This can be expressed by the sum of the
exponential distributions associated with the states.
The sum of n exponentially distributed random variables X1, . . .Xn is solely deter-
mined by the rate parameters r1, . . . , rn of these exponential distributions. Conse-
quently, also the probability for this sum to be under a certain threshold is determined
by these rate parameters. PrExpSum≤t(r1, . . . , rn) serves as a notation for this proba-
bility.

Definition 4.3. Let 1 ≤ i ≤ n and Xi be an exponentially distributed random variable
with rate parameter ri. Then we define

PrExpSum≤t(r1, . . . , rn) = Prob(

n
∑

i=1

Xi ≤ t).

We are further interested in the probability to visit a given sequence of states within
a time-bound. The following lemma stems from the observation that the probability
to reach the k-th state below a given time-bound and the probability to visit a given
sequence of states are stochastically independent.

Lemma 4.3. Let s0, . . . , sk ∈ S and t ∈ R
+. Then

Prs0({π ∈ Cyl(s0,R
+
0 , s1, . . . ,R

+
0 , sk) |

k
∑

i=0

ti ≤ t, π = s0
t0→ s1 . . . sk

tk→ . . . })

= Prs0( Cyl(s0,R
+
0 , s1, . . . ,R

+
0 , sk)) · PrExpSum≤t(E(s0), . . . , E(sk−1)).

Proof. Let s0, . . . , sk ∈ S and t ∈ R
+.

Prs0({π ∈ Cyl(s0,R
+
0 , . . . ,R

+
0 , sk) |

k
∑

i=0

ti ≤ t, π = s0
t0→ s1

t1→ . . . sk
tk→ . . . )}

Let D≤t(s0, . . . , sk) be the decomposition of the above set of paths into cylinder sets.
This decomposition exists, since it describes time-bounded reachability, which is mea-
surable.

=
∑

Cyl(s0,I0,...,Ik−1,sk)∈D≤t(s0,...,sk)

Prs0(Cyl(s0, I0, s1, I1, . . . , Ik−1, sk))
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Now we can use the definition of Prs0 repeatedly.

=
∑

Cyl(s0,I0,...,Ik−1,sk)∈D≤t(s0,...,sk)

k−1
∏

i=0

R(si, si+1)

E(si)
·

∫ sup Ii

inf Ii

E(si) · e
−E(si)·xdx

We know that the si are constant for all Cyl(s0, I0, . . . , Ik−1, sk) ∈ D≤t(s0, . . . , sk).

=

k−1
∏

j=0

R(sj, sj+1)

E(sj)
·

∑

Cyl(s0,I0,...,Ik−1,sk)∈D≤t(s0,...,sk)

k−1
∏

i=0

∫ sup Ii

inf Ii

E(si) · e
−E(si)·xdx

The cylinder sets in D≤t(s0, . . . , sk) contain all sequences t0, . . . , tk−1 with
∑k−1

i=0 ti ≤ t
exactly once. Additionally, E(si) · e

−E(si)·x is the density function of an exponential
distribution with rate E(si). So the sum in the term describes exactly the probability
for the sum of k exponentially distributed random variables to be less than t.

=

k−1
∏

j=0

R(sj , sj+1)

E(sj)
· PrExpSum≤t(E(s0), . . . , E(sk−1))

= Prs0( Cyl(s0,R
+
0 , s1, . . . ,R

+
0 , sk)) · PrExpSum≤t(E(s0), . . . , E(sk−1))

After these preparations, we can now prove Theorem 4.2.

Proof. LetM = (S,R, L, ν), s, s′ ∈ S and ϕ a propositional formula over AP .

First of all, we express time-bounded reachability as a set of paths π = s0
t0→ s1

t1→ . . . .
Every path which fulfills the property has a minimal index k at which a state sk is
reached that satisfies ϕ. Additionally, this state has to be reached within at most t time
units. In other words, the sum of the sojourn times t0 to tk−1 has to be less than t. If
there exists a k′ such that sk′ satisfying ϕ is reached within at most t time units, then
also every other with k < k′ with sk satisfying ϕ is reached within at most t time units.
This allows us to take the minimal index for k instead of requiring that there exists a k
with the desired properties.

Prs(♦≤tϕ) = Pr({π ∈ Pathss | ∃
min

k ∈ N0 with sk |= ϕ,
k−1
∑

i=0

ti ≤ t})

This set can be subdivided further by the minimal index k of the first state in a path
which satisfies ϕ. Since these subsets form a partition, we can express the above prob-
ability as the sum of the probabilities associated with them. This means, such a set is
the set of all paths where sk is the first state which satisfies ϕ and is reached within t
time units.

=

∞
∑

k=0

Pr({π ∈ Pathss | sk |= ϕ,

k−1
∑

i=0

ti ≤ t , for 0 ≤ i < k, L(sk) |= ¬ϕ})
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In a next step, we will subdivide further by paths which are compatible with a given
extended trace of length k. These have the form σ = (r0, A0), . . . , (rk−1, Ak−1).
So now each set is the set of all paths where sk is the first state which satisfies ϕ, is
reached within t time units and on the way to sk, we encounter the same sequence of
labelings and exit rates.

=
∞

∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

Prs({π ∈ Pathss |
k−1
∑

i=0

ti ≤ t, L(si) = Ai and E(si) = ri for 0 ≤ i ≤ k})

Now we go down to the level of single time abstract paths. The notation σ ◦ (rk, Ak)
describes the extended trace σ with (rk, Ak) appended.

=

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

∑

(s0,s1,...,sk)∈TAPaths(σ◦(rk ,Ak))

Pr({π ∈ Cyl(s0,R
+
0 , s1,R

+
0 , . . . ,R

+
0 , sk) |

k−1
∑

i=0

ti ≤ t})

Theorem 4.3 allows us to express the probabilities of timing and paths seperately.

=
∞

∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

∑

(s0,s1,...,sk)∈TAPaths(σ◦(rk ,Ak))

Prs( Cyl(s0,R
+
0 , s1,R

+
0 , . . . ,R

+
0 , sk)) · PrExpSum≤t(E(s0), . . . , E(sk))

The sequence of exit rates is constant for all π ∈ TAPathsσ◦(rk ,Ak) and thus is
PrExpSum≤t(E(s0), . . . , E(sk)).

=

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))·

∑

(s0,s1,...,sk)∈TAPaths(σ◦(rk ,Ak))

Prs( Cyl(s0,R
+
0 , s1,R

+
0 , . . . ,R

+
0 , sk))

The innermost sum is by definition Prs(Cσ◦(rk ,Ak)).

=

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))·

Prs(Cσ◦(rk ,Ak))

This allows us to apply the premise of the theorem.

=
∞

∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))·

Prs′(Cσ◦(rk ,Ak))

By doing these steps backwards we finally arrive at Prs′(♦≤tϕ).
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MTME between CTMCs implies time-bounded reachability

Now that we have seen the mechanics of the proof for the above simpler case, we can
consider the general case of MTME. It shows that two CTMCs which are equivalent
under MTME satisfy the same time-bounded reachability properties. Remember that
we have already shown that a CTMC and its MTME-quotient are equivalent. So this
is the last step towards showing that time-bounded reachability is preserved in the
quotient.

Theorem 4.4. Let M1 = (S1, R1, L1, ν1) and M2 = (S2, R2, L2, ν2) be CTMCs which are
equivalent under MTME.
Then for all propositional formulae ϕ over AP it holds that

Prν1(♦≤tϕ) = Prν2(♦≤tϕ).

Proof. Let M = (S,R, L, ν) be the union CTMC of M1 and M2. There exists an
MTME ∼ on M such that ν1 and ν2 are compatible with it, since M1 and M2 are
equivalent under MTME.

Prν1(♦≤tϕ) =
∑

s∈S

ν1(s) · Prs(♦≤tϕ) =
∑

C∈S/∼

∑

s∈C

ν1(s) · Prs(♦≤tϕ).

We now further subdivide the equivalence classC into its subclasses. However, in gen-
eral, subclasses do not partition an equivalence class. In other words, the subclasses
may not be disjoint and we may not be able to express them as a sum. However, for
all subclasses SC which are not part of the initial distribution, e.g. ν1(SC) = 0, the
remaining term equals 0.
So consider only the remaining subclasses Subcν1(C) := {SC ∈ Subc(C) | ν1(SC) > 0}.
By definition of compatibility between ν1 and∼, we know that these are in fact disjoint
(see Def. 3.9).

∑

C∈S/∼

∑

s∈C

ν1(s) · Prs(♦≤tϕ) =
∑

C∈S/∼

∑

SC∈Subcν1(C)

∑

s∈SC

ν1(s) · Prs(♦≤tϕ)

Using the proof of Theorem 4.2, we can now substitute Prs(♦≤tϕ).

=
∑

C∈S/∼

∑

SC∈Subcν1(C)

∑

s∈SC

ν1(s) ·
∞

∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk)) · Prs(Cσ◦(rk ,Ak))

We now change the position of
∑

SC∈Subcν1(C)

∑

s∈SC ν1(s) in the formula.

=
∑

C∈S/∼

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))

·
∑

SC∈Subcν1(C)

∑

s∈SC

ν1(s) · Prs(Cσ◦(rk ,Ak))
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Since ν1 is compatible with ∼, we can use Definition 3.9 and substitute the term ν1(s).
Let s0(SC) be the state which induces SC. In general, this state is not uniquely de-
termined, since the same subclass can have been induced by different predecessors.
In this case however we know that ν1 is compatible with ∼ and as a consequence of
Definition 3.9 (first condition), this does not change the value of weight(s0(SC), s, SC).

