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Abstract Implementation relations, such as bisimulation, simulation or stutter bisimulation,
play a central role in terms of the verification of a finite model of a hard- or software sys-
tem. They enable the computation of a minimal quotient system, which preserves desired or
relevant properties (specified for example by CTL*-formulae) of the original system, and
furthermore, the comparison of (originally) huge systems in an efficient (regarding time
and space complexity) way. In 2009, Francesco Ranzato and Francesco Tapparo published
a paper [6] that is concerned with the so-called stutter simulation relation. This relation is
a weaker variant of the simulation relation and allows the computation of a quotient that
preserves a large fragment of the temporal logic LTL and hence, certain properties of the
original system. The aspects dealt with in this paper form the basis of this bachelor thesis,
where we recess but also leave several matters unconsidered and introduce new, indepen-
dent concepts.

Zusammenfassung Implementationsrelationen, wie beispielsweise Bisimulation, Simula-
tion oder stotter Bisimulation, spielen eine zentrale Rolle hinsichtlich der Verifikation eines
endlichen Modells eines Hard- oder Softwaresystems. Sie ermoglichen die Berechnung
eines minimalen Quotientensystems, welches gewiinschte oder relevante Eigenschaften (spez-
ifiziert durch bspw. CTL*-Formeln) des Ursprungssystems erhilt, sowie den Vergleich (ur-
spriinglich) grosser Systeme auf effiziente (im Sinne von Zeit- und Platzaufwand) Art und
Weise. Francesco Ranzato und Francesco Tapparo brachten 2009 eine Arbeit [6] heraus, die
sich mit der sog. stotter Simulationsrelation auseinandersetzt. Diese stellt eine abgeschwéchte
Variante der Simulationsrelation dar und erlaubt die Berechnung eines Quotienten, der
einen grossen Teil der temporalen Logik LTL und damit bestimmte Eigenschaften des ur-
spriinglichen Systems beibehilt. Die in dem genannten Werk dargestellten Aspekte stellen
die Grundlage dieser Bachelorarbeit dar, in der wir einige Inhalte vertiefen, andere aber
auch vorldufig aufier Acht lassen und neue, eigene Erkenntnisse hinzufiigen.
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1 Introduction

In some cases computing solutions for certain problems is impossible or takes far too long,
maybe even years or centuries. In this work, we focus on computable model checking
problems to automatically prove if a created system model in form of a kripke structure
exhibits a certain type of behavior in several specified cases, e.g. an elevator software that
should run infinitely long. Such models can be very huge, i.e. great state space, or even
infinite, and thus require a lot of time and space to be (fully) examined. Hence, the job is to
find a (efficient) way to reduce its size, such that no significant” information concerning its
behavior gets lost.

(Stutter bi-) Simulation defines a binary relation on given kripke structures, i.e. graphs with
nodes and edges and several properties. In this case, we are talking about transition systems
that describe the behavior of a piece of hard- or software, formally TS = (S, Act, —,1, AP, L).
The nodes are interpreted as the states s € S of the modeled system and each of those
states is labelled by several atomic propositions a € AP that are either true or false in the
specific state. The edges are called transitions, usually labelled by some action 7 € Act,
which intuitively describe what actions the system can execute in the current state. Hence,
a transition system is a mathematical model that represents a certain system. The (bi-)
simulation relation compares the states of one (or two) transition system with respect to
their linear- or branching-time behavior. If a state s can mimic all behaviors of a state s’ then
s can simulate s’. If the reverse also holds then s and s’ are bisimulation equivalent.
Simulation and bisimulation define 'strong’ relations on state transition systems, which
means that all possible behavior patterns from the depicted states onwards are compared.
The stuttering variant requires less strict conditions to identifying two states as 'stutter
similar” or ‘stutter bisimilar’, since it focusses on outer or observable behavior, i.e. changing an
equivalence class of states, and ignoring transitions that do not perform visible steps, where
the system stays in one and the same equivalence class.

Those binary relations on transition systems, called implementation relations, refer to the state
labels € AP and enable the possibility to ‘correctly” minimizing transition systems. Since
each of those systems models selected properties that are formally describable by temporal
formulae, correctly minimizing requires some sort of language preservation, such that the
(hopefully) smaller transition system is similar or even equivalent to the refined, original
one. The preservation of temporal logics is therefore of great importance in model checking
considerations. The language analyzed in this thesis is named Linear Temporal Logic (LTL).
It will turn out that the truth value of a large fragment of LTL formulae is preserved if the
system is minimized according to the stutter simulation equivalence. Furthermore, the stutter
simulation preorder will be defined. Algorithms to compute the stutter simulation quotient of a
given finite transition system and to check whether one transition system is stutter similar,
i.e. an abstraction, to another one will be presented and are based on the approaches of
Ranzato and Tapparo [6]. However, the action labels of the transitions are ignored in this
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work but, according to the authors, the provided definitions, theorems and algorithms can
be transformed for such considerations.



2 Preliminaries

In this chapter an overview of the current approaches in theoretical affairs, such as minimiz-
ing and comparing finite transition systems over a set of atomic propositions in the sense
of equivalence of states, is provided.

Afterwards, the basic mathematical tools and notations! are defined which will be used
throughout the whole thesis and can be skipped if the reader is already familiar with the
approaches in model checking by Baier and Katoen [1].

2.1 State of the Art

Today’s approaches exhibit several algorithms to compute simulation and (stutter) bisimu-
lation quotients, i.e. minimized systems, for finite transition systems in an efficient way [1,5].
Baier and Katoen [1] developed an algorithm to compute the stutter bisimulation quotient
TS/~ for a finite transition system TS = (S, Act, =, I, AP, L) that runs in time O(|S|- (|AP|+ M)),
where M defines the number of edges in TS and assuming that M > [S|. This allows to al-
gorithmically checking whether two transition systems are stutter bisimulation equivalent
(stutter bisimilar in short), i.e if TSy = TS;. Secondly, towards minimizing a transition sys-
tem and preserving the next-free fragment of the languages CTL and CTL*, namely CTL\
and CTL* 5, a version of stutter bisimulation, called divergence-sensitive stutter bisimulation,
is defined. The resulting quotient TS/ ~4 can be computed in time O((|S|+M)+|S|- (|AP|+M))
(with the same assumptions as for quotienting without divergence sensitivity). The simula-
tion preorder < is a non-symmetric implementation relation, which induces an equivalence
relation, the so-called simulation equivalence ~. Following Baier and Katoen, the quotient
transition system TS/~ can be obtained in time O(M - |S| +|S|-|AP]), where the universal frag-
ment of CTL", formally YCTL", is preserved. However, the stuttering notion of simulation is
rudimentary explored and we will provide the fundamental components

2.2 Linear Temporal Logic

In the literature there are several models defined to describe the behavior of a certain system.
The particular one used throughout this thesis is called a transition system, which basically
consists of states connected via transitions. States are used to model all relevant informations
about the examined system at a certain moment of its behavior and are labeled by atomic
propositions that enable to evaluate formulae of temporal logics. Transitions describe how
the system can evolve from one state to another and are often equipped with action names
to model communication between processes. However, in this thesis we will ignore the
labeling of transitions.

1 All definitions, notations and explanations are taken from or based on Baier and Katoen [1] (20, 23, 95ff, 231ff).
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DerFINITION 2.2.1 ( TRANSITION SYSTEM (TS) )
A transition system TS is a tuple (S, Act, —,1, AP, L) where

e Sis a set of states,
e Actis a set of actions,

e —»C S X Act X S is a transition relation,

I C Sis a set of initial states,

AP is a set of atomic propositions, and
e L:S — 247 s alabeling function. [

A transition system is finite if S, Act and AP are finite.
The following definitions allow to refer to a particular state or to specify certain properties
of a transition system.

DEFINITION 2.2.2 ( DIRECT SUCCESSORS )
Let TS be a transition system over AP and s a state in S. The set of direct successors of s is
defined as

Post(s) ={teS|s—>t} [ |
A state t € S is a direct successor of s if s has an outgoing transition that leads to .

DeFINITION 2.2.3 ( TERMINAL STATE )
State s € S is called terminal if and only if Post(s) = 0. ]

A state is a terminal state if it has no direct successor, e.g. to represent the termination of the
modeled system.

DeFINITION 2.2.4 ( PATH FRAGMENT )
Let TS be some transition system.

e A finite path fragment 7t of TS is a finite sequence sps...s, (n > 0), such that s; €
Post(s;—1) forall 0 < i < n.

e An inifinite path fragment 7 is an infinite sequence sgs1s;..., such that s; € Post(s;_1)
foralli> 0. n

DEeFINITION 2.2.5 ( MAaxiIMAL AND INITIAL PATH FRAGMENT )
Let TS be some transition system.

o A maximal path fragment is either a finite path fragment that ends in a terminal state,
or an infinite path fragment.

e An initial path fragment starts in an initial state, i.e. 59 € I.

e The set of maximal path fragments starting in state s is denoted by Paths(s). ]
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Note that if a transition system has no terminal states then all maximal path fragments are
infinite.

DEFINITION 2.2.6 ( PATH )

A path of a transition system is an initial, maximal path fragment. [

DEeFINITION 2.2.7 ( TRACE AND TRACE FRAGMENT )
Let TS be some transition system without terminal states.

e The trace of the finite path fragment 7t = sps1...s, (n > 0) is defined as trace(ft) =
L(so)L(s1)...L(sp).

e The trace of the infinite path fragment 7 = sps1s;... is defined as trace(mr) =
L(sg)L(s1)L(s2)....

o The set of traces emanating from state s is denoted by Traces(s) = trace(Paths(s)).

o The set of traces of the initial states of T'S is denoted by Traces(TS) = | Jsc; Traces(s).
n

A trace of a (finite or infinite) path fragment sps;s;... is the (finite or infinite) sequence of
atomic propositions that are valid in the states of the path, i.e. a word over the alphabet 247.
We will now give a short definition of the syntax and semantics of LTL,, formulae and how
they are interpreted over transition systems.

DEFINITION 2.2.8 ( SYyNTAX OF LTL\(y )
LTL\ formulae over a set AP of atomic propositions are formed according to the following
grammar:

pu= true | a | ¢p1Ap2 | -9 | p1Uge
where a € AP. -

The until operator allows to derive the temporal modalities ¢ ("eventually”, sometimes in
the future) and O ("always", from now on forever) as follows:

O@ :=true U ¢ Op = =0 -¢

Each LTL\ formula ¢ stands for a certain property, a so-called LT property, of paths (or in
fact their trace), such that a path can either fulfill ¢ or not. If a path satisfies formula ¢ then
the corresponding trace exhibits the linear-time behavior specified by ¢. We will first give
the semantics of LTL\ formula ¢ as a language Words(p) C 24P. Then, the semantics is
extended to an interpretation over paths and states of a transition system.