=
∑

C∈S/∼

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))

·
∑

SC∈Subcν1(C)

∑

s∈SC

ν1(SC) · weight(s0(SC), s, SC) · Prs(Cσ◦(rk ,Ak))

=
∑

C∈S/∼

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))

·
∑

SC∈Subcν1(C)

ν1(SC)
∑

s∈SC

weight(s0(SC), s, SC) · Prs(Cσ◦(rk ,Ak))

Now we can apply Theorem 4.1. It tells us that the term
∑

s∈SC weight(s0(SC), s, SC) ·
Prs(Cσ◦(rk ,Ak)) is constant for SC ∈ Subc(C). Additionally

∑

SC∈Subcν1(C) ν1(SC) =

ν1(C).

=
∑

C∈S/∼

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))

·ν1(C) ·
∑

s∈SC

weight(s0(SC), s, SC) · Prs(Cσ◦(rk ,Ak)) where SC ∈ Subc(C)

By Definition 3.10, it holds that ν1(C) = ν2(C).

=
∑

C∈S/∼

∞
∑

k=0

∑

σ∈ET M,¬ϕ,k

∑

Ak|=ϕ

∑

rk∈{E(s)|s∈S}

PrExpSum≤t(E(s0), . . . , E(sk))

·ν2(C) ·
∑

s∈SC

weight(s0(SC), s, SC) · Prs(Cσ◦(rk ,Ak)) where SC ∈ Subc(C)

Going backwards from here, we finally obtain Prν2(♦≤tϕ).

Extension to until formulae

A very similar proof can be done in order to show that Prs(ψ U≤tϕ) = Pr′s(ψ U≤tϕ). In
the above proofs, we require that for all states prior to reaching the ϕ-state ¬ϕ holds.
For an until formula this is then changed to ¬ϕ ∧ ψ. It is important to note that this
proof only works for time-bounded until, i.e. an interval [0, t] and not for interval-
bounded until, i.e. an interval [t1, t2]. The reason is that the proof relies on taking the
first state sk which satisfies ϕ. But for an interval-bounded until with interval [t1, t2]
this state could have been reached before t1 time-units have passed.
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Chapter 5

Minimization algorithm

This chapter presents an algorithm that computes an MTME for a given CTMC. After
describing the idea and motivating the algorithm, we show an example run. Then
we show total correctness of the algorithm and further results which support the ar-
gument that the full minimization potential of MTME can be achieved with the algo-
rithm. The algorithm requires to take a non-deterministic choice, which accounts for
the fact that in general there exist multiple maximal MTMEs for a CTMC. Finally an
algorithm is constructed which heuristically takes this non-deterministic choice.

5.1 Algorithm

In order to construct a minimization algorithm for MTME, we go back to its definition
(Def. 3.6): Conditions (1) and (2) say that all states within an equivalence class share
the same labeling and exit rate. These are static in the sense that they can be checked
for an equivalence class independently of the rest of the MTME. This means, we can
make sure they are satisfied at the beginning of the algorithm by an initial partition.
As long as we only refine this partition, we do not have to care about them any further.
The question if condition (3) is fulfilled for some equivalence class, however, depends
on the rest of an MTME. This notion that condition (3) is fulfilled for some equivalence
class C and partition C will play an important role in the algorithm and we will call it
weighted rate consistency.

Definition 5.1. LetM = (S,R, L, ν) be a CTMC. C ⊆ 2S a partition of S and C ∈ C.
C is weighted rate consistent (wr-consistent) with respect to C iff for all D ∈ C, for all
s0, s

′
0 ∈ pred(C), SC = Subc(C, s0), SC ′ = Subc(C, s′0)

wrate(s0, SC,D) = wrate(s′0, SC
′, D).

If for all C ∈ C it holds that C is weighted rate consistent with respect to C, condi-
tion (3) is fulfilled for the equivalence relation that is induced by C.

We have seen before, that for a given CTMC there are multiple MTMEs and, more
importantly, that there is no unique maximal MTME. This is reflected in the algo-
rithm in the form of a non-deterministic choice. We develop a heuristic for this non-
deterministic choice in Section 5.2.
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Data structures

The algorithm uses slightly different mathematical constructs to describe MTME.

• C is a partition of S and represents the current solution. It is refined during the
algorithm.

• C′ is a subset of C and contains those equivalence classes that are potentially not
wr-consistent with respect to C and thus might violate condition (3) of MTME.

• Subclasses are tuples in the algorithm. Let C ⊆ S and s0 ∈ pred(C). Then
SC ∈ Subc(C, s0) is modeled as (s0, SC) ∈ S × 2S . So in the algorithm we have
to be a bit more precise and distinguish subclasses that have the same members
but are induced by different predecessors.

• While we split an equivalence class of C, we construct new equivalence classes
Ci ⊆ S × 2S as a set of subclasses. After the construction we can go back to a
simple set of states by using states(Ci) =

⋃

(s0,SC)∈Ci
SC.

Algorithm 1

Input: CTMCM = (S,R, L, ν) with pred(s) 6= ∅

Part 1: Initial partitioning

Let R ⊆ S × S be the relation defined by: (s, s′) ∈ R⇔ L(s) = L(s′) ∧ E(s) = E(s′)
Let C = S/R

Part 2: Main loop head

C
′ = C (* C

′ contains the classes which still have to be refined *)
while C′ 6= ∅

Let Cold ∈ C′

If Cold wr-consistent with respect to C

C′ = C′ \ Cold

else
Part 3: Expanding Cold into all potential subclasses

Subclasses = ∅ ⊆ 2S×2S

for all s0 ∈ pred(Cold)
SC = post(s0) ∩ Cold (* = Subc(Cold, s0) *)
for all SC ′ ∈ 2SC \ ∅

Subclasses = Subclasses ∪ (s0, SC
′)
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Part 4: Splitting those subclasses

Let ∼split⊆ (S × 2S)× (S × 2S) be the equivalence relation on Subclasses
defined by:
(s0, SC) ∼split (s′0, SC

′)⇔ ∀D ∈ C :
∑

s∈SC

weight(s0, s, SC) · R(s,D)

=
∑

s′∈SC′

weight(s′0, s
′, SC) ·R(s′, D)

Let splitSC = Subclasses/∼split

Part 5: Choosing new equivalence classes

Choose C1, . . . , Cn ⊆ S × 2S such that

• states(C1), . . . , states(Cn) form a partition of Cold

• for all 1 ≤ i ≤ n there exists C ′ ∈ splitSC such that Ci ⊆ C ′

• for all s ∈ Cold, s0 ∈ pred(s) there exists i ∈ {1, . . . , n} and (s0, SC) ∈ Ci with
s ∈ SC

Let newClasses = {states(C1), . . . , states(Cn)}

Part 6: Main loop tail

C = (C \ {Cold}) ∪ newClasses
C′ = C

end (* if *)
end (* while *)

Output

Output: C

Part 1

For an MTME, states within an equivalence class share the same labeling and exit rate
(conditions (1) and (2) of MTME). So the state-space is initially partitioned by these
two criteria. The resulting partition is called C and will be further refined during the
course of the algorithm.

Part 2

The further refinement can be seen as a fixpoint computation. The fixpoint is reached,
when every equivalence class of the current solution is wr-consistent and thus the
solution as a whole fulfills condition (3) of MTME. C contains the current solution and
C′ contains equivalence classes which potentially violate condition (3).
One equivalence class is inspected with regard to condition (3). If it does not fulfill the
condition, it is partitioned in such a way that the new classes do fulfill the condition.
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Part 3

Our goal is to partition Cold in such a way into new classes that these classes are wr-
consistent. So let {C1, . . . , Cn} be this partition of Cold. Condition (3) speaks of all
subclasses of such a new class Ci. However, we do not know beforehand how we
have to partition Cold. In other words, each new class Ci could be any subset of Cold.
For this reason Part 3 generates all subclasses of all subsets of Cold. So Subclasses =
{

(s0, SC) ∈ S × 2S | s0 ∈ pred(Cold), SC ⊆ Subc(Cold, s0)
}

.

Part 4

For each of those subclasses (s0, SC) we now consider the weighted ratewrate(s0, SC,D)
into all equivalence classes D and split them accordingly. The result is a set of sets of
subclasses splitSC. For every set of subclasses that is an element of splitSC, we know
that all subclasses in this set share the same weighted rates. This is exactly what con-
dition (3) of the MTME definition demands for subclasses of a class.

Part 5

However two conditions are not met yet:

• {C1, . . . , Cn} has to partition Cold.

• Every new class Ci must cover predecessors of the contained states. In other
words, if s0 and s′0 are both predecessors of s and (s0, SC) ∈ Ci with s ∈ SC
then also (s′0, SC

′) with s ∈ SC ′ has to be in Ci. Otherwise wrate(s0, s,D) could
be different from wrate(s′0, s,D) for some equivalence class D and this would
violate condition (3).

These conditions are exactly mirrored in those of the algorithm. At this point we have
to take a non-deterministic choice.
This flexibility is needed in order to be able to compute any MTME. Which MTME we
get as a result of the algorithm solely depends on the sequence of choices we take at
this point.

Part 6

What remains to do for this iteration of the loop is to do the actual refinement of C by
replacing Cold with newClasses. Since we have changed C, we cannot be sure anymore
that the equivalence classes we already eliminated from C′ as being wr-consistent still
are. So we have to reset C′ to the full set C.

5.1.1 Example run of the algorithm

We show a run of the algorithm on the CTMC in Fig. 5.1. In Part 1, the initial parti-
tioning is done. States that share the same labeling and exit rate are put into the same
class. This results in the initial partitioning

C = {{s0} , {s1} , {s2} , {s3, s4, s5, s6} , {sa} , {sb} , {sc}} .
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Figure 5.1: Example for Algorithm 1.