DEFINITION 2.2.9 ( SEMNATICS OF LTL\( (INTERPRETATION OVER WORDS) )
Let ¢ be an LTL\(, formula over AP. The LT property induced by ¢ is

Words(p) = {a € (ZAP)CU lokE ¢ },

where the satisfaction relation = C (247)® x LTL is the smallest relation with the properties
in Figure 2.1. ]
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o E true

c E a iff aeAp(ie., Ay FEa)

o E @iNey iff oE@randokE @

o E - iff ol

o E oiUgy iff Jj>0.0[j..]E¢prandoli..] E ¢, forall0<i<j

Figure 2.1: LTL semantics (satisfaction relation k) for infinite words over 247
Here, for 0 = AgA1A;... € 247)®, o[j...] = AjAj11Aj40... is the suffix of o starting in the (j+1)st
symbol A;.

DerFINITION 2.2.10 ( SEMANTICS OF LTL OVER PATHS AND STATES )
Let TS = (S, Act,—,1, AP, L) be a transition system without terminal states, and let ¢ be an
LTL-formula over AP.

¢ For infinite path fragment 7 of TS, the satisfaction relation is defined by
nkE@ iff trace(n) E .
e For state s € S, the satisfaction relation  is defined by
sE@ ifft (Ym € Paths(s). m E @).

e TS satisfies ¢, denoted TS k= o, if Traces(TS) € Words(¢p) [

Thus, transition system T'S satisfies a certain formula ¢ € LTL\¢, if and only if 5o = ¢ for all
initial states sy of T'S.
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In this chapter the stutter simulation relation is defined and we will prove that the coarsest
stutter simulation is a preorder. Later we will see that by applying the notion of the stutter
simulation preorder, it can easily be shown wether one transition system is a correct abstrac-
tion—in the sense of stutter simulation—of another one.

Furthermore, the definition of the stutter simulation equivalence is given, which is the symmet-
ric reduction of the stutter simulation preorder and essential to algorithmically reducing the
state space of a certain model. Afterwards, the resulting (hopefully smaller) quotient system
will be defined and presented.

Last but notleast, a short comparison of stutter simulation and stutter bisimulation is offered
to the reader.

3.1 Stutter Simulation Preorder

We already learned that simulation defines strong relations on transition systems, whereas
stutter simulation imposes less strict conditions on a state to being able to stutter simulate
another one. Nonetheless, both versions are preorders that identify states of a given model
TS = (S,Act,—,1, AP, L) which—in some way—exhibit similar behavior. For simulation, a
state s; € S can be simulated by a state s, € S, if they are (1) labeled with the same set of
atomic propositions in AP and (2) if s, can mirror every possible step of sj, i.e. for each
successor ] € Post(s1) there must exist at least one transition s, — ), such that s/ can
simulate s} [1]. In this case, s can mimic each stepwise behavior of s;—and maybe even
more—and is therefore at least as power ful as s;. However, the reverse is not guaranteed.
Stutter simulation requires basically the same conditions, though the second one is not as
strict. Whenever s has a successor si € Post(s1) that is not stutter simulated by s,, state s, must
be able to reach a state sé that stutter imitates s’, via a finite path fragment szul...unsé, nz0,
where all states u; stutter simulate s;. Roughly speaking, this condition requires that every
visible behavior of s1 (i.e. s] € Post(s1) and s] is not stutter simulated by s;) is mimicked by
sy, possibly by performing some invisible steps uj...1;, in between.

This leads to the following formal definition of stutter simulation for a pair of states of a
single transition system.

DerFINITION 3.1.1 ( STUTTER SIMULATION )
Let TS = (S,Act,—,1,AP,L) be a transition system. A stutter simulation for TS is a binary
relation R on S such that for all (s1,sp) € R:

(1) L(s1) = L(s2).

(2) If si € Post(s1) with (si,sz) ¢ R, then there exists a finite path fragment suy...ups5,
n > 0, where (s1,u;) € Rforalli e {1,...,n} and (si,sé) eR.
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A state s1 can be stutter simulated by a state sy (or, equivalently, s, stutter simulates s1),
denoted s1 <rg s, if there exists a stutter simulation R for TS with (s1,s;) € R. ]

Since a state s, cannot be a candidate to stutter mimic the behavior of a state s if they do not
have the same labeling, the first condition is natural. The second one requires the following:
Assume si to be a successor of s1, which is not stutter simulated by s,. For each such s,
state s, must exhibit a finite path that leads to a state sé that stutter imitates si and where all
intermediate states stutter simulate s;.

For state s, let StSimrs(s) denote the stutter-simulator set of s, i.e. the set of states that stutter
simulate it:

StSimys(s) = {8’ € S|s <75 &' ).

Figure 3.1 illustrates this concept.

|

So ) {a} State s; \ StSimTs(s;)
/ l \ So {s0}

0 (s sa ) (b} (56 ) (b) 51 {5155 )
52 {s0,52,53}

J J J $3 {s0,52,53}
@) | ()0 (7)) . {i15,4si}
\\ ( ) U S6 { 54,56 }

%) (a] sy {50,52,53,57 }

Figure 3.1: Stutter Simulator Sets

The notion of stutter simulation for a pair of states (s1,s2) of a single transition system can
be adapted to one for pairs of transition systems (T'S1, TS>) in order to check wether TS, is
a correct abstraction of TS;:

If every initial state of TSy can be stutter matched by an initial state of TS;, then T'S; stutter
simulates TS; and hence TS; can be represented by TS, in a (hopefully) more abstract
manner (smaller state space).

DeFINITION 3.1.2 ( STUTTER SIMULATING TRANSITION SYSTEMS )

Let TS; = (S;, Act;,—;,1;,AP,L;), i = 1,2, be two transition systems over the same set of
atomic propositions AP. A stutter simulation for (TS1,TS;) is a binary relation R € S; X S»
such that

(A) VYsy € 1. sz € Ir. (s1,52) € R).
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(B) For all (s1,52) € R the following conditions hold:
(1) L(s1) = L(s2).

(2) If si € Post(s1) with (si, s2) ¢ R, then there exists a finite path fragment syu1...1448),
n > 0, where (s1,u;) € Rforalli e {1,...,n} and (si,sé) eR.

Transition system TS; can be stutter simulated by transition system TS, (or, equivalently,
TS, stutter simulates TS7), denoted TS; < TS, if there exists a stutter simulation R for
(TS1,TSy). m

TS; must be able to perform each stepwise behavior of TS; in a stuttering manner. Since
every possible path in a transition system starts in one of its initial states, it is reasonable
that each s; € I of the more detailed system model (TS1) is matched by an initial state in
the more abstract one (TS;). Hence, Definition 3.1.2 requires that each state s; € I; of TS;
can be mimicked by at least one state s, € I of TS, such that (sq,s2) € R.

Note that the stutter simulation relation of pairs of states (sq, s2) of a single transition system
TS can be obtained from the above definition. First s; is declared as the unique initial state
of TS and the thus obtained transition system will be denoted by TS;,. Afterwards, this
procedure is repeated for s, to get TS;,. It immediately follows that s; <rs s7 if and only if
TSs, < TSs,.

On the other hand, if we take the disjoint union TS; @ TS, = TSy of TS and TS,, then TS;
is stutter simulated by TS, if each initial state of TS; is stutter simulated by an initial state
sp of TSy in TSy 5. Consequently, the union leads to one single transition system, such that
we have TS; < TS; if and only if s1 <rs,, sz for all s; € [; and some s; € I.

ExamprE 3.1.1 ( STUTTER SIMULATING TRANSITION SYSTEMS )

Consider Figure 3.2. The transition system on the left is denoted by TS, the one on the
right by TS;. Each of them exhibits a single initial state, s; and #;, respectively. There exists
a stutter simulation R for (TS, TS»):

R = {(s1,t1), (52, t2), (83, t2), (52, t3), (54, t4)},

and thus s; is stutter simulated by t;. Path fragment 515, can be mimicked by TS, in the
obvious way, i.e. t; — t;. Hence, by Definition 3.1.1, for the tuple (s, t;) there must exist a
stutter simulation: Observe that sy is the only direct successor of s, which cannot be stutter
simulated by f,: s, — s4 is matched by t, — t3 — t4, where t3 and t4 stutter simulate s, and
s4, respectively. Hence, (s, t3), (s4,ta) € R. (Note that L(s4) = L(t4) and the only transition of
s4 is a self-loop, which leads directly to the fact that sy < t4.) Thus, TS; < TS».

The reverse, TS; < TSq, does not hold, since there exists no state s € S, that stutter simulates
ty. |

LemMA 3.1.1 ( STUTTER SIMULATION ORDER X IS A PREORDER )
For a fixed set of atomic propositions AF, the relation < is a preorder.

Proor Recall that a binary relation R on some set N is a preorder, if it is (1) re flexive and (2)
transitive.
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s1 ) {a} t1 ) {a}
! |
(52 ) {b} ta ) (b} Il ts ){c)
/ \ J /
s3 ) {b) (84 ) {c} Cl t3 | {b}

Figure 3.2: Stutter Simulating Transition Systems

Clearly, for each state s € S of a transition system TS, it holds that s < s. Hence, the
identity relation R;; = { (s,5) | s € S} is a stutter simulation for the pair (TS, T'S). Thus,
for any transition system TS, the relation < on (TS, T'S) is reflexive.

Assume TS; = (S;, Act;, —;,I;, AP, L;), i = 1,2, 3, to be three transition systems over the
same set of atomic propositions AP. Let R; » and Ro 3 be the stutter simulations for the
pairs (T'S1,TS) and (TS,, TS3), respectively. The relation Ry 3 := R;, o Ry 3 is defined
as follows:

Ri3 = {(s1,83) | Is2 € S2.(51,52) € Rip2 A (52,53) € Ro3).

We now prove that R; 3 is a stutter simulation for (T'S1, TS3):

Based on the assumption that R; » is a stutter simulation, for each initial state s; € I
there exists a state s, € I, with (s, s2) € Ry 2. Likewise, since Ry 3 is a stutter simulation,
there exists an initial state s3 in TS3 for every s, € I, such that (s, s3) € Ro 3. Hence, it
follows immediately that for all s; € I; there exists a state s3 € I3 with (s1,53) € Ry 3.
This shows condition (A) of Definition 3.1.2.

It remains to show that every (s1,s3) € R; 3 satisfies conditions (B.1) and (B.2):

(2.1) L(s1) = L(s3) is trivially satisfied, since by definition the pair (s1,s3) can only be
included in R 3, if there exists a state s, with (s1,s2) € R; 2 (which requires that
L(s1) = L(s2)) and (s2,53) € Rp3—where s, and s3 must have the same labeling
and thus L(s1) = L(s2) = L(s3).

(2.2) Let s; be a state such that (s1,s2) € Ry 2 and (s2,53) € Ra,3. For each s| € Post(s1)
one of the following two cases applies:

(2.2.1) (s7,52) € Ru2. Assume (s7,53) & Ry 3. Then (s2,53) ¢ Ry 3. Thisis a contradiction
to the assumption that (s, s3) € Ry 3. Thus, (s],s3) € Ry 3.

(2.2.2) (s],%2) ¢ Ri12 and there exists a finite path fragment SoU1...Upsy, 1 > 0, where
(sl,ul-) S Rl,Z foralli € {1,...,1”1} and (S&,Sé) S Rl,z. Since (52, S3) S R2,3, for
all s;, € Post(sy) either (s,s3) € Ra3 or there exists a finite path fragment
$301..UmSy, m > 0, with (s2,v;) € Ryp for alli € {1,...,m} and (s, sg) € Ro3z. In
both cases it follows: (s, 53) € Ry 3.
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Thus, the relation < is transitive. ]

LemMA 3.1.2 ( COARSEST STUTTER SIMULATION )
For transition system TS = (S, Act,—,1, AP, L) it holds that:

(1) <rs is a preorder on S.
(2) <rs is a stutter simulation on TS.

(3) <rs is the coarsest stutter simulation for TS.

Proor Let TS = (S, Act,—,I, AP, L) be a transition system and sy,s; € S.

The first claim was already proven in Lemma 3.1.1. The second statement can be seen as
follows: Assume s; <rs sp. By Definition 3.1.1, there exists a stutter simulation R, where
(s1,52) € R. Each pair of states in R must satisfy conditions (1) and (2), which indicates that
L(s1) = L(s2) and whenever there is a successor s} of s; with (s},s2) € R, then there exists a
finite path fragment SoU1...UnSy, 1 = 0, such that (s1,u;) € R i=1,..n and (s1,85) € R. Then
sa is stutter simulated by s/, i.e. si <rs ;. It follows that <rs is a stutter simulation on T.
For claim (3) assume that there exists a stutter simulation R on (TS, TS), such that (s1,s2) € R,
but s; £15 s2. Then either L(s1) # L(s2) or there exists no finite path fragment syu;...u,s;, with
the desired properties of condition (2) in Definition 3.1.1, if s € Post(s1) with (s},s2) ¢ R.
Both cases contradict the assumption that (sq,s2) € R. Thus, 51 <rs s is satisfied whenever
there exists a stutter simulation R containing (s1, s2) for all s1,s, € S and since <rs is a stutter
simulation, it follows that <7g is the coarsest stutter simulation. m

The remainder of this chapter is concerned with stutter simulating paths, which is especially
interesting if language preservation is considered, since for example the formulae of the
temporal logic LTL are interpreted over the paths of a transition system TS.

For simulation and bisimulation, two paths are statewise comparable and hence statewise
related to each other in the sense of bisimulation equivalence or simulation preorder. This
concept cannot be adapted to stutter simulating paths: The notion of stuttering allows us—
when identifying a state to stutter simulate another one—to match a set of states to one single
state. In this case the two associated paths cannot be statewise related. For example consider
Figure 3.2, where 711 = 51575454... = 5152(54)® is an infinite path in TS; (left), mp = t1tat3(ts)® is
an infinite path in TS, (right) and there exists a stutter simulation R, such that (s1,#1) € R.
Observe that t; and t3 both stutter simulate state s,. Thus, a statewise comparison of m;
and 7, is not sensible here. De Nicola and Vaandrager [3] solved this problem for stutter
bisimulating paths by partitioning the examined paths into certain segments, where each
state of the jth segment of 7; is stutter bisimilar to each state of the jth segment of 75, and
vice versa. For stutter simulating paths this leads to the following definition.

DeFINITION 3.1.3 ( STUTTER SIMULATING PATHS )

Let TS = (S, Act, —,1, AP, L) be a transition system and m; = 595152... and 12 = totit2... be two
(finite or infinite) path fragments. A segment is a (finite or infinite) path fragment of 7 or
1>, Then:
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3 Stutter Simulation

71 <TS T2

if and only if 711 can be partitioned as 71,071,171 2... and 12 as m072,172,2..., such that for all
i, segments 711; and 1, ; are both nonempty and every state in 711 ; is stutter simulated by
every state in 75 ;. [

The number of segments never exceeds the number of states on 711, since all segments are
nonempty and 711,071,171 2... is a partition, which leads to the fact that for each state s; on 7y
there exists exactly one segment that contains it.

ExampLE 3.1.2 ( STUTTER SIMULATING PATHS )

Let paths 711 and 7, in Figure 3.3 be infinite paths of some transition system TS. For each
state its labeling is indicated either above (in case it belongs to 71) or below (if it belongs to
Tip) its name. A dotted line between two states s;, t; indicates that s; is stutter simulated by
t; (Note that if two states have the same labeling, this does not necessarily yield that they
are related in the stutter simulation sense!). If the color of the dotted lines of two states s;, s j
(or t;, ) is equal, then they are in the same segment of the particular partition of the related
path.

0 0 {a} {a} {b} {c}

m — S — 81 — S8 —— 83 — 54 S5 —— -
- 1

~ ~
1

-

- .

- ~ ~
~

7_(2—)t04)tl;)tz—)t3ﬁ>t4—)t5—)t6;\)t7—)t8—)"

0 L (U

~ ~ 1

Figure 3.3: Stutter Simulating Path Fragments

The gray line is a special case: t; stutter simulates both s, and s3, but not s4 and has no direct
successor that stutter simulates s4. Thus, there exists a finite path fragment f,¢3 that leads to
ts, where sy <rs t4. Observe that, by definition of stutter simulating states, s3 must be stutter
simulated by all states on the path fragment t,t3, which is obviously the case (red dotted
lines). The problem is that it does not require (and therefore it does not assure) that t; and 3
stutter simulate s, too, and hence, they cannot be in the same segment as t;. Thus, although
s3 <rs t1, state s3 is not in the segment of states that are stutter simulated by #;.

Observe that 711 is stutter simulated by 71, (the blue line implies that the remaining infinite
parts of 711 and 7, can be correctly partitioned). Table 3.4 shows the partition for each path
up to the fifth segment. Note that—since the paths are infinite—the partitions might be
finite, such that the respective last segment is infinite. Each state in 7y ; is stutter simulated
by each state in 715 ;.

Now consider Figure 3.2 and construct TS = TS; ® TS,. Let 111 and 715 be two infinite paths
in TS, where 11 = 5152545454... and 1o = tytotstatitotats... . Then, there does not exist any
partition of 71 and 7o, such that m, <rs m1. This is because once the c-labeled state s; on
path m; is reached, it is never left again and since 7 is infinite and its only c-labeled state
t4 is visited exactly once, it follows that the paths cannot be partitioned in the desired way
and thus, 711 cannot stutter simulate 7. ]
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3.1 Stutter Simulation Preorder

Path Fragment of 7;
Segmentof ; i=1 i=2
700 SpS1 to
i1 S$2 t
UeP) S3 tots
T3 S4 tatstety
T4 S5 tg

Figure 3.4: Partitioning of Path Fragments

Definition 3.1.3 leads to the question whether it can be adapted to stutter simulating states,
ie. if sp <rs to, does this imply that for every path 71 € Paths(sg) there exists a path
11y € Paths(ty), such that 71; is stutter simulated by 7. And furthermore, if the response
is positive, what can we conclude concerning language preservation. In fact, the answer
is positive but considering some logic L, the so far defined standard variant of stutter
simulation imposes two problems on language preservation. The first one concerns formulae
containing the next-step operator O, whereas the second is related to the differentiation
between paths either exhibiting a certain property—the so called divergence-property—or
not. Observe the transition system TS given in Figure 3.5, which illustrates the two cases.

() () ()

—_— SO Sl 52 —_— tO EEmm—— tl

{a} {a {b} {a) {b}

Figure 3.5: Language Preservation vs. Stutter Simulation

Let L be the linear temporal logic (LTL, see Section 2.2), p1 = O band ¢ =true Ub =< b
be two formulae in LTL and observe that sy is stutter simulated by ty. @1 requires that each
direct successor of sy and t is labeled with b. State ¢; is the unique successor of ty and since
L(t1) = b, it follows that ty satisfies @1 (to = @1, for short). In contrast to that, sy does not
satisfy @1, since s; € Post(sp) and L(s1) # b. The problem is rooted in the definition of stutter
simulation, where sy may perform the step sp — s; but it does not have to be mimicked
by to, since s1 <rs to, and thus, sp might have some successor s, with L(s) # L(f;) for all
t, € Post(tp), and vice versa. Fortunately, this case can easily be fixed by simply restricting
to logics without the next-step operator, denoted L\c.

The second problem, however, is more complex and requires to define a new variant of
stutter simulation that we will call divergence-sensitive stutter simulation. Consider states sq
and tp, where s; is stutter simulated by fg. Formula ¢, requires that each path emanating
from s; and ¢y eventually reaches a state that is labeled by b. Clearly, ty = @2, whereas this is
not the case for s1, since path 71 = (s1)* € Paths(s1) and L(s1) # b. The consequence is that,

13



3 Stutter Simulation

although tj stutter simulates s1, they do not satisfy the same LTL\, formulae. This is caused
by the fact that path m; is divergent, i.e. only states are visited that are stutter simulated
by tp. In this case, there are no steps performed on 7; that are visible to ty and hence,
no steps that must be imitated by tg, since s; <rs tg is already valid. Thus, the standard
variant of stutter simulation does not distinguish between divergent and non-divergent
paths and consequently does not preserve LTL,. We will now give a formal definition of
the divergence-property and the divergence-sensivtive stutter simulation and we will show
that this variant preserves LTL\(.