The set of possibly not wr-consistent classes C′ is initialized with C and the main loop
starts in Part 2. We choose a Cold from this set and check it for wr-consistency. If it is
wr-consistent, we can eliminate it from C′ and consider a new Cold. Otherwise we have
to split Cold in order to make it wr-consistent. Since classes with only one member are
trivially wr-consistent and are immediately removed from C′, the only interesting case
is Cold = {s3, s4, s5, s6}.
Part 3 constructs all possible subclasses of Cold. For this we go through all members
of pred(Cold) = {s1, s2} and construct the associated subclasses of Cold. These are
{s3, s4, s5} for s1 and {s5, s6} for s2. Subclasses then contains all non-empty subsets
of these, annotated with the inducing predecessor.

Subclasses = {(s1, {s3, s4, s5}), (s1, {s3, s4}), (s1, {s4, s5}), (s1, {s3, s5})}

∪ {(s1, {s3}), (s1, {s4}), (s1, {s5}), (s2, {s5, s6}), (s2, {s5}), (s2, {s6})} .

The job of Part 4 is to split Subclasses according to their weighted rate with all equi-
valence classes in C as destination. In this example, we present this one splitter, i.e.
destination of the weighted rate, at a time and start with {sb}. Let Psb,r with r ∈ R

+
0 be

the class which contains (s0, SC) if wrate(s0, SC, sb) = r. We get

• Psb,0 = {(s1, {s3, s5}), (s1, {s3}), (s1, {s5}), (s2, {s5})},

• Psb,
2
3

= {(s1, {s3, s4, s5})},

• Psb,1 = {(s1, {s3, s4}), (s1, {s4, s5}), (s2, {s5, s6})} and

• Psb,2 = {(s1, {s4}), (s2, {s6})}.

This process is repeated for the remaining splitters to obtain

splitSC =
{{

(s1, {s3, s5})
}

,
{

(s1, {s3})
}

,
{

(s1, {s5}), (s2, {s5})
}

,
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{

(s1, {s3, s4, s5})
}

,
{

(s1, {s3, s4})
}

,
{

(s1, {s4, s5}), (s2, {s5, s6})
}

,
{

(s1, {s4}), (s2, {s6})
}}

.

Now we have to make a non-deterministic choice in Part 5 and construct from splitSC
wr-consistent equivalence classes which can replace Cold. The first of two possibilities
is C1 =

{

(s1, {s3})
}

and C2 =
{

(s1, {s4, s5}), (s2, {s5, s6})
}

. C1 covers s3 and C2 covers
s4, s5 and s6. So we cover all states.
This possibility results in the least number of classes. Since our goal is minimization,
choosing such a possibility is a good choice heuristically. It leads to the replacement
of Cold = {s3, s4, s5, s6} by {s3} and {s4, s5, s6}.
The second possible choice contains only singleton sets as subclasses: C ′

1 =
{

(s1, {s3})
}

,
C ′

2 =
{

(s1, {s5}), (s2, {s5}
}

and C ′
3 =

{

(s1, {s4}), (s2, {s6})
}

. If we take this choice we
replace Cold by {s3}, {s5} and {s4, s6}.

With both possibilities we have come to a fixpoint, since all classes turn out to
already be wr-consistent. The resulting partition for the first possibility is

C = {{s1} , {s2} , {s3} , {s4, s5, s6} , {sa} , {sb} , {sc}} ,

while by the second choice we obtain exactly the maximal bisimulation

C = {{s1} , {s2} , {s3} , {s4, s6} , {s5} , {sa} , {sb} , {sc}} .

This shows again that the choice in Part 5 does actually matter, as it determines the
size of the minimization.

5.1.2 Correctness proof

This section will proof the correctness of the above algorithm for the computation
of MTME. More precisely, we want to show that, for every CTMC, the result of the
algorithm constitutes an MTME for this CTMC.

Outline of the proof

The MTME definition consists of one implicit and two explicit conditions, which di-
rectly translate into proof obligations:
Let C ⊆ 2S be the output of the algorithm and ∼= {(s, s′) ∈ S × S | C ∈ C, s, s′ ∈ C}
the relation induced by C.

• ∼ is an equivalence relation.

• For all s1 ∼ s2: L(s1) = L(s2) and E(s1) = E(s2).

• For all C,D ∈ C and all s0, s
′
0 ∈ pred(C),

wrate(s0, C,D) = wrate(s′0, C,D).

The algorithm consists of an initialization part followed by the main loop. This struc-
ture will be reflected in the proofs for the above proof obligations. They will first show
that the respective property is fulfilled after the initialization and then show that it is
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also a loop invariant for the main loop.
In order to also show total correctness, we will have to show additionally that the al-
gorithm terminates. It is not obvious that the nondeterministic choice we have to take
in Part 5 is always possible. So this will have to be shown. Apart from that, we have
to show termination of the main loop.

Lemmata

In order to more easily distinguish the value of C at different points of the algorithm,
we use subscripts. Cinit is the first value of C resulting from the initial partitioning.
Cpre and Cpost denote the value at the beginning and the end of an iteration of the main
loop. Finally, the output of the algorithm is called Cout.
Towards correctness, we first show some lemmata:

• Cout partitions S. This is equivalent to our proof obligation that the resulting
relation is an equivalence relation.

• There always exist C1, . . . , Cn which fulfill the conditions of Part 5.

• The cardinality of newClasses is always greater than 1.

C always partitions the state space S

The proof consists of two parts: It will be shown that the initial assignment to C is a
partition of S and that this property is also a loop invariant for the main loop.
C is initialized in Part 1 as the quotient of S under R. Since R is an equivalence rela-
tion, the initial value of C partitions S.
It remains to show that this property is a loop invariant for the main loop. The only as-
signment to C happens at the end of the main loop: Cpost = (Cpre\{Cold})∪newClasses.
As we want to prove a loop invariant, we can assume that Cpre partitions S. So all we
have to show is that newClasses partitions Cold and additionally, that Cold is actually a
member of Cpre.
We start with the latter. It always holds C′ ⊆ C: Initially C′ equals C. Furthermore in
any pass of the loop, C′ is either assigned the value of C or some element is removed
from C′. So the Cold ∈ C′, which is split in one iteration of the loop, is also a member
of C.
newClasses equals {states(C1), . . . , states(Cn)} and Part 5 explicitly demands that
{states(C1), . . . , states(Cn)} partitions Cold.
So the assignment in question replaces Cold by a partition of Cold and consequently C

remains a partition of S. This also shows that in any iteration of the loop C is either
unchanged or refined, that is replaced by a strictly finer partition of S.
So we can conclude that, under the assumption that the loop terminates, Cout parti-
tions S.

There always exist C1, . . . , Cn which fulfill the conditions of Part 5

There always exists a trivial solution. The idea is to choose all subclasses (s0, SC)
where |SC| = 1. In other words, we take SplitSC and remove all subclasses which are
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not of the form (s0, {s}). So let

{C1, . . . , Cn} =
{

C ⊆ S × 2S \ ∅ | C ′ ∈ splitSC,C = C ′ ∩ {(s0, {s}) | s ∈ Cold, s0 ∈ pred(Cold}
}

.

We have already seen such a choice for C1, . . . , Cn as the second possibility in the
example run of the algorithm.

We now show that each condition of Part 5 is met:

• states(C1), . . . , states(Cn) form a partition of Cold :

–
⋃

1≤i≤n states(Ci) ⊆ Cold:
We work on a CTMC where every state has at least one predecessor. So for
any s ∈ Cold there also exists some C ′ ∈ splitSC with (s0, {s}) ∈ C ′. By
construction of the solution also (s0, {s}) ∈ Ci for some subclass Ci. So if
s ∈ Cold then also s ∈ states(Ci) for some i.

–
⋃

1≤i≤n states(Ci) ⊇ Cold:
By construction, any Ci can only contain (s0, {s}) where s ∈ Cold.

– states(Ci) ∩ states(Cj) = ∅ for all 1 ≤ i < j ≤ n:
By contradiction. Let i 6= j. Assume (s0, {s}) ∈ Ci and (s′0, {s}) ∈ Cj. From
the construction of the trivial solution it follows that there exist C ′

1, C
′
2 ∈

splitSC with C ′
1 6= C ′

2 and (s0, {s}) ∈ C
′
1 and (s′0, {s}) ∈ C

′
2. This can only

be the case if there exists a D ∈ C such that weightedRate(s0, {s} , D) 6=
weightedRate(s′0, {s} , D). But this is a contradiction, since weight(s0, {s}) =
weight(s′0, {s}) = 1.

• for all 1 ≤ i ≤ n there exists C ′ ∈ splitSC such that Ci ⊆ C ′: This follows directly
from the definition of the trivial solution.

• for all s ∈ C, s0 ∈ pred(s) there exists i ∈ {1, . . . , n} and (s0, SC) ∈ Ci with
s ∈ SC:
Let s ∈ C, s0 ∈ pred(s). By construction of splitSC there exists C ′ ∈ splitSC with
(s0, {s}) ∈ C

′. By construction of {C1, . . . , Cn}, it also holds that (s0, {s}) ∈ Ci for
some i.

The cardinality of newClasses is always greater than 1

Assume |newClasses| = 1. Then newClasses has to be of the form {C1} where C1 =
{SC1, . . . , SCn}. Part 4 ensures that C1 is wr-consistent. Additionally newClasses has
to partition Cold because of the first condition in Part 5, which means C1 = Cold. This
implies Cold is also wr-consistent.
But now observe that Part 5 can only be reached if Cold is not wr-consisted due the
if-clause in Part 2. This is in contradiction to our previous result. Thus always
|newClasses| > 1.
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Conditions (1) and (2) of MTME are fulfilled for Cout

These conditions require that states which are considered equal under an MTME share
the same labeling and exit rates. Part 1 splits the state space exactly by these condi-
tions. So the resulting initial partition fulfills this property. This partition is then only
further refined, so the property is preserved.