DEeFINITION 3.1.4 ( R-DIVERGENT STATE, DIVERGENCE-SENSITIVITY )
Let TS be a transition system, R a preorder relation on S and sg, tp € S.

e 50 is R-divergent if there exists an infinite path fragment © = sgs1s5... € Paths(sp), such
that (s;, tg) € Rfor all i > 0.

o Risdivergence-sensitiveif for any (so, fg) € Rand each infinite path fragment 7 = s¢s15>...
with (s;, to) € R for all i > 0 there exists #, € Post(to) with (s;, t)) € Rforsome j>1. =

Roughly speaking this requires that whenever there is an infinite path fragment m emanating
from some state sy, then sy is R-divergent, if all steps performed on 7t are invisible to ty and
if there exists an infinite path starting in ¢y, where each state is R-related to infinitely many
states on 7.

DEeFINITION 3.1.5 ( STUTTER SIMULATION WITH DIVERGENCE )

Let T'S be a transition system and s1, s, be two states in S. Then: s; is divergent stutter simulated
by s, denoted s1 <‘%’é’ sy, if there exists a divergence-sensitive stutter simulation R for TS
with (s1,52) € R u

As in the case for <ts, one can prove that <‘%i;’ is a preorder on S and the coarsest divergence-
sensitive stutter simulation for TS. Since the proof is basically the same, the technical details
are omitted here.

ExampirE 3.1.3 ( STUTTER SIMULATION WITH DIVERGENCE )
Consider Figure 3.6. State t; is stutter simulated by sq, i.e. t; <5 s1, since there exists a
stutter simulation R that contains (¢, s1):

R = { (t1,51), (t2,52), (t2,83), (52, 52), (t3,54), (ta, s2) }

There exists, however, no divergence-sensitive stutter simulation for (¢, s1). This can be seen
as follows. Assume R’ is a divergence-sensitive stutter simulation for (t1,51) and observe
that ¢, is a direct successor of t; with L(s1) # L(t2). Obviously, s, is the only successor of s;
that is a candidate to divergent stutter simulate ¢, and we have to check whether (t,,s;) € R'.
From t; there emanates an infinite path 7 = ugujus... = (f2t4)”, where s, stutter simulates
u; for all i > 0. The condition for divergence-sensitivity requires that there exists a state
s;, € Post(sz) with (uj,s}) € R’, j > 0. State s, has two successors s3, s4, where s3 is the unique
one labeled by a. Then, the pair (1}, s3) must be contained in R’ for some j > 1. Note that if
uj <‘%ig s3, then (uy, s3) € R’ for all k > j and by definition there must exist some s} € Post(s3)
with 1; <%0 s/ for some I > k. But s3 has no such successor—L(s4) # a and s is the unique

TS 73
successor of s3—and we obtain that (ux,s3) ¢ R’ for all k > j and furthermore, (f2,52) ¢ R'.
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3.1 Stutter Simulation Preorder

l !

S
AN

Figure 3.6: t; <rs 51 but %dzv

Thus, there exists no divergence-sensitive stutter simulation R’ with (t1,s1) € R’. Note that
by introducing self-loops to states s3 and f3, we obtain that t; <’%1;’ s1. The corresponding
divergence-sensitive stutter simulation Ry;;, consists of the following pairs of states:

Raio = { (t1,81), (2, 52), (53, 83), (54, 54), (t2, 2), (t4, 82), (t2, 53), (t4, 83), (t3,54), } m

Adapting this notion to pairs of transition systems TSy, TSy, we have that TS; <#* TS, iff

for each initial state s; € I; there exists an initial state s, € I, such that s; <‘#§ TS, 52

DEFINITION 3.1.6 ( DIVERGENT STUTTER SIMULATING PATHS )

Given transition system TS and let 7ty = sgs15... and 7 = tpt1t;... be two (finite or infinite)

path fragments. A segment is a (finite or infinite) path fragment of 71 or 7. Then:
<t

if and only if m1; can be partitioned as 7 971,171 2... and 7 as T T2,172,2..., such that for

all i segments 11, and 75; are both nonempty and every state in 7, is divergent stutter

simulated by every state in 7ty ;. m

According to Definition 3.1.3 the number of segments never exceeds the number of states
on 7.

We will now prove that if state sg is divergent stutter simulated by a state t(, then each path
emanating from sy is divergent stutter simulated by some path starting in ¢.

LemMA 3.1.3 ( PATH LIFTING FOR DIVERGENT STUTTER SIMULATING STATES )
LetTS = (S, Act,—,1, AP, L) be a transition system, sy, ty € S. Then:

If sy <‘%’g ty then Y1y € Paths(sy). (Amy € Paths(ty). my <‘%ig T2).
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3 Stutter Simulation

Proor Let 111 = 50s157... € Paths(sp). The idea is to segmentwise construct path 7, emanating
from ty, such that each state on segment i of path 77 is divergent stutter simulated by each

state on segment i of 71,. Hence, whenever there is a transition s; — sj.1, with s; <?§ tu,

sj and t, are in segments 71, and 7, respectively, and if s;;1 %%’ t,, then a finite path
fragment t,,14y, 1...un m, tn+1 is generated, such that s; <’%i;’ Un,i, i =1,...,my, and sy <”%’§’ tusl-
Since sj41 #f#g tn, segment 1y 41 is created, which consists of sj,; and likewise 75,41 that
consists of ¢,.1. Let 1, ; denote the specific segment, where p € {1,2} identifies the path
fragment 711 or 7, it belongs to and g its position in the partition. The proof is by induction
on j, that specifies the current position in 7;:

(1) Base case: j = 0.
(We will first show that if s¢ is a terminal state, then there exists 1, emanating from ty,
such that 777 is divergent stutter simulated by ;. The technique described in (1.1) can
be applied to every case of j, where s; is a terminal state. Thus, we will assume in all
other cases without loss of generality that s; is not a terminal state.)
712 emanates from fy. Four cases:

(1.1) sp is a terminal state, i.e. 1y = sp. Since s <‘#§’ to, segment 711 consists of s,

whereas state ty belongs to 715 0. It directly follows that 74 <‘%ig ).

(1.2) sp is not a terminal state and s; %‘%lg tg. Since sg <‘%1§’ to, there exists a finite
path fragment tou 1...Ugm,t1, such that sg <‘%1§’ up; for all i < mp and sy <‘%ig
t. mp = sp and mpp = to is extended with the intermediate path fragment
Uug,1...1o,m,- For states s; and #; two segments are defined, namely 711 = 51 and
15,1 = t;. Concatenation of the segments 729 and 731 leads to the path fragment
touo,..-uo,myt1. The segmentation and created path fragment fulfill the desired

conditions.

1.3) sp is not a terminal state and s; <% t,. Distinguish between two cases:
TS &

(1.3.1) sp is not divergent, i.e. there exists an I > 1, such that s; 9{‘%@) to. (W.Lo.g.)
div
. TS
S1—1 <‘%Zg to, there exists a finite path fragment tyuq 110...140,m,t1,m0 > 0, with

Assume [ is minimal, i.e. there exists no I’ with 1 <!’ <[ and sy ¥%2 ty. Since

S1-1 <T 11¢,; for all i < mg and s; <42 £

If mg = 0, then ¢y has a direct successor t; that divergent stutter simulates
s;. In this case segment ;9 consists of the path fragment sps1...51-1. As a
consequence of the fact that s; %‘?g to, a new segment 71,1, which inherits
s;, must be generated. Clearly, mp9 = tg. Since fp cannot divergent stutter
simulate s, it cannot be in the same segment as ¢;. Thus, create 7,1 = t; and
11,1 = s;. Last but not least segments 7159 and 7, are concatenated and we
obtain the path fragment tot;.

If mp > 0, then #; is not a direct successor of ty and is reached from f; via
the finite path fragment 1 1uop...140,m,- Then, 119 = 551...51-2, 2,0 = tp and
we have to define new segments 7111 = 5;_1 and 72,1 = 1 1...1o,m,. States ug,
with s;_4 <”%i§ up,;, do not necessarily divergent stutter simulate each state
sr, 0 < k <1 -1, since the conditions for divergent stutter simulation only

require that s;_q <‘%i§’ ug,; for all i < mg. Thus, the intermediate states ug;
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3.1 Stutter Simulation Preorder

cannot be in the same segment as tp. It remains to generate 71, = s; and
12,2 = t1. Concatenation of the segments 15, 7121 and 725 leads to the path
fragment toug 1 ...1o,m,t1. The constructed path fragments and segments fulfill
the conditions for divergent stutter simulating path fragments.

div

(1.3.2) sg is divergent, i.e. there exists no I > 0, such that s; £7.¢ ty. Since sp <div t,

TS TS
there exists a direct successor t; of tg and some i > 0, such that s; <‘%Zg t1.
Segment 119 = 5p,...,5i-1, Whereas mp9 = tp, since sk <”%i§’ to for all k €

{0,..,i —1}. It is not guaranteed that t; divergent stutter simulates states
S0, ..,5i-1 and thus, we have to generate new segments where m;; = s; and
75,1 = t1. Concatenation of the segments 75, 7121 leads to the path fragment
tot; and fulfills the desired conditions.

(2) Assume j > 0, where path fragment

totlo,1-- U0 mpE1UT, 1 ULy 2.0 B (3.1)

is correctly created and partitioned into n segments, n < j, and state s; belongs to
segment 111 ,, whereas t, is associated with 7, ,,. (Figure 3.7 illustrates the following
cases and is interpreted in the same way as explained in Example 3.1.2 except for
replacing stutter simulation by divergence-sensitive stutter simulation.)

(21) sj1 %?g tn. Since s; <‘%i§’ t,, there exists a finite path fragment ;1 1...14 , tn+1,
such that s; <‘%ig uy,; for all i < my, and sj11 <‘%ig ty+1. T1,n remains the same and
Tion = ty is extended with the intermediate path fragment u, 1.1, m,, - T 041 = Sj11
and 715,41 = t,41 are constructed, since t, and f,,,1 must not be in the same seg-
ment. Concatenation of (3.1) with uy, ;... s, and 7y 441 leads to a path fragment

that satisfies the required conditions.

(22) sj1 <‘%ig t,. Distinguish between two cases:

(2.2.1) sj is divergent, i.e. there exists some [ > j + 1, such that s; 7(‘%1;’ tn. (W.Lo.g.)
Assume [ is minimal, i.e. there exists no I’ with j +1 < I’ </ and sy 7{‘%1;’ ty.

Then, 1, is extended with all states s;, where j < k < [. Since s;_¢ <‘%’g’ ta,

there exists a finite path fragment t,,u;, 114, 2.1y m, t1, My = 0, with s;_q <‘¥g Up i
for all i < m, and s; <42 t,,,1.

If my, = 0, then t, — t,,1. Segments 711,41 = $j11 and T4 = fy41 are
generated, since t, cannot be in the same segment as t,.1, based on the fact
that s; %‘%lg t,, whereas s; <‘%"§’ ty+1. It remains to concatenate the existing path
fragment (3.1) with segment 715 ,41.

If m, > 0, then t,,; is reachable from t,, via the finite path fragment u,, 1...1 -
As a consequence of the fact that s <‘#§ uy;foralli<my,and j<k<Il-1,is
not mandatory, new segments 72,1 and 7 41, that inherit u,, 1...1,, ,, and
sj—1, respectively, must be defined. It remains to generate 711,42, = s; and
Tion+2 = tn+1 and to concatenate (3.1) with the segments 75 1 and 725.

In all cases we obtain path fragments and segments that fulfill the conditions

for divergent stutter simulating path fragments.
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3 Stutter Simulation

(2.2.2) s;jis divergent, i.e.s; <‘%ig t, for all I > j. By definition of divergence-sensitive
stutter simulation there exists t,,; € Post(t,) and some i > j, such that s;
is divergent stutter simulated by t,.1. Segment m; ,, is extended with states
$j, .-, Si-1, whereas in 71, , state ¢, is inserted, since sy <‘%i;’ tyforallke {j,...,i—
1}. Clearly, t, and t,,+1 cannot be contained in the same segment, since it is not
required that #,41 divergent stutter simulates states sj, ..., s;_1. Consequently
we have to create two new segments 701 41, T02,n+1, which contain s; and t,,41,
respectively. Concatenation of the segments 75,72 ,+1 With (3.1) leads to a

path fragment satisfying the desired conditions.

The resulting path fragment 7, divergent stutter simulates ;.

| ]
Case 2.1:
m— «~ — 5 Si+1 ——
NN

[N

1 AR S~ ...

1 N S S~

A \\ ~o

) — « — t;, — Upl — -~ — Upm, — ty —

Case 2.2.1 (m,, = 0):

m— « — S5 — Sji41 — + —— S§-1 —> S5 ——

T —  —— t, fpy1 —

Case 2.2.1 (m,, > 0):
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1 P P _-" - ’ 1
1 ,/ ’,' ’,”,’ ’/ |
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(S
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Figure 3.7: Illustration of Cases 2.1-2.2.2

The following Remark 3.1.1 is a direct consequence of Lemma 3.1.3.

ReMARK 3.1.1 ( <gf;’ IMPLIES STUTTER-TRACE INCLUSION )

Let s, t be two states of some transition system TS without terminal states. Then:
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3.2 Stutter Simulation Equivalence

s <Y t implies trace(Paths(s)) C trace(Paths(t)).

TS
Proor By Lemma 3.1.3 we have that if s <‘%i§’ t then Y1y € Paths(s). (Amy € Paths(t). my <”ﬁg
112). By definition of <‘%’;’ it holds that L(u) = L(v) for all u € m1;, v € mp; and segments

1,4, Tz, Of the partitions for 7y and iy, respectively. Then, for each path 711 emanating from
s there exists a path 7, starting in ¢, such that 1 is stutter-equivalent to 7, i.e. 71 = 712 and
consequently, trace(Paths(s)) C trace(Paths(t)). |

These two approaches enable to make a statement about the correlation between divergence-
sensitive stutter simulation and preserving LTL\.

THEOREM 3.1.1 ( DIVERGENCE-SENSITIVE STUTTER SIMULATION ORDER AND LTL\p )
Let T'S be a transition system without terminal states and s, t be states in S.

If s <”%"g t, then for all LTL\ formulae ¢: t = ¢ implies s | ¢.
Proor Let ¢ be some LTL\-formula and assume s <‘#§’ t. By Remark 3.1.1 and the semantics
of LTL\ over paths and states it directly follows that whenever t = ¢ then s = . m

3.2 Stutter Simulation Equivalence

So far we have defined the stutter simulation relation < and the divergence-sensitive variant
<"Tlf§’ for pairs of states of a single transition system and for pairs of transition systems. Since
both relations are preorders, they are not ensured to be a symmetric, i.e. "T'S; (divergent)
stutter simulates T'S," does not necessarily imply the reverse relation "TS, (divergent) stutter
simulates TS1". The aim of this section is to define the equivalences induced by these pre-
orders, such that we can compare them to the (divergent) stutter bisimulation equivalence.
To guarantee symmetry, we first define the stutter simulation equivalence ~ = < N <71 It is
induced by the stutter simulation preorder < and consists of all pairs (TS, TS) that can
stutter simulate each other. The second one is induced by the divergent variant of the stutter
simulation preorder and consists of all pairs of transitions systems that divergent stutter
simulate each other. It is called divergence-sensitive stutter simulation equivalence and will be

denoted by =<0 N gdiv ~1,

DeFINITION 3.2.1 ( STUTTER SIMULATION EQUIVALENCE )
Two transition systems TSy and TS, over the same set of atomic propositions AP are stutter
simulation equivalent, denoted TSy = TS, if TS1 < TS; and TS, < TS;. n

The divergence-sensitive stutter simulation equivalence is defined analogously.

DEFINITION 3.2.2 ( DIVERGENCE-SENSITIVE STUTTER SIMULATION EQUIVALENCE )
Two transition systems T'S; and TS, over the same set of atomic propositions AP are divergent
stutter simulation equivalent, denoted TSq 0 TS, if TSy <% TS, and TS, <% TS;. [ ]
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Figure 3.8: (Divergent) Stutter Simulating Transition Systems

ExampLE 3.2.1 ( EQUIVALENT TRANSITION SYSTEMS UNDER & AND &%)
A proof for the fact that the stutter simulation order is not symmetric in general was given by
(Counter-)Example 3.1.1: Since TS; does not stutter simulate T'S,, it follows that TSy 2 TS,.

Observe Figure 3.8. The transition system on the left (T'S1) is stutter simulated by the
transition system on the right (TS»), i.e. there exists a stutter simulation R; for (TS, TS»):

Ri =1{(s51,t1), (52, 13), (52, t4), (53, 15) }.

Vice versa, TS, is stutter simulated by TS, where

Ra = { (t1,51), (t2,92), (t3,52), (t, 52), (t5,83) |

is a stutter simulation for (TSy, TS1). Thus, TS1 < TS, and TS, < TS and hence it follows
that TSy and TS, are stutter simulation equivalent, i.e. TS; = TS;. In fact, Ry and R; are also
divergence-sensitive, which can be seen as follows. The tuple (s3, t5) is contained in R; and
from state s3 there emanates an infinite path fragment 717 = sgs15...(s3)” with (s;, t5) € Ry
for all i > 0. Then, by definition of divergence-sensitive stutter simulation there must exist
t; € Post(ts), such that (s3, ;) € Ry. Since t5 € Post(ts), the condition is trivially satisfied. For
TS, <% TS; we have (t5,53) € Ry. The infinite path fragment 71, = (f5)? starts in t5 and never
leaves it again. Since (t5,53) € Ry and s3 € Post(s3), the condition for divergence sensitivity
is again trivially satisfied for this pair of states. Since there exist no other divergent states,
we obtain that R; and R, are divergence-sensitive stutter simulations for (T'S;, TS>) and
(TS, TS1), respectively, and thus, TSy %% TS,. n

3.3 Quotient Transition System under ~ and =~/

To either of the invented equivalences we can define and compute the according quotient
systems, i.e. abstractions, of some transition system, resulting in a (hopefully) smaller state
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space. The main idea is to identify states that exhibit in the sense of (divergent) stutter
simulation an equivalent behavior and to merge them to a single state, such that each state
of the obtained quotient system represents a set of equivalent states of the old transition
system. We will show that this approach leads to abstract models which are guaranteed to
be ‘correct’, i.e. no important information gets lost, such that it is ensured that the demanded
behavior is preserved.

We first define the quotient system under stutter simulation equivalence =rs for a given
transition system (Note that we will omit the subscript TS for the sake of simplicity).

DEerINITION 3.3.1 ( QUOTIENT SYSTEM UNDER & )
For transition system TS = (S, Act, —, I, AP, L) the stutter simulation quotient transition system
TS/= is defined as follows.

TS/~ = (S/=, Act, »=,1x,AP, L),
where
o S/ ={[s]s|seS}, with[s]ls ={s" €S|s=s},
o I = {[s]lx]|s€el},

s > As’ #[s]x
[s]z == [§']=

e —. is defined by

7

* Lx([s]z) = L(s). L

If s > s"in TS and s" # [s]x, then we need to change the equivalence class from [s]~ to [s]x,
i.e. introduce a transition from [s]s to [s']x in TS/=. The obtained quotient system therefore
does not have any self-loops.

TaEOREM 3.3.1 ( STUTTER SIMULATION EQUIVALENCE OF TS AND TS/%)
For any transition system TS, we have TS = TS/=.

Proor Let TS be a transition system and TS/ its stutter simulation quotient.

(1) TS<TS/=:
Follows from the fact that R = { (s, [s]x) | s € S } is a stutter simulation for (TS, TS/=).

(2) TS/=<TS:
Here, R = R! = { ([s],s) | s € S } is not guaranteed to be a stutter simulation for
TS/= < TS. R’ requires that a state [s]x in TS/ can only be stutter simulated by a state s
in TS, if s is included in the equivalence class that is represented by [s]~. This difficulty
is illustrated in the following under consideration of Figure 3.9. By definition, the
pair ([solx, so) is contained in R’ and since ty = sp and tp — t; with [t1]x N [to]lx = 0,
there must exist a finite path fragment m; = sou1...uns, in TS that leads to some state
sy, such that ([s{]lx,s;) € R’ with [s{]z = [t1]x and each intermediate state u; stutter
simulates [fg]~. Clearly, ([u;]~, ;) € R’ forall 1 < i < n. Observe that there exists exactly
one state, namely si, that stutter simulates [f1]~ and which is reachable from s; via a
path fragment which satisfies the required conditions of stutter simulation. However,
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3 Stutter Simulation

although [t1]= < s}, the pair ([to]x,s]) cannot be contained in R’, since [s]]~ # [t1]=.
Thus, there exists no pair ([t1]x,t1) € R’, such that t; is reachable from sy via the
demanded path fragment and hence, R’ is not a stutter simulation for TS/~ < TS. The
solution to that problem is to allow tuples of the form ([s]x, t) in R’, where we do not
require that s = t, but simply thats <t¢, i.e.