Condition (3) of MTME is fulfilled for Cout

The main loop ends when C′ = ∅. By inspection of the algorithm, we can see that
this can only happen when every C ∈ C is wr-consistent with respect to C and thus
removed from form C

′ in Part 5. This is exactly the case when C fulfills condition (3).

Correctness

Theorem 5.1. LetM be a CTMC and serve as input to Algorithm 1. Then the output C is an
MTME onM.

Proof. We have seen that the output is an equivalence and fulfills conditions (1)-(3) of
the MTME definition. Therefore it is an MTME.

Termination of the main loop

In every iteration of the loop either C is refined, i.e. gains cardinality, or C is left un-
changed and C′ after the iteration is a proper subset of itself at the beginning of the
iteration. It suffices to consider just the cardinality of these sets.
So consider the termination relation ≻⊆ (N× N)× (N× N) defined as

(c1, c
′
1) ≻ (c2, c

′
2) iff (c1 < c2) or (c1 = c2 and c′1 > c′2)

The first component represents the cardinality of C in the algorithm. C can at most have
cardinality |S| and at least cardinality 1, as it is a partition of S. The second component
represents the cardinality of C′. It can be at most the empty set with cardinality 0 and
has at least cardinality |S|. So there are only finitely many tuples describing a valid
state of the algorithm and the largest element in ≻ is (|S|, 0) in the sense that there
does not exist a (c, c′) with (|S|, 0) ≻ (c, c′).
At the beginning of a loop iteration let c1 = |C| and c′1 = |C′|. After the end of this
iteration let c2 = |C| and c′2 = |C′|. We now want to show that always (c1, c

′
1) ≻ (c2, c

′
2).

We have to distinguish the two cases depending on if Cold is wr-consistent or not. If it
is, C remains unchanged, i.e. c1 = c2, and c′2 = c′1 − 1. So in this case (c1, c

′
1) ≻ (c2, c

′
2).

If Cold is not wr-consistent we split Cold. We have already seen that the resulting new
C is strictly finer than the old C. So c1 < c2 and thus also in this case (c1, c

′
1) ≻ (c2, c

′
2).

The argument for termination is now, that with every iteration we get a larger element
with respect to ≻. As there are only finitely many valid tuples, we can at most arrive
at (|S|, 0) where we definitely have to terminate.
Hence, we conclude that the algorithm always terminates. Together with the (partial)
correctness we have just also shown total correctness.
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5.1.3 Further properties

Up to now, we have only shown that the algorithm computes an MTME for every
CTMC. Remember that every bisimulation is also an MTME. So for all we have proven
until now, the algorithm could always compute bisimulation. Since our goal is min-
imization, we have to rule out this possibility. We will therefore prove that for every
pair of a CTMCM and an MTME ∼ there exists a sequence of choices in Part 5 of the
algorithm such that the algorithm computes an equivalence which is coarser than ∼.
This assures us that, with the right non-deterministic choices, we can leverage the full
minimization potential of MTME with this algorithm.

Theorem 5.2. LetM be a CTMC and∼ an MTME onM. LetM be the input to Algorithm 1.
Then there exists a sequence of choices forC1, . . . , Cn in Part 5 such that the output C is coarser
than S/ ∼.

Proof. The proof idea is to split Cold in Part 5 exactly like ∼ suggests. Core of the proof
is then to show that this choice fulfills the conditions of Part 5 and we get an output
which is coarser than S/ ∼. The latter will again be shown as a loop invariant. So we
have as proof obligations:

• The initial value of C, resulting from the initial partitioning, is coarser than S/ ∼.

• If the value of C at the start of an iteration Cpre is coarser than S/ ∼, then there
exists a choice in Part 5 such that the value of C at the end of the iteration Cpost is
coarser than S/ ∼.

The first proof obligation is trivial since the initial partitioning is the coarsest partition
which puts states which share labeling and exit rate together. Any MTME, including
∼, is finer than this partition.
We start the proof of the second obligation with an observation about Cold. Since Cpre

is coarser than S/ ∼, Cold ∈ C′ and C′ ⊆ Cpre there exists S ′ ⊆ S/ ∼ with Cold =
⋃

C∈S′ .
In other words, the subset S ′ of S/∼ partitions Cold. Let S ′ = {Cl1, . . . , Cln}. We want
S ′ to become the wr-consistent replacement newClasses of Cold. So we construct the
non-deterministic choice as

Ci = {(s0, Subc(Cli, s0)) | s0 ∈ pred(Cli)} .

We now have to show that the three conditions of Part 5 are fulfilled.

• states(C1), . . . , states(Cn) form a partition of Cold:
{Cl1, . . . , Cln} is a partition of Cold. So by construction this is trivially true.

• for all 1 ≤ i ≤ n there exists C ′ ∈ splitSC such that Ci ⊆ C ′:
splitSC is the quotient of Subclasses under ∼split. So we can show instead that
for all 1 ≤ i ≤ n and for all (s0, SC), (s′0, SC

′) ∈ Ci holds (s0, SC) ∈ Subclasses
and (s0, SC) ∼split (s′0, SC

′).

– We first show (s0, SC) ∈ Subclasses: Remember that Subclasses
=

{

(s0, SC) ∈ S × 2S | s0 ∈ pred(Cold), SC ⊆ Subc(Cold, s0)
}

. By construc-
tion of Ci, (s0, SC) = (s0, Subc(Cli, s0)) where Cli is a subset of Cold and
s0 ∈ pred(Cli). Since Subc(Cli, s0) ⊆ Subc(Cold, s0), (s0, SC) ∈ Subclasses.
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– (s0, SC) ∼split (s′0, SC
′): Let D ∈ Cpre. Since Cpre is coarser than S/∼ there

exists a partition Dp of D with Dp ⊆ S/∼.
So

∑

s∈SC

weight(s0, s, SC) · R(s,D) =
∑

s∈SC

weight(s0, s, SC) ·
∑

D′∈Dp

R(s,D′) =

∑

D′∈Dp

∑

s∈SC

weight(s0, s, SC) · R(s,D′) =
∑

D′∈Dp

wrate(s0, Cli, D
′).

SinceCli ∈ S/∼ andDp ⊆ S/∼,
∑

D′∈Dp

wrate(s0, Cli, D
′) =

∑

D′∈Dp

wrate(s′0, Cli, D
′) =

∑

s∈SC′

weight(s′0, s, SC
′) · R(s,D) and thus (s0, SC) ∼split (s′0, SC

′).

• for all s ∈ Cold, s0 ∈ pred(s) there exists i ∈ {1, . . . , n} and (s0, SC) ∈ Ci with
s ∈ SC:
Let s ∈ Cold, s0 ∈ pred(s). Then there exists an Cli with s ∈ Cli and by construc-
tion (s0, Subc((Cli, s0)) ∈ Ci.

We have just shown that our constructed choice passes the conditions of Part 5. Also
this choice is constructed in a way such that newClasses = S ′ where S ′ is a partition
of Cold and a subset of S/ ∼. So Cpost = (Cpre Cold) ∪ newClasses remains coarser than
S/ ∼.
We have satisfied all proof obligations, which concludes the proof.

We have seen in the correctness proof that in Part 5 there always exists a trivial
solution. In fact, always choosing this trivial solution yields bisimulation. The algo-
rithm in this case degenerates into the partition refinement algorithm for bisimulation.
Remember that in the trivial solution, we only use subclasses of the form (s0, {s}).
For such a subclass wr-consistency degenerates into the condition of bisimulation that
bisimilar states share the same rate into other equivalence classes:
Let (s0, {s}) ∈ S × 2S and D ∈ C. Then

∑

s′∈{s}

weight(s0, s, {s}) ·R(s,D) = R(s,D).

So for these subclasses, Part 4 does exactly the same as the partition refinement al-
gorithm for bisimulation, except for the fact that it is done for all D ∈ C at the same
time.

5.2 Heuristics for the non-deterministic choice

In this section, we want to explore algorithms for the non-deterministic choice in
Part 5. We will first present a simple heuristic to measure the quality of a choice re-
garding minimization. Then we analyze the conditions in Part 5 and formulate them
as an exact (set) cover problem with additional constraints. Finally, we propose an
algorithm to solve this problem.

Heuristical target function

Our goal in this thesis is to minimize CTMCs. The benefit of minimization lies in the
reduction of the state space. So naturally we want an MTME to have as few equi-
valence classes as possible. Our heuristic for the quality of a choice in Part 5 will
therefore be to minimize the number of new classes which replace Cold. This can only
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a b c d e
T1 1 1 0 1 0
T2 0 1 0 0 1
T3 0 0 1 0 1

Figure 5.2: Example: Exact cover.

be a heuristic as a choice we make at one point might prevent a better choice at some
later point in the algorithm. Part 5 can now be seen as a minimization problem.

Exact (set) cover

Part 5 can be seen as a modified exact set cover. The exact set cover problem deals with
the task to determine if from a set of subsets of a universe U we can choose elements
such that they partition U .

Definition 5.2. Let U be a set called universe and T = {T1, . . . , Tn} a set of subsets of
U . Then the exact set cover problem is to determine if there exists a subset T ′ ⊆ T such
that T ′ partitions U .

Let, for example, U = {a, b, c, d, e} and T = {{a, b, d} , {b, e} , {c, e}}. Then we have
to choose a subset T ′ ⊆ T which partitions U . In this case T ′ = {{a, b, d} , {c, e}}.
In an algorithm, it is advantageous to represent the exact set cover problem as a 0-1-
matrix. Every row corresponds to an element of T and every column to an element of
U . There is a 1 in a cell corresponding to Ti ∈ T and e ∈ U if and only if e ∈ Ti. In
other words, every row contains the characteristic vector of its corresponding set Ti.
For the above example, we get the matrix in Fig. 5.2. The task for such a matrix is now
to choose a subset of rows such that there is exactly a single 1 in every column. If we
choose T1 to be in the solution T ′ and a ∈ T1 we say that T1 covers a.