R ={(sle, D) Is<t})

Clearly, for each initial state [sp]» € I there exists an initial state so € I, such that
[sol= < sp. It remains to prove that for all ([s]x,t) € R’, it holds that [s]z and f are
equally labeled and ¢ can mimic every outgoing transition of [s]x:

Let ([s]x, t) be some pair in R’. Since s < t, we have L(s) = L(t). Furthermore, since all
states of the same equivalence class are equally labeled, it follows that L(s) = Lx([s]x)
and hence, L([s]~) = L(#).

LetB € S/ beasuccessor of [s]~ with (B, t) ¢ R’,i.e. B £ t. Then[s]x —~ Bisa transition
in TS/=, i.e. there exists s’ € [s]x with s’ — bin TS and [b]x = B. Note that s’ < s and
s < ¢’, since all states of the same equivalence class are stutter simulation equivalent.
Recall that s < t and s € [s]z. By transitivity of <, this implies that s’ < ¢ and hence,
there exists a finite path fragment tu;...u,t’, n > 0, such that s’ < u; and s < u; (since
s<s’),i=1,..,n,and b < t'. By definition of R’ this leads to ([s']x, u;), ([s]z,ui) € R
(forall0 <i<mn)and (B,t') = ([b]s, ') € R'. [

The definition of the quotient system under 27 is similar to the one under . The only but
remarkable difference is that a state [s].ao € S/~ has a self-loop if it consists of divergent
states to indicate the divergence. (Subscript TS again is omitted.)

DEFINITION 3.3.2 ( QUOTIENT SYSTEM UNDER &%)

For transition system TS = (S, Act, =, I, AP, L) the divergence-sensitive stutter simulation quo-
tient transition system TS/~ is defined as follows.

TS/ = (S, Act, = i, Laio, AP, Lai),
where
o S/2%0= 1 [s]uin|s €S}, with [s]leaw = {s' €S |s = s},
o L = {[slaw |S€T},

® — . div is defined by

s — s As 2 [s] s is ¥ _divergent
[s]so and 8

[S]gdiv — ~div [S,]gdiv [S]yﬁv — ~div [S]gm‘v

° Lgdiv([s]gdiv) = L(S). |

THEOREM 3.3.2 ( 2¥”-EQuIvaLENCE OF TS aAND TS/x47 )
For any transition system TS, we have TS v TG /xdiv,
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3.3 Quotient Transition System under = and ~%°

TS TS/~

H {a} (b) (el
@@ ©—&

{a} {b} {c} {d)
o e @) @ ®
@O .

Figure 3.9: R" = { ([s]x,s) | s € S } is not a stutter simulation for TS/~ < TS

Proor The proof is analogous to the proof in Theorem 3.3.1. Note that for case (2) (when
showing that if ([s]%®,t) € R then t divergent stutter simulates [s]%?) we do not have to
distinguish between the cases B = [s]%° and B # [s]%?, i.e. whether [s]%? has a self-loop
or not, since it is not possible that B = [s]di® by the assumption [s]% <% t and B <% t.
Hence, as in the case for the quotient system under &, we simply have to examine the direct

successors B of each state in TS/~ with B # [s]%. (]

Observe that divergence-sensitive stutter simulation equivalence is a special case of stutter
simulation equivalence and thus, stutter simulation equivalence with divergence =/ is
strictly finer than stutter simulation equivalence =.

ExampLE 3.3.1 ( QUOTIENT SYSTEM UNDER 247 )

The transition system presented in Figure 3.10 is the quotient system under 2% of transition
system TS in Figure 3.9. Note that t; and s are equivalent under = but not under /7.
Furthermore, we have that sy €% ty and to €% s;. This can be seen as follows. From s; there
emanates an infinite path fragment 7y = uguyu,... = (s1)”, where sy is stutter simulated by ¢,
but there existsnot] € Post(t1), such thats; is divergent stutter simulated by #] (this also holds
for state si, t'). Thus, s; €% #; (and s, £ si, ti) and it follows that sy ¥%° t5. With the same

1
argumentation we obtain that there exists no finite path fragment satisfying the conditions
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3 Stutter Simulation

for divergence-sensitive stutter simulation that leads from s to a state that divergent stutter
simulates t, and thus, ty €% s . This example also shows that v g strictly finer than =,
since stutter simulation with divergence yields eight equivalence classes, whereas there are
only seven obtained by the standard variant.

]

TS/=A

HSO—)SlD

Figure 3.10: Quotient System under 4%

3.4 Stutter Simulation Equivalence vs. Stutter Bisimulation
Equivalence

In this section we will compare the stutter simulation equivalence to the stutter bisimulation
equivalence. Furthermore, the divergence-sensitive stutter bisimulation will be introduced
and compared to the stutter simulation equivalence and its divergence-sensitive variant.
The following definitions are gathered from Baier and Katoen [1].

DeFINITION 3.4.1 ( STUTTER BISIMULATION )
Let TS = (S, Act, —,1, AP, L) be a transition system over AP. A stutter bisimulation for TS is a
binary relation R C S X S such that for all (s, s7) € R:

(1) L(s1) = L(s2).

(2) If s € Post(s1) with (s},s2) € R, then there exists a finite path fragment su1...1,57,

n > 0, with (sy,u;) e Rforalli € {1,...,n} and (si,sé) eR.

(3) If s; € Post(sz) with (s1,85) € R, then there exists a finite path fragment s10;...v,8],
m = 0, with (v;,s2) € Rforalli e {1,...,m}and (s],85) € R.

s1, 52 are stutter bisimulation equivalent (stutter-bisimilar, for short), denoted s1 =75 s, if there
exists a stutter simulation R for TS with (s1, s2) € R. [
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3.4 Stutter Simulation Equivalence vs. Stutter Bisimulation Equivalence

Conditions (1) and (2) are equal to the conditions for stutter simulation (see Definition 3.1.1),
whereas the third one simply requires the symmetric counterpart of condition (2), such that
whenever (s1,57) € R then s; stutter mimics the stepwise behavior of s, and vice versa. It
is not difficult to show that ~ts is an equivalence on S and the coarsest stutter bisimulation
for TS. It is obtained by the union of all stutter bisimulations.

As for stutter simulation equivalence this definition can be adapted to one for pairs of
transition systems TSq, TS»:

DEeFINITION 3.4.2 ( STUTTER BisiMmuLATION EQUIVALENCE )

Let TS; = (S;, Acti,—;,1;,AP,L;), i = 1,2, be two transition systems over the same set of
atomic propositions AP. TSy and TS, are bisimulation equivalent, denoted TS, = TS, if
there exists a stutter bisimulation R on S1 X S, such that

V51 € 11. (352 € 12. (51,52) S R) and V52 S 12. (351 S 11. (51,82) S R) |

Note that stutter bisimulation requires that whenever s; = s, and there is a transition s; — si

with s] # sp, then there exists a finite path fragment syu...u,s), n > 0, such that s; ~ u; and
si ~ s}. In contrast to that, stutter simulation equivalence requires less strict conditions, i.e.
whenever s; = s;, then path fragment sls’1 with si £ s can be stutter mimicked by s, via a
finite path fragment s;0;...v,8}, m > 0, where s; < v; and si < 8. Since the reverse relation,
ie. u; < 81 and s} < s}, is not mandatory, we might obtain that s; % u; or s} % s/. Thus,
stutter bisimulation equivalence requires at most more than stutter simulation equivalence
and hence, if the conditions for stutter bisimilar states are fulfilled, then those for stutter
simulation equivalent ones are satisfied anyway. It can be concluded that TS; ~ TS, implies
TSy = TSy, whereas the reverse is not necessarily true (see Example 3.4.1). Furthermore,
stutter bisimulation equivalence yields in general a finer abstraction, i.e. greater state space
of the quotient system, than stutter simulation equivalence. This is caused by the following
logical conclusion: If more conditions are imposed on the pairs of states, then at most less
pairs will eventually be able to satisfy them, which results in more equivalence classes at
the utmost and hence, less states that can be merged.

ExampLE 3.4.1 ( ® DOES NOT IMPLY =~ )

Transition systems TSy (left) and T'S; (right) in Figure 3.11 are stutter simulation equivalent
but not stutter bisimulation equivalent. This can be seen as follows:

There exist stutter simulations R; for (TS1, TS2) and R; for (TS, TS1), formally:

R1 = { (s0, to), (51, t1), (51, t2), (52, t3), (83, t5) },
Ro = { (to,s0), (t1,51), (t2,51), (t3,52), (ta, $3), (ta, s1) }.

Thus, TS; = TS,.

Assume that TS; = TS;. Then, sp must be stutter bisimilar to ty, since these are the unique
initial states of TS; and TSy, respectively. State to has an outgoing transition that leads to t4,
where sy # t4. Thus, there must exist a finite path fragment sy ...uns(’) in TS1,n > 0, such that
to~ u;, i =1,..,n,and ty ~ 5. State sy has exactly one successor s; that is equally labeled as
ts. However, s; and t4 are not stutter bisimilar, since s has an outgoing transition to state s,

that is labeled with a4, whereas t4 cannot reach a state that is equally labeled as s, by visiting
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3 Stutter Simulation

so ) {a} Cf to ) {a}
/ S1 K t1 ) {b}
Cf s2 ) {a} Cf ss ) {c} ta ) (b} ( ta ){b}

/NI

Cf t3 ) {a} C ts ) {c)

Figure 3.11: Stutter Simulation but not Stutter Bisimulation Equivalent Transition Systems

only states that are stutter bisimilar to s; and hence, there exists no finite path fragment
from s to s, that satisfies the required conditions. Thus, sy cannot be stutter bisimilar to fo,
which violates condition (A) of Definition 3.4.2 and it follows that TSy # TS,. |

The following Lemma 3.4.1 reconsiders the correltation of stutter simulation and bisimula-
tion equivalence.

LEmMmA 3.4.1 ( STUTTER BISIMULATION % VS. STUTTER SIMULATION EQUIVALENCE %X )
Let TSy, TS, be two transition systems. Then:

TS1 =~ TS iff there exists a stutter simulation R; » for (T'S1, TS»), such that
Rao1 = {(52,51) | (51,52) € Ru2 } is a stutter simulation for (TSz, TSy).