So, how does this relate to the problem in Part 5? The connection lies in the third
condition, which requires that for all pairs s ∈ Cold and s0 ∈ pred(Cold) there exists a Ci

in the solution which covers it.
The underlying exact cover is then defined by:

• Universe U = {(s0, s) ∈ S × S | s ∈ Cold, s0 ∈ pred(s)}.

• T is derived from Subclasses. If (s0, SC) ∈ Subclasses then {s0} × SC ∈ T .

Strictly speaking, Part 5 as described in the algorithm does allow a situation where
there can be for example (s0, {s1, s2}), (s0, {s2}), (s0, {s1}) ⊆ Ci and thus we have
(s0, s1) covered more than once. This does however not influence states(Ci) as these
are only different representations resulting in the same newClasses and so we do not
ignore any valid solutions by requiring exactly one cover. In other words, for every
such solution where an element of the universe is covered more than once there exists
a solution which leads to the same newClasses which covers every element exactly
once.
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pred(s) s1 s1 s1 s2 s2

s s3 s4 s5 s5 s6

r1 1 0 1 0 0
r2 1 0 0 0 0
r3 0 0 1 0 0
r4 0 0 0 1 0
r5 1 1 1 0 0
r6 1 1 0 0 0
r7 0 1 1 0 0
r8 0 0 0 1 1
r9 0 1 0 0 0
r10 0 0 0 0 1

Figure 5.3: Example: Modified exact cover for Part 5.

We use Part 5 of the example run in Section 5.1.1 also as an example here. This leads
to the matrix in Fig. 5.3.

The second condition of Part 5 says that the elements of every Ci have to be in the
same equivalence class of splitSC. So for the solution it is important which subclasses,
corresponding to rows in the matrix, are in the same equivalence class. We group these
equivalence classes together into sets Gi containing rows ri,j and call these groups.
Figure 5.4 shows this grouping for the example. Our minimization goal is to construct
a solution with as few Ci as possible. This is equivalent to using rows from as few
groups as possible in a solution.
Now we have to address the remaining condition, which requires that Cold is parti-
tioned by {states(C1), . . . , states(Cn)}. We have already made sure that

⋃

i states(Ci) =
Cold, as we have to cover the whole universe. So for a partition we only have to addi-
tionally require that the states(Ci) are pairwise disjoint. So we have to make sure that
if (s0, s) is covered by a row in Gi then all (s′0, s) ∈ U have to also be covered by a row
in Gi.

Figure 5.5 shows one possible solution. In every column there is exactly a single 1.
Also (s1, s5) and (s2, s5) are covered by rows from the same group. The quality of this
solution is 2, as we use two groups, which is also the minimum. In contrast to this,
choosing r1,1, r6,2 and r7,1 does not constitute a solution even though it is a set cover,
since (s1, s5) is covered by a row in G1 and (s2, s5) by a row from G6.

Reducing problem size by preprocessing

Problem instances of this modified exact cover can be reduced with a bit of simple
preprocessing. The idea is to remove rows that can never be in a solution since taking
them results in cover obligations which cannot be satisfied.
For example, Group G4 in Fig. 5.4 contains only row r4,1 and covers (s1, s5) but not
(s2, s5). But we know that if we take this row we have to cover both within the group.
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pred(s) s1 s1 s1 s2 s2

s s3 s4 s5 s5 s6

G1 r1,1 1 0 1 0 0
G2 r2,1 1 0 0 0 0
G3 r3,1 0 0 1 0 0
G3 r3,2 0 0 0 1 0
G4 r4,1 1 1 1 0 0
G5 r5,1 1 1 0 0 0
G6 r6,1 0 1 1 0 0
G6 r6,2 0 0 0 1 1
G7 r7,1 0 1 0 0 0
G7 r7,2 0 0 0 0 1

Figure 5.4: Example: Modified exact cover with groups.

pred(s) s1 s1 s1 s2 s2

s s3 s4 s5 s5 s6

G2 r2,1 1 0 0 0 0
G6 r6,1 0 1 1 0 0
G6 r6,2 0 0 0 1 1

Figure 5.5: One possible solution of Fig. 5.4.

So r4,1 cannot be in any solution and can be removed from the problem instance. The
group G4 is now empty can also be removed.
A group G ⊆ T can be reduced by constructing the following two sets. Both can be
computed by simple iterations over the underlying sets.
The set of elements of the universe we cannot cover with any row from G is given by
UnoCover = U \

⋃

G′∈GG
′. If (s0, s) ∈ UnoCover, we can remove all rows which contain

(s′0, s), since both have to be covered within the same group. This way we get a new
group Gnew = G \ {G′ ∈ G | s0, s

′
0, s ∈ S, (s0, s) ∈ G

′, (s′0, s) ∈ UnoCover}. By removing
rows from G we possibly cover fewer elements of U and we might be able to remove
other rows. So we repeat this process until either a fixpoint is reached or the group is
empty. In the latter case we can remove the group altogether.

Avoiding repeated computation of weighted rate consistency

In Part 2, we have to check Cold ∈ C′ for wr-consistency in order to decide if we have to
split it or not. This check can be very expensive as it involves computing the weighted
rates of Cold into all equivalence classes of C. If C and C′ are implemented as a list and
we take Cold from the beginning of the list, we can avoid repeated computations: Once
we have determined for a specific Cold that it is wr-consistent, we not only remove it
from C′ but also move it to the end of C. This is possible, since C′ is always a subset
of C. This prevents that at the beginning of the main loop we have to recheck classes

58



which are likely still wr-consistent. This optimization should not be underestimated as
in some cases it was able to speed up the prototype implementation of the algorithm
by a factor of 80.

5.2.1 Combine a modified Knuth’s Algorithm X with branch & bound

Knuth presents in [Knu00] an algorithm for the exact cover problem. It is called Al-
gorithm X and finds all solutions of an exact cover problem. However the real finesse
lies in its implementation using so called Dancing Links. The implementation of Al-
gorithm X using Dancing Links is called DLX.
Algorithm X is mostly a straightforward depth-first-search, also known as backtrack-
ing. Roughly speaking, this means that we systematically build up a partial solution
by adding rows one at a time and updating the rest of the problem accordingly. If
we cannot add any more rows without violating the properties of an exact cover we
backtrack. This way, we build a search tree and can enumerate all solutions.
So how does this work in detail? Algorithm X can be seen in Fig. 5.6. Using the exact
cover problem from Fig. 5.2 as an example, a run of the algorithm looks like this:

• We choose a column we want to cover. For example column b.

• In this column we choose a row containing a 1 and add it to our solution. For
example T2.

• We now go through all 1s in that row. For each corresponding column we delete
that column and every row that has a 1 in that column. In our example we delete
T2 itself, column b and row T1 because T2 and T1 have a 1 in column b. Finally we
delete column e and row T3 since there are 1s in column e, rows T2 and T3.

• This leaves us with a matrix with 3 columns but no rows, which is not empty
in the sense of this algorithm. So our non-deterministic choice did not lead to a
solution and we backtrack.

• This time we choose row T1 in column b. This leads to the elimination of columns
a, b, d and rows T1, T2.

• Now we can choose to cover c and our only choice of row is T3, which is elimi-
nated in the next step.

• We have achieved an empty matrix and can print out the solution.

• We backtrack in order to find additional solutions, but eventually return to the
beginning without finding any further solutions.

Dancing Links

Backtracking is often implemented with a stack: For any decision we take we put a
snapshot of the current state of the problem on the stack. So when we backtrack we
can undo the decision by restoring the previous state from the stack.
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If A is empty, the problem is solved; terminate successfully.
Otherwise choose a column, c (deterministically).
Choose a row, r, such that A[r, c] = 1 (non-deterministically)
Include r in the partial solution.
For each j such that A[r, j] = 1,

delete column j from matrix A;
for each i such that A[i, j] = 1,

delete row i from matrix A.
Repeat this algorithm recursively on the reduced matrix A.

Figure 5.6: Algorithm X, taken from [Knu00].

However, for an exact cover problem this snapshot can be big and thus incur a large
overhead. A better strategy is often to use a global representation of the current solu-
tion, change it when we make a decision and undo this change when we backtrack. We
are in need of fast operations for applying and undoing decisions during the search.
Dancing Links provides such operations for Algorithm X.
Dancing Links builds on operations for removing and reintroducing elements from
doubly-linked circular lists. In a doubly-linked circular list every element has pointers
to the previous and next element (doubly-linked) and first and last element also point
to each other (circular).
Let e be an element of a list and let L[e] give the previous (left) neighbor and R[e] the
next (right) neighbor of e in the list.
We can remove an element from the list by the assignmentsL[R[x]]← L[x] andR[L[x]]←
R[x]. Interestingly, undoing this operation is equally easy and only requires knowing
x. In order to reintroduce x into the list we assign L[R[x]] ← x and R[L[x]] ← x. If we
add an additional header element h to a list these operations also support the empty
list. A list is then empty if and only if the pointers of the header element point to itself,
i.e. R[h] = h.

Exact cover using Dancing Links

We want to express an exact cover problem as doubly-linked circular lists in such a
way that we can implement Algorithm X on this basis using Dancing Links.
How this is done can be seen in Fig. 5.7. An exact cover problem is described by a
0-1-matrix. The idea is now to take the 1s and put them in two lists: One list for each
row connecting a 1 with its left and right neighbors and one list for each column. Ad-
ditionally, every column list has a column header ch as an additional element. These
column headers are themselves in a list together with the root header h. Not shown in
Fig. 5.7 is another pointer from every 1 to its column header.
In summary, every object has 5 pointers: L and R for the horizontal list, U and D for
the vertical list and C for the pointer to the column header.