Proor Let TSy, TS, be two transition systems.

=: Assume R is a stutter bisimulation for (TS;, TS;) and let Ri, = Rand Ry1 = R-1L
Then, R; ; is a stutter simulation for (TS;, TS2), which can be seen as follows. Since
R is a stutter bisimulation for (TS, TSy), it trivially follows that the initial condition
(A) for stutter simulating transition systems is satisfied. Furthermore, the labeling
condition (B.1) is fulfilled for each pair in R ». Let (s1, s2) € R; 2. By definition of stutter
bisimulation, we have that whenever there is some si € Post(s1) with (si, Sy) ¢ R then
there exists a finite path fragment syuyuy...u,s7, n > 0, where (s, u;) € Rforalli =1,...,n
and (s}, s;) € R. Consequently, (s1, u;) € Ry 2 and (s, s}) € Ry 2, which satisfies condition
(B.2) for stutter simulation and thus, R; ; is a stutter simulation for (TSq, TS»).
As a consequence of the fact that R is an equivalence relation, we obtain that its
symmetric counterpart R~! is a stutter bisimulation for (TS, TS;), and hence, by
applying the same argumentation as before, it follows that R, ; is a stutter simulation
for (TSQ, TSl).

&: Let Rip and Ro1 = { (s2,51) | (51,52) € Ri2 } be stutter simulations for (T'S1, TS2) and
(T'S2, TS1), respectively. By definition, for all s; € I; there exists s; € I, with s1 < s5.
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3.4 Stutter Simulation Equivalence vs. Stutter Bisimulation Equivalence

The symmetric counterpart also holds, since R, ; is a stutter simulation for (TS, TS1).
Construct TS; & TS, =: TS and recall that if s; < s then 57 <tg s. Thus, Rg =
Ri2 U Ry is a stutter simulation for (TS, TS). Note that Rg is a symmetric relation,
since Rf,lz = Ry and thus, it immediately follows that R := { (s1,52) | (51,52) € Ri2 } is
a stutter bisimulation for (T'S1, TS;). Hence, TS1 = TS». ]

Similar to the standard variant of stutter simulation, there are no restrictions imposed on
divergent paths under stutter bisimulation equivalence. In the stutter bisimulation sense
a path is divergent, if it stays forever in the same equivalence class without performing
any visible step. This is (again) problematic if language preservation is considered [1]. In
the standard variant of the temporal logic CTL", path formulae are interpreted over infinite
paths, such that the underlying transition system is usually assumed to have no terminal
states (otherwise a trap state is introduced). Emerson and Srinivasan [4] proposed a variant
of the temporal logic CTL* that interprets the path formulae over both finite and infinite
paths of a given Kripke structure. Based on this interpretation, De Nicola and Vaandrager [3]
proved that CTL{  equivalence, i.e. equivalence with respect to CTL" formulae that do not
contain the next-step operator O, coincides with the stutter bisimulation equivalence of
Definition 3.4.1.

As far as the standard interpretation is considered, we have to focus on the divergent-
sensitive stutter bisimulation. Here, states can only be related if they either both exhibit
divergent paths or none of them.

DEerFINITION 3.4.3 ( R-D1IVERGENCE, DIVERGENCE SENSITIVITY )
Let TS = (S, Act,—,I, AP, L) be a transition system over AP and R an equivalence relation
on S.

e s € S is R-divergent if there exists an infinite path fragment 7 = ss;s,... € Paths(s) such
that (s,s;) € Rforall j > 0.

o R is divergence-sensitive if for any (s, sp) € R: if 51 is R-divergent, then s; is R-divergent.
]

Roughly speaking, if there emanates an infinite path fragment from s, where only states
of the equivalence class [s]~ are visited, then s is R-divergent. Furthermore, if the states in
an equivalence class are either all R-divergent or none of them is R-divergent, then R is
divergence-sensitive, which leads to the following definition of divergence-sensitive stutter
bisimulation.

DeFINITION 3.4.4 ( DIVERGENCE-SENSITIVE STUTTER BISIMULATION )
States s1, s, in transition system TS are divergent sensitive stutter bisimilar, denoted sq z‘%’;’ So,
if there exists a divergence-sensitive stutter bisimulation R on TS, such that (s;,s2) € R. =

Note that z‘%lg is an equivalence relation on S and the coarsest divergence-sensitive stutter
bisimulation. However, we will omit the technical details of the proof.

Clearly, this definition can be adapted to one for pairs of transition systems. We have
TSy 2% TS, if and only if each initial state of TS; is divergence stutter bisimilar (according

~div c ey . i
to ~Ts, @Tsz) to an initial state in T'S,, and vice versa [1].
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3 Stutter Simulation

ExamMpLE 3.4.2 ( DIVERGENCE-SENSITIVE STUTTER BISIMILAR TRANSITION SYSTEMS )

In Figure 3.12 we have three transition systems T'S; (left), TS, (right) and TS3 (center), where
TS; #%% TS,. This can be seen as follows. Construct TS = TS; @ TS;. Observe that there
exists an infinite path fragment 71 = (sp)* starting and staying forever in sy. Since each
state is divergent stutter bisimilar to itself, we have that s is divergent stutter bisimilar to
each state on 771 and thus, sg is z‘%lg-divergent. However, there exists no such path fragment
emanating from ty. Then, by definition, sy and ty cannot be in the same equivalence class

and thus, s :ﬁ‘%lg to . Since sp and fy are the unique initial states of TS; and T'S,, respectively,

it follows immediately that TS; #%% TS,.
In contrast to that, there exists a divergence-sensitive stutter bisimulation R;3 on TS" =
TS1 & TS3, such that (s;, u]) € R1,3 foralls; € I1, uj € I5:

Ri1,3 = 1{ (s0,50), (uo, o), (1o, u1), (S0, to), (S0, U1), (51,51), (U2, u2), (51, u2) }.

The infinite path fragment 1o = (ugu;)® starts in the unique initial state ug of TS3. Clearly,
g z‘%ig’, U and ug z‘%ig, uq, such that (uo, uo), (1o, 1) € Ry 3. Then, state ug is divergent stutter
bisimilar to each state on m; and thus, ug is R;3-divergent. State s; is divergent stutter
bisimilar to state uy, i.e. (s1,u2) € R 3, since both are R; 3-divergent and never reach a state
that belongs to a different equivalence class. Note that state s; is the only successor of s

with sy #9% s;. For 1 there also exists exactly one such successor, namely u,. Then, since

TS
so and ugp are R; 3-divergent and s; z‘%l;’/ up, it follows that sy is divergent stutter bisimilar
to 1p. We already know that ug z‘%ig, 1y and since z‘%lg is an equivalence relation (for any

TS), we obtain by transitivity that sg z‘%ig, uy. Thus, for each initial state in TS; and TS3
there exists a divergent stutter bisimilar initial state in TS3 and TSy, respectively, and hence,

TS; ~%% TS3. This, however, leads directly to the fact that TS, #40 TGs: Recall that there

Figure 3.12: Divergence-Sensitive Stutter Bisimulation

exists no divergence-sensitive stutter bisimulation R;, on TS; @ TS, with (so, tp) € Ry .

We thus obtain by transitivity of z‘%lg that there cannot exist a divergence sensitive stutter

bisimulation Ry 3 on TS, @ TS3 with (¢, up) € Ro3. ]

Note that z’?g is an equivalence relation on S, which is strictly finer than stutter bisimu-

lation [1]. By applying the same logical argumentation as for the relation between stutter
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simulation and stutter bisimulation, it can be stated that z%lsv implies ~7s. Clearly, since stut-
ter simulation does not imply stutter bisimulation equivalence, it cannot imply its stricter
divergence-sensitive variant. We will illustrate this fact by the following Example 3.4.3.
ExaMpLE 3.4.3 (& AND %~ DO NOT IMPLY ~477 )

Consider Figure 3.12. In Example 3.4.2 we have already shown that TS; #%° TS, and
TS, #%% TS5. In contrast to that, there exists a stutter bisimulation Ri2 = 1{ (s0,to),(s1,t1) }
containing the pair (so, fo) and thus, TS; = TS,. Since = is an equivalence relation and since
TS, ~%% TS5, it follows immediately that TS, ~ TS3.

Recall that the demanded requirements of stutter simulation equivalence are less strict than
those of divergence-senstive stutter bisimulation. Caused by the fact that TS; and TS3 are
divergent stutter bisimilar, TSy stutter simulates TS3, and vice versa, i.e. TS1 = T'S3.
However, since TS1 = TS,, there exist stutter simulations R;» on (I'S1, TS2) and Ry on
(T'S2, TS1), formally

Ri12 = { (s0,t0), (s1,t1) } and Ry 1 = { (to, 50), (t1,51) },

such that TS; < TS; and TS, < TS; and consequently, TS; = TS,. Furthermore, since
TS, is stutter bisimilar to TS3 and since % is an equivalence relation, we obtain directly
that TS, = TSs. It follows that neither stutter bisimulation nor stutter simulation implies
divergence-sensitive stutter bisimulation. [

The divergence-sensitive variant of stutter bisimulation requires that if two states s1, s, are
in the same equivalence class then they are either both divergent or none of them. If they
are divergent, then all states on these divergent paths are divergent stutter bisimilar. This
is not the case for stutter simulation equivalence with divergence. If s; is divergent stutter
simulation equivalent to s, and s; is divergent, then there emanates an infinite path fragment
Tl = §1,051,151,2... from s1 = 510 and 7 = 52052152,2..., such that each state on m; divergent
stutter simulates some state on 711. However, if s ; <div $o,j then the reverse is not necessarily
true. Thus, the conditions required by divergent stutter bisimulation are stronger than those
imposed by divergent stutter simulation equivalence and it cannot be expected that x%®
implies ~% However, with an analogous argumentation as for stutter bisimulation, we can
conclude that divergence-sensitive stutter bisimulation implies divergence-sensitive stutter
simulation equivalence.

ExampLE 3.4.4 ( " poEs NoT IMPLY ~470 )

Observe Figure 3.13. The transition system on the left is denoted by TS, the one on the
right by TS;. It can easily be seen that TS <% TS, and vice versa, since there exist the
following divergence-sensitive stutter simulations R; and R; for (I'S1, TS2) and (TS, TS1),
respectively.

Rl = { (SO/ tO)/ (SO/ tl)/ (Slr t3) }/
Ro = { (to,s0), (t1,50), (t2,50), (t3,51) }.