The Dancing Links implementation of Algorithm X, abbreviated DLX, is shown in
Fig. 5.8. It is invoked as search(0). In addition to the lists we have already seen, it uses
variables Ok for the row we have added at depth k of the search. Choosing a column
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↑ ↑ ↑ ↑ ↑

← h ⇆ cha ⇆ chb ⇆ chc ⇆ chd ⇆ che →
↑↓ ↑↓ ↑↓ ↑↓ ↑↓

← 1 ⇆ 1 ⇆ ⇆ 1 ⇆ →
↑↓ ↑↓ ↑↓ ↑↓ ↑↓

← ⇆ 1 ⇆ ⇆ ⇆ 1 →
↑↓ ↑↓ ↑↓ ↑↓ ↑↓

← ⇆ ⇆ 1 ⇆ ⇆ 1 →
↓ ↓ ↓ ↓ ↓

Figure 5.7: Example for Dancing Links.

to cover can be done by taking the successor of the root header R[h]. Alternatively we
can keep track about the number of remaining 1s in each column and choose the one
with the lowest number. The idea is to reduce the branching factor of the search tree
at the cost of a bit of additional record keeping. The details of this improvement can
be found in the original paper.
The Dancing Links technique is used for covering and uncovering columns.
To cover a column c we have to do the following steps:

Set L[R[c]]← L[c] and R[L[c]]← R[c]. Remove c from column header list
For each i← D[c], D[D[c]], . . . , while i 6= c, Go through column c

for each j ← R[i], R[R[i]], . . . , while j 6= i, Go through row i
set U [D[j]]← U [j], D[U [j]]← D[j]. Remove j from column list

In order to uncover a column we do this in reverse:

For each i← U [c], U [U [c]], . . . , while i 6= c, Go through column c in reverse
for each j ← L[i], L[L[i]], . . . , while j 6= i, Go through row i in reverse

set U [D[j]]← j, D[U [j]]← j. Reintroduce j to column list
Set L[R[c]]← c and R[L[c]]← c. Reintroduce c to column header list

A few aspects, which are not essential to the understanding of DLX, have been
left out of this presentation. These include reading out and printing a solution and
reducing the branching factor by keeping track of the size of columns and choosing
columns accordingly. They can be found in the original paper [Knu00].

Modified Algorithm X for Part 5

Now that we know DLX, which is an efficient technique for the enumeration of the
solutions of an exact cover problem, we want to modify it so that we can use it on our
original problem. We have already seen how the problem can be expressed as an exact
cover with side conditions. Also we are interested in a solution which minimizes a
target function.
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search(k)
If R[h] = h, print the current solution and return.
Otherwise choose a column object c.
Cover column c.
For each r ← D[c], D[D[c]], . . . , while r 6= c,

set Ok ← r;
for each j ← R[r], R[R[r]], . . . , while j 6= r,

cover column C[j];
search(k + 1);
set r ← Ok

for each j ← L[r], L[L[r]], . . . , while j 6= r,
uncover column C[j].

Uncover column c and return.

Figure 5.8: Dancing Links implementation of Algorithm X, taken from [Knu00].

Cover obligation

We will discuss the handling of the side condition first. It says that if a row from Gi is
part of the current solution and it contains (s0, s) then also all other (s′0, s) ∈ U have to
be covered by rows from this group.
For example, if we choose r6,1 in Fig. 5.4, we have to cover (s2, s5) with a row from
G6 since r6,1 contains (s1, s5). So we have to keep track of columns we have to cover
within the current group and cover all of them before we can start covering other
columns again. So when choosing a column c to cover we can have two cases:

• Either we are not restricted in our choice and can choose any column and after-
wards any row containing a 1 in that column,

• or we are restricted and have to choose a column we are required to cover owing
to the side condition. In this column we can additionally only choose a row
containing a 1 in that column if it is also in the same group.

Implementation

From a high level point of view, the changes to accommodate the side condition do
not seem to contain large difficulties. However, their implementation in a way which
does not diminish the performance advantage of using Dancing Links requires some
thought. As a consequence, we have to use global data structures for the current state
of the problem and easily reversible operations to change this state.

In order to be able to determine which columns belong to the same state s for
(s0, s) ∈ U , we introduce a new list containing the headers of these columns. So these
lists are sublists of the list of column headers. They use the pointers SL[ch] and SR[ch]
for the neighboring column header. The header of such a list will be called a state
header and every column header ch will have a pointer SH [ch] to reach it.
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We will use an array CO containing state headers to keep track of the cover obliga-
tions. The position of the first uncovered obligation is saved as coF irst and the first
unused position as coLast. So if coF irst = coLast we know that at the moment we do
not have to cover any more columns while being restricted to the current group.
The values of coF irst and coLast are saved at the beginning of search(k) and restored
at the end. This way we do not have to explicitly remove cover obligations when we
backtrack.
In order to not clutter the presentation of the algorithm with non-essential detail we
will assume that coF irst automatically points to the first uncovered obligation. In the
actual implementation we use an array of booleans containing the information if a col-
umn has been covered, this array is updated whenever we cover or uncover a column.
Every time we access coF irst we can simply update it using this array.

We have already seen that we can be restricted in our choice of row to the current
group. So we need an efficient data structure to find these rows and thus use circular
doubly-linked lists, which are sublists of the column lists. Every such list contains all
1s that are in the same group and the same column together with a group header. Its
pointers are called GU [c] and GD[c] for group up and group down. We also have to
be able to find such a group list given the column and the group number. For this
we introduce a new field in each column header containing an array of pointers to its
group headers. GH [c][i] gives the group header of Gi in column c.
What we also need is a way to get the group of an element r. This can for example be
implemented by adding a pointer to a group identifier to every object representing a 1
in the matrix. We will call this pointer Group[r].

In summary we have as new data structures:

• SL[ch], SR[ch]: A doubly-linked list containing all column header which share
the same state s for (s0, s) ∈ U . It contains the state header.

• SH [ch]: A pointer from a column header to its state header.

• currentGroup: The group of the column we added last to the solution.

• CO[]: An array of state headers, keeping track which columns have to be covered
being restricted to the current group.

• coF irst: Index of the first uncovered state header in CO.

• coLast: Index of the first unused cell in CO, i.e. the index of the last uncovered
state header plus one.

• GU [c], GD[c]: A doubly-linked list for each part of a column which is in the same
group. It contains the group header.

• GH [c][i]: A pointer to the group header of group Gi in column c.

• Group[r]: The group a row is contained in.
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Branch & bound

In general we could enumerate all solutions and pick the one which minimizes our
target function. But we can do better by reducing the search space using branch &
bound.
Branch & bound is a standard technique which cuts the search tree by not visiting any
branches that cannot obtain a better solution quality than an already known solution.
Adding it to the algorithm is straightforward. Our solution quality is the number of
groups from which we have used rows. Before we start the search we determine the
quality of the trivial solution and set it as our current candidate solution. Every time
we go deeper in the search tree we check if we have used more groups than in the
candidate solution. If this is the case we backtrack. When we find a new solution we
update our candidate solution.
In order to keep track of the number of used groups we use two data structures. On the
one hand we have an integer numUsedGroups which starts at 0, on the other we have
an array of integers usedGroups[i] also starting at 0 in every element. usedGroups[i]
gives the number of rows from group Gi which are in the solution. Every time we
take a row from Gi into the solution we increment usedGroups[i] and every time we
remove it we decrement it. Our target function is the number of cells in usedGroups
which are not 0, so we increment numUsedGroups every time a cell in usedGroups is
incremented from 0 to 1 and decrement it every time the value of a cell goes from 1 to
0. This way numUsedGroups always contains the quality of the current solution.

5.2.2 Fast probabilistic approach

This approach is based on the modified Algorithm X. The idea is to randomize the
traversal of the search tree and stop at the first solution found or after a set amount of
time has passed. We can do this several times and take the best solution. This basically
trades in the assurance to find the best solution for speed and a bound on the maximal
running time. It is especially helpful when there is no better solution than the trivial
one and the search tree remains large even when applying branch & bound.

5.3 Minimization Workflow

This section describes the process through which an arbitrary CTMC can be mini-
mized using MTME. In other words, it takes what we have seen so far and builds it
together. Due to the nature of the results about preservation of properties, we also
have to make sure that the initial distribution is compatible with the MTME we use
for minimization. How this can be accomplished is also shown.

Add artificial predecessors

We start with an arbitrary CTMC and use the construction from the beginning of Chap-
ter 3 to introduce an artificial predecessor to every state which previously did not have
any. Now that we know MTME we can see that it is essential for every such state to
have a new artificial predecessor. If there were only one, this would interfere with the
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construction of MTME as all such states would be trivially in the same equivalence
class as long as they share labeling and exit rate.

Ensure compatibility between initial distribution and MTME

In a next step we have to prepare the CTMC in such a way, that the MTME we compute
with the minimization algorithm is compatible with the initial distribution. We do
not have to know the exact initial distribution, but rather which states are potentially
initial, i.e. might be assigned a non-zero probability by the initial distribution. We
simply add a unique label to every state which is (potentially) initial. This way these
states will each be in an equivalence class of their own and trivially the MTME is
compatible with the initial distribution.

Running the minimization algorithm

Now we can run the minimization algorithm on this CTMC. The resulting MTME is
then used to compute the quotient under MTME. It is sometimes possible to run the
algorithm again on the quotient and get an even better minimization.

Model checking on the quotient

The quotient can now be used for model checking of the preserved properties. We will
now argue the correctness of this workflow. Specifically, that all conditions are satis-
fied so that timed reachability in an original CTMCM is preserved in the quotientMq

resulting from this workflow.
We have seen that the algorithm is correct (Thm. 5.1) and argued that the resulting
MTME is also compatible with the initial distribution. Furthermore Thm. 3.2 tells
us thatM andMq are equivalent under MTME. Equivalence between CTMCs is ex-
actly the precondition of Thm. 4.4 from which we can conclude that Prν(♦≤tϕ) =
Prνq

(♦≤tϕ) where ν and νq are the initial distributions ofM andMq. So we can check
timed reachability on the quotient instead of the original CTMC.
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search(k)
If R[h] = h, print the current solution and return.
Set prevCoF irst← coF irst.
Set prevCoLast← coLast.
If coF irst = coLast,

Choose a column object c from the uncovered columns.
Cover column c.
CO[coLast]← GH [c]; coLast← coLast+ 1.
For each r ← D[c], D[D[c]], . . . , while r 6= c,

currentGroup← Group[r].
searchRow(r);

Else
Choose column object c← SR[CO[coF irst]].
Cover column c.
Set gh← GD[c][currentGroup].
For each r ← GD[gh], GD[GD[gh]], . . . , while r 6= gh,

searchRow(r);
Endif.
Uncover column c and return.
Set coF irst← prevCoF irst.
Set coLast← prevCoLast.

searchRow(r)
set Ok ← r;
for each j ← R[r], R[R[r]], . . . , while j 6= r,

cover column C[j].
CO[coLast]← GH [C[j]]; coLast← coLast + 1.

search(k + 1);
set r ← Ok

for each j ← L[r], L[L[r]], . . . , while j 6= r,
uncover column C[j].

Figure 5.9: Modified Dancing Links.
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Chapter 6

Case studies

This chapter examines the performance of MTME and especially of the minimization
algorithm with the help of two case studies. The first case study, modeling a simple
peer-to-peer protocol, can be seen as a worst case scenario. It cannot be minimized
beyond bisimulation using MTME and it has a long runtime. In contrast to this, the
second case study is a good fit for minimization by MTME and can achieve reduction
rates of 20 to 40 percent compared to bisimulation. It runs considerably faster than
the first case study. It models a physical supply process in which arriving products
are stored and then processed in a last-in first-out fashion. The processing can have
different results depending on the type of product.

Prototype implementation

We use a prototype implementation of the algorithms from Chapter 5 written in Java.
Specifically it uses Algorithm 1 and the modified Knuth’s Algorithm X for Part 5. All
described optimizations were implemented.
The prototype uses as an input format the plaintext representations of CTMCs which
can be exported by the PRISM model checker. A PRISM model can contain excessive
labeling which hinders minimization. So for each input a small piece of program code
can be written which maps the labeling used in the PRISM model onto a new labeling
which only contains those atomic propositions we are interested in.
Before we can use Algorithm 1, we have to make sure that every state has at least one
predecessor. This is done using the construction from the beginning of Chapter 3.
All tests were done on an Intel Core2Duo running at 3GHz and a 64-bit Java VM. The
depth-first search lends itself to parallelization, but this was not implemented, and so
only one core of the processor is used.

6.1 Case study 1: Simple peer-to-peer protocol

This case study models a simple peer-to-peer protocol as a CTMC and has been taken
from the PRISM model checker website [PRI09]. It has already been studied with re-
gards to symmetry reduction in [KNP06] and bisimulation minimization in [KKZJ07].
It works like Bittorrent (cf. [Coh03]): A file is cut into k pieces, which are initially only
possessed by a single client. Each one of n additional clients wants to download all

67



pieces. The labeling consists of atomic propositions donei being present when in the
respective state client i has already received all pieces.
We study two instances of the protocol: P2P2,4 where n = 2 and k = 4, which has 256
states and 1025 transitions, and P2P2,5 where n = 2 and k = 5, which has 1204 states
and 5121 transitions.
We first examine P2P2,4. One state of the CTMC has no predecessor, so we have to in-
troduce one new state and one new atomic proposition, bringing the number of states
to 257.
The maximal bisimulation of this CTMC has 35 equivalence classes. Using Algo-
rithm 1 to compute the bisimulation, by taking the trivial solution in every iteration,
takes 588ms. Since this introduces unnecessary overhead a normal implementation of
partition refinement for bisimulation can be estimated as being one order of magni-
tude faster.
In comparison, the prototype needs 1h13min of cpu time for the computation of the
maximal MTME, which has 35 classes as well. This is about a factor of 2200 slower.
We now analyze a run of Algorithm 1 on P2P2,4 in order to identify which part of the
algorithm contributes which fraction of the runtime.
The initial partitioning results in 5 classes and does effectively not contribute to the
runtime with less than 10ms.
Table 6.1 contains in each row an invocation of the modified Algorithm X. It contains
the size of the class Cold we split. This class induces subclasses which are split into
classes again. The table contains their cardinalities before and after preprocessing. We
can see that preprocessing works reasonably well, especially when considering the re-
duction in the number of classes.
The resulting numbers of new classes are low compared to the cardinality of Cold,
which is expected of a CTMC which is easily minimized by bisimulation.
The number of visited nodes in the search tree and the time the search took are quite
interesting. All but one invocation are quite fast with visited nodes at most in the thou-
sands and runtimes of only a few milliseconds1. One invocation however dominates
the runtime of Part 5 with 128 million visited states and 1h15min runtime2. In fact, it
dominates the whole algorithm.

P2P2,5 shows exactly the same picture as P2P2,4. The runtime of the whole algo-
rithm is in excess of 24 hours cpu time, after which the run was aborted. This large
runtime is again caused by a single invocation of the modified Algorithm X, which
could be shown by aborting just this search after a number of iterations. The rest of
the algorithm then has a runtime of less than 30s.
When we have a look at the structure of the CTMC in this case study, we see that each
state basically corresponds to a bit-vector where every bit represents a piece which
has been received by a client. Every state has all states as a predecessor where the cor-
responding bit-vector contains one bit less which is 1. So the number of predecessors
is large for most states. Also the initial partitioning puts all but a few states into one
equivalence class which then has to be split. These two circumstances contribute to

1Millisecond accuracy is possible nowadays in Java. Still, the values in Fig 6.1 only represent the
minimum runtime of three runs in order to minimize the effect of background activity on the test sys-
tem.

2This is wall time in contrast to the 1h13min cpu time for the whole algorithm.
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before after
preprocessing preprocessing # new visited runtime

|Cold| #classes #subcl. #classes #subcl. classes nodes in ms
1 79 25 1200 16 1020 9 128·106 4.5·106

2 100 22 1158 7 748 7 1184 51
3 42 7 354 4 276 4 169 5
4 24 22 504 6 112 3 3347 7
5 24 5 216 2 108 2 106 2
6 24 12 324 2 108 2 21 3

Table 6.1: Invocations of Part 5 for P2P2,4.

the high number of states which have to be visited.
The results suggest that the MTME minimization algorithm, at least in this version,
cannot be used blindly without risking an explosion in runtime. Modifying it in a way
which bounds the runtime of the search, e.g. as proposed in Section 5.2.2, seems to be
a better choice.

Apart from the runtime, we are also interested in memory consumption. The mem-
ory consumption is estimated using the peak memory consumption of the Java pro-
cess and subtracting from it the peak memory consumption of a Java process solving
a problem instance with only 1 state. Using this method we get a peak memory con-
sumption of 121Mb for P2P2,4 and 340Mb for P2P2,5. Although taking just these two
data points is a weak base for conclusions, they hint into the direction that in the av-
erage case we might not have to deal with memory requirements exponential in the
number of states.

6.2 Case study 2: Last-in first-out supply process

This case study models a system in which a product arrives, is stored in a stack-like
(last-in first-out) fashion and is then processed. Physical storage in such a way has a
number of advantages over a first-in first-out, queue-like, system. Among them are
that it needs less space, since storing and retrieving a product can be done from the
same side. So only room for access from one side to the storage area is needed.
The products in the stack are differentiated by type, for example by supplier, and we
know at which rate each type arrives. The processing can have different results, this
could for example be different qualities which are only discovered when processed,
and the probability of these outcomes depends on the type. The space in the stack is
limited and we also model the event that the stack becomes full.
One property we could be interested in is the probability to process only products
of inferior quality for a certain amount of time. This can be important if in another
process, which we have not modeled, this results in running out of raw materials of
appropriate quality.
This model is suited for MTME since the type of product which arrives does not be-
come relevant for the observable behavior of the system, i.e. timing and labeling, until
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the product is processed. So MTME can abstract from the concrete configuration of
the stack and move the decision which specific type of product arrived to a later point
in the CTMC.

For the formalization as a CTMC we stick with the terminology of a stack of prod-
ucts which is processed with varying results. We write a stack of size n as a sequence
(p1, . . . , pn) where the top of the stack is pn. If numTypes is the number of types,
pi ∈ {1, . . . , numTypes}. The maximal size of the stack is given by stackSize. The
empty stack, i.e. n = 0, is denoted by ε.
We have three kinds of states:

• Stack states s(p1,...,pn) where (p1, . . . , pn) is the configuration of the stack. They are
labeled with the empty set.

• Result states ri,(p1,...,pn) where i is the result and (p1, . . . , pn) the stack they will
return to. They are labeled with {resulti}. The number of results is given by
numResults.

• sfull is the state which indicates that the stack was full while a product arrived.
It is labeled with {full}.

The rates of transitions are determined by two functions and one constant:

• ratea gives the arrival rate for every type of product:
ratea : {1, . . . , numTypes} → R≥0. The sum of these rates is denoted by arrivalRate.

• Results depend on the type of product:
rater : {1, . . . , numTypes} × {1, . . . , numResults} → R≥0. Every product has
the same rate processRate at which it is processed, so

∑numResults
j=1 rater(i, j) =

processRate for all i ∈ {1, . . . , numTypes}.

• The rate to return from a result is constant and given by ratereturn.

A stack state s(p1,...,pn) has a transition to ri,(p1,...,pn−1) with rate rater(pn, i) for all
i ∈ {1, . . . , numResults}. If the stack has maximal size, i.e. n = stackSize, it has a tran-
sition with rate arrivalRate to qfull. Otherwise it has a transition to s(p1,...,pn,i) with rate
ratea(i) for all i ∈ {1, . . . , numTypes}. A result state ri,(p1,...,pn) goes with rate ratereturn

to s(p1,...,pn).

An example can be seen in Fig. 6.1. The labeling has been omitted from the figure
in order to make it more readable. r1,ε is labeled with {result1}, r2,ε with {result2} and
sfull with {full}. All other states have the empty set as label.

An instance of this case study is identified by maximal stack size and the number
of product types and results. We denote it by LIFOstackSize,numTypes,numResults. ratea and
rater are determined randomly by first choosing each function value uniformly from
[0, 1] and then normalizing to arrivalRate or processRate respectively. This way, the
minimization results are unlikely to be skewed by any unwanted structure of the rates
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Figure 6.1: LIFO1,2,2 and its minimization.

in contrast to manually choosing them.

Table 6.2 shows the minimization results for different parameters. It compares the
minimization using bisimulation to the one that can be achieved using MTME and a
repeated application of MTME. Bisimulation does not achieve any minimization for
any of the CTMCs while MTME can achieve minimization between 20 and 40 percent.
The minimization is several orders of magnitude faster for the same number of states
compared to the first case study. The time given for repeated minimization is the total
time, i.e. it includes the time for the first run of the minimization algorithm.

bisimulation MTME repeated MTME
#states #classes factor time #classes factor time #classes factor

LIFO3,5,3 249 249 1 .88s 199 .80 1.03s 199 .80
LIFO4,5,3 1249 1249 1 33.5s 749 .60 34.2s 749 .60
LIFO5,5,3 6249 6249 1 125s 4919 .79 222s 4899 .78
LIFO6,5,3 31249 31249 1 5427s 26784 .85 9960s 23579 .76
LIFO4,6,3 2332 2332 1 4.3s 1612 .69 8.7s 1612 .69

Table 6.2: Results of LIFO runs.

We can conclude from this case study that, contrary to the results of the first case
study, there exist system models where MTME can achieve substantially more mini-
mization than MTME in an acceptable runtime.
Repeated minimization using MTME does not always lead to better results, but also
should not be dismissed as in some cases it improves the minimization by up to 12
percent. In those cases where no further reduction was possible, the additional time
was spent establishing that a fixpoint had been reached. In all other cases a fixpoint
was reached in one additional run. This suggests that we do just one additional round
and not check if a fixpoint has been reached. This way we cut down on the runtime of
repeated MTME minimization.

In the first case study, one invocation of the algorithm for Part 5 hugely dominates
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the runtime of the whole algorithm and there are only a total of six invocations for
the smaller instance P2P2,4. This case study shows a completely different picture:
The smallest instance, LIFO3,5,3, which is comparable in size to P2P2,4, has already 59
invocations of Part 5 and none of the invocations dominates the runtime. The same
situation can be found in all other instances. For the larger ones, the runtime of in-
vocations ranges between a few milliseconds and a few seconds, where the latter are
rare. For LIFO4,5,3, which has a total runtime of 33.5s, these invocations amount to
27 seconds. For the same instance, checking for wr-consistency in Part 2 takes 0.4 sec-
onds and splitting the subclasses in Part 4 5 seconds. Also for these parts we have
many very short runtimes and a few longer ones.

The memory consumption has again be approximated by the peak memory con-
sumption of the java process. Although this is not an optimal measure, it still is a solid
upper-bound for the memory consumption of the algorithm.
LIFOi,5,3 for i = 3, 4, 5, 6 have memory consumptions of 253MB, 458MB, 490MB and
916MB. Each of these CTMCs has about 5 times more states than the previous one. So
this data strongly suggests that the rise in memory consumption is at most linear in
the number of states.
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Chapter 7

Conclusion

In Chapter 3, after informally describing the original Markovian testing equivalence
(MTE) developed by Bernardo, we translated a characterization of it to CTMCs with
the help of cylinder sets. Unfortunately, it turned out that MTE is not suitable as a min-
imization relation, as it does not put all states into relation which should be merged.
The problem is that MTE is originally an equivalence between two states and not an
equivalence relation on the state space. So it does not explicitly define what happens
deeper into the CTMC, where we need to put sets of states into relation with each
other in order to get a minimization relation.
We solved this problem by developing Markovian testing minimization equivalence
(MTME). We managed to avoid an equivalence relation on the power set of the state
space 2S by splitting each equivalence class into subclasses. In other words, we were
able to limit the equivalence relation on 2S to single equivalence classes. For MTME it
was then possible, in contrast to MTE, to define a quotient CTMC and thus minimize
the original CTMC.
In preparation to show which properties are preserved by the MTME quotienting con-
struction we defined equivalence under MTME between CTMCs and showed that
original CTMC and quotient are equivalent.
Furthermore, we compared MTE and bisimulation with the result that mt-equivalence
implies bisimilarity but not every bisimulation is an MTE. In other words, when com-
paring two states, MTE is stronger than bisimulation but this does not extend to the
equivalence relations on the state space. In contrast, every bisimulation is an MTME.
This is an important result, as our goal in this thesis was to develop a minimization
technique which can achieve at least as much state space reduction as bisimulation.
Also, we showed that MTME can be strictly coarser than bisimulation. So we do not
simply match the minimization potential of bisimulation, but can improve on it.

We investigated which properties are preserved by MTE and MTME in Chap-
ter 4. First, we argued, based on an example, that branching properties cannot be
preserved in general since the quotient under MTME modifies the branching struc-
ture of CTMCs. In fact, this modification is essentially the leverage point which allows
us to surpass the minimization potential of bisimulation. We then showed in several
steps that time-bounded reachability is preserved by MTME and argued that the proof
can be easily extended to time-bounded until. Time-bounded reachability is a prop-
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erty which is often used in real-world applications of model checking.
We developed a quotienting algorithm for MTME in Chapter 5, which is based on
partition refinement. The refinement step has to operate on 2S , so it becomes combi-
natorially more costly than the one known from bisimulation. Also, since there can be
multiple maximal MTME for any given CTMC, this algorithm has to include a non-
deterministic choice.
We could not only show correctness and termination of the algorithm, but also a result
which is similar to completeness. Namely, that for every CTMCM and MTME ∼ on
M, the algorithm can output an MTME which is coarser than ∼.
In Section 5.2 we presented an algorithm which heuristically determines a non-deter-
ministic choice in the quotienting algorithm, which promises a good reduction in the
state space. It is based on Knuth’s Algorithm X with Dancing Links, which had to be
heavily modified in order to include the additional constraints and a target function.
It had to be taken great care to not diminish the performance advantages of Dancing
Links.
An implementation of both algorithms served as a basis for two case studies, pre-
sented in Chapter 6. The model of a simple peer-to-peer protocol proved to be a worst-
case scenario. MTME could not achieve a reduction of the state space beyond the one
achievable by bisimulation. Also the runtime of the algorithm was several orders of
magnitude slower than bisimulation. The second case study showed that MTME can
achieve state space reductions that go beyond what is possible with bisimulation. The
quotienting algorithm still takes more time than the one for bisimulation but the run-
time for similarly sized instances is several orders of magnitude lower than in the first
case study. Most importantly we achieve state space reductions of 20 to 40 percent
more than bisimulation.

7.1 Further work and open questions

With time-bounded reachability we have already seen an important property which is
preserved by MTME. However it is desirable to identify more.
Metric temporal logic (MTL), as for example described in [OW08], seems to be a good
candidate, as it is a timed and probabilistic path logic. MTL can be defined using
continuous or pointwise semantics. Using pointwise semantics MTL formulae are in-
terpreted over timed words (A1, τ1)(A2, τ2) . . . where Ai ⊆ AP and τi ∈ R

+
0 , when

translated to CTMCs as used in this thesis. A timed word describes a path: Ai is the
labeling of the i-th state and τi the time which has passed until the i-th state is reached.
Timed words bear a certain resemblance to extended traces. MTE can be characterized
as extended trace equivalence; while with MTME we have to take greater care and
compare subclasses, it is essentially also extended trace equivalence. This suggests
that MTL, at least using the pointwise semantics, is preserved by MTE and MTME.
We can also look at it from a different angle: We have seen that the minimization po-
tential of MTME stems from modifying the branching behavior of the CTMC. MTL
formulae however do not examine branching behavior, so this suggests as well that
MTL might be preserved by MTE and MTME.
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Bernardo shows in [Ber07a] that stationary probabilities are preserved by the original
version of MTE. It is likely that this extends to MTE and MTME on CTMCs as pre-
sented in this thesis. This would be a very desirable result as it adds to the properties
which are preserved by MTME.

Additional open questions and avenues for further work include:

• Should the need arise, extending MTME to CTMCs with actions should be straight-
forward. In fact, Bernardo defines his Markovian testing equivalence on a pro-
cess calculus which has actions but no labeling.

• MTME has been constructed as the best possible translation of MTE to an equi-
valence on the state space. It might be possible to define a reduced version of
MTME which cannot achieve the same reductions but is easier to compute. Sim-
ilarly the algorithm tries to compute the best possible MTME in terms of reduc-
tion. By giving up the demand that an algorithm should be able to compute all
MTMEs and instead concentrating on easily computable ones, we might be able
to drastically improve on the runtime.

• Incorporating MTME minimization into the generation of a CTMC is possible if
we can determine if all successors and predecessors of a state have been gen-
erated. In this case we can decide if two states can be merged right away. The
interesting question remains at which point we actually merge states, since merg-
ing too early can prevent minimization opportunities at a later point. So some
strategy would be needed to find an optimal time for the merging.
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