It follows that TS; 2% TS,.
However, there exists no divergence-sensitive stutter bisimulation for (TS, TS>), since there
exists no state in T'S; that is divergent stutter bisimilar to t; in TS,. Thus, TS; 20 TS, m
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Analogical to Lemma 3.4.1, the following Lemma 3.4.2 reconsiders the correlation of divergence-

t
N / {a}\
—(so C 51 —(tg ) —— (3
{a) (b) {a}\ / (b}
to

Figure 3.13: TS; %% TS, but TS; #%° TS

sensitive stutter simulation and bisimulation equivalence.

LemMmA 3.4.2 ( STUTTER BISIMULATION =~

4iv v, STUTTER SIMULATION EQUIVALENCE 247 )

Let TSy, TS, be two transition systems. Then:

TS, ~%% TS, iff there exists a divergence-sensitive stutter simulation Ry for (I'S1, TS>),

such that Ro1 = { (s2,51) | (51,52) € Ri2 } is a divergence-sensitive stutter simulation for

(TS2, TSy).

Proor Let TS1, TS, be two transition systems.

=: Let R be a divergence-sensitive stutter bisimulation for (T'S1, TS,). The proof is similar

30

to the one for Lemma 3.4.1. It remains to examine the case when (sq,s2) € R and
s1,52 are R-divergent. Then, from s; there emanates an infinite path fragment s; =
51,051,151,2.-., such that (s14,52) € R for all i € IN and in s, there starts an infinite path
fragment sy = $7082,152,2..., where (s1,52,j) € R for all j € N. Since R is an equivalence
relation, it follows that (s1,,52;) € R for all i,j € IN. Thus, if 51 is R-divergent then
there exists s; € Post(sy) with (s, s;) € R for some k > 0 and vice versa. Then,
Rio :=1{(s1,52) 1 (51,52) € R} and Ro 1 := { (s2,51) | (51,52) € R} are divergence-sensitive
stutter simulations for (T'S1, TS») and (TS, TS1), respectively.

Let R, Ro,1 be divergence-sensitive stutter simulations for (TS1, TS;) and (T'Sz, TS1),
respectively, where Ry 1 := { (s2,51) | (51,52) € Ri2 }. Again the proof is similar to the
one for Lemma 3.4.1 and we basically focus on the case when (s1,52) € Ri2 and s; is
Ry 2-divergent. Then from s; there emanates an infinite path fragments; = s1051,1512...,
where (514,52) € Ri2 and (s2,51,;) € Rp,1 for all i > 0. Furthermore, there exists some
j > 0 and s} € Post(sz), such that (s1,,5}) € Ry and (s},81,)) € Rp1. Since for each
element (s1,52) € Ry its symmetric pair is included in Ry, it holds that s; & g,
Hence, since 2% is an equivalence relation, it follows that s, ; % s, and s o 2% s ;
(for all i) and since s, i s5, we can conclude that s, i s, and s1, i sy. As a

consequence, there exists an infinite path fragment s30s2,152,2... with 82 = 520, 85 = 521
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and s, ™ sy forallk € IN. Then, s; and s, are both divergent (x) and we can construct
a divergence-sensitive stutter bisimulation R for (TS, T'S;) as follows:

(1) Insert all pairs (s1,s2) € Ry into R.

(2) If 51 is Ry p-divergent then there exist infinite path fragments s; = s1,051,1512...
and s, = 52,052,152,2..., such that all states on these paths are divergent stutter
simulation equivalent. Then, s; and s, are R-divergent and we have to insert all
pairs of states on these paths that are of the following form: (s1,9, 51,i+1), (51,i, S2.4),
(52,0,524+1) for all i,k € IN.

The constructed binary relation R is a stutter bisimulation for (T'S1, TS,), since for all pairs
(s1,52) € R the following statement holds: If there is some s} € Post(s1) with (s, s2) € R then
there exists an infinite path fragment SoU1...Unsy, = 0, where (s1,1;) € Rforalli=1,..,n
(since s; <% s,) and vice versa (since s, <% s;). The labeling- and initial conditions for
stutter bisimulation are trivially satisfied by definition of 2" and since R;, and R, are
divergence-sensitive stutter simulations and R;, € R. It remains to check whether R is
divergence-sensitive. By construction of R (step (2)) and according to (), we have that
whenever s; is R-divergent, then s, is R-divergent for all pairs (s1,52) € R. ]

Figure 3.14 provides an overview of the different notations of the so far introduced imple-
mentation relations.
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stutter simulation preorder
TS1<TS, :& there exists a stutter simulation R for (TS, TS»)

divergence-sensitive stutter simulation preorder
TS; <% TS, :& there exists a divergence-sensitive stutter simulation R
for (TS, TS»)

stutter simulation equivalence
TS1 =TS, :&  there exist stutter simulations R and R’ for (T'S1, TS»)
and (TS, TS1), respectively

stutter bisimulation equivalence
TS, =TSy :&  there exists a stutter bisimulation R for (T'Sq, TS»)

stutter simulation equivalence with divergence
TS; 2% TS, :& there exist divergence-sensitive stutter simulations R and R’
for (I'S1, TSz) and (TS, TS1), respectively

stutter bisimulation equivalence with divergence
TS, ~%% TS, :o there exists a divergence-sensitive stutter bisimulation R
for (TS1,TS»)

Figure 3.14: Stutter Implementation Relations




4 Stutter Simulation Quotienting

In this chapter we will step by step develop an algorithm to automatically computing (1)
the stutter simulation preorder <rs and (2) the quotient system T'S/=rs for finite transition
systems based on the approach by Ranzato and Tapparo [6]. Furthermore, it can be checked
whether a given relation R is a stutter simulation preorder (or equivalence) and whether
TS1 < TS; or TSy = TS; by considering the disjoint union TSy ® T'S;. Thus, our algorithm
always operates on a single transition system (and for the sake of simplicity we will omit
the subscript TS of all defined relations). Note that we are here interested in the divergence-
blind stutter simulation, i.e. divergence sensitivity does not play a role here.

The two main ingredients to computing the preorder < are the definition of a set of stutter
simulator sets StSim and of an operation Refine(StSim, B) on this set, where B C S. StSimis a
representation of the approximation of the stutter simulation preorder in the current iteration,
where each StSim(s) € StSim, s € S, denotes those states that are currently candidates to stutter
simulate s. Thus, the initial set of stutter simulator sets will be an overapproximation induced
by the labelings of the states, i.e. if L(s) = L(t) then StSim(s) = StSim(t). The refinement
operation Refine(StSim,B) successively eliminates candidates from the stutter simulator
sets according to the following observation. Whenever there is a state t € StSim(s) that
cannot stutter mimic some transition s — s’ of s then t must be excluded from the set of
states that are candidates to stutter simulate s. Furthermore, f must be removed from all
stutter simulator sets StSim(t’), where t’ stutter simulates the desired behavior of s. For this,
all such states t” are stored in the set B and the refinement operation simply needs to remove
all states from StSim(t') which do not belong to B. If no more refinements are possible,
then StSim represents the coarsest stutter simulation preorder, such that s < t if and only if
t € 5tSim(s).

The computation of the stutter simulation equivalence = relies on the idea of partition
refinement, where the state space S of the given transition system TS is partitioned into a
set IT of disjoint sets of states, named blocks. A block B initially consists of all states that
have the same labeling, such that each state s € B is candidate to stutter simulate each state
s’ in the same block. Hence, in the beginning, the number of blocks in the initial partition
IT4p coincides with the number of atomic propositions, i.e. [I1ap| = |AP|. In each iteration
the algorithm checks whether there exists a so-called Splitter (B,C) € S X S, such that at
least one block B can be decomposed ("split") by the set of constrained successors Succ*(B, C)
of B with respect to C to obtain a partition I'l;1; that is finer than I'l; (where index i denotes
the partition at the beginning of the ith iteration). The set Succ*(B, C) consists of all states
that can reach a state that stutter simulates each state in block C by only visiting states
that stutter simulate all states in block B. The intuition is that if there is a state s € B that
has a direct successor in block C then each state t € B must be able to stutter mimic this
behavior. If this is not the case then t and s are no longer candidates to be stutter simulation
equivalent and t must be excluded from B. To that end, B is split into two subblocks By, B,
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4 Stutter Simulation Quotienting

where B; consists of all states t € BN Succ*(B, C), and B; inherits all other states. If no splitter
exists, then all states of the same block are stutter simulation equivalent and IT = g,
induces the stutter simulation equivalence =. As we will see, this requires a more advanced
definition of < over blocks in I rather than single states in S, which involves a redefinition
of the set of stutter simulator sets StSim. However, if there exists a stutter simulation for
TS, the algorithm will return a tuple (I1g,, <pre), where I1g, represents the stutter simulation
equivalence = as a partition of the state space S, such that each block contains all stutter
simulation equivalent states, and where the stutter simulation preorder < is induced by
the binary relation <p,, between blocks in I'lg;. In the remainder of this chapter we assume
transition system T'S = (S, Act, =, I, AP, L) to be finite with possibly terminal states. Note that
all notations, definitions, lemmas, etc. are reformulated according to Baier and Katoen [1].

4.1 Basics

We will now introduce the basic tools used throughout the sequel and which form the basis
to understanding the procedural manner of the algorithms.

DEerFiNITION 4.1.1 ( PARTITION, BLOCK )
A partition for SisasetIT1={By,..., B, }, where B; #0, B;NB; =0 foralli,je{1,..,n},i#j
and S = U, Bi.

B; € I'Tis called a block. ]

For each state s € S there exists exactly one block in IT that contains it, since Il is a partition
of S. We will denote the unique block containing s by [s]r1. Let I'ly, I, be two partitions of S.
IT; is called finer than I, (or, equivalently, Il is coarser than Iy), if the following statement
holds:

VBl S Hl. 332 eIl. B1 C B,.

Note that each block in I'l, represents the disjoint union of some blocks in I'ly. Partition Iy
is strictly finer than Iy (or Il is strictly coarser than ITy) if I is finer than I, and IT; # .

NortarioN 4.1.1 ( QUOTIENT SPACE )
A quotient space of S of some transition system TS under R, denoted S/R = { [s]g |s € S },
is the set consisting of all R-equivalence classes. ]

ReMARK 4.1.1 ( PARTITIONS AND EQUIVALENCES )

Each state of the quotient state space S/R, induced by some equivalence relation R on S,
represents a set of R-equivalent states in S, such that S/R is a partition for S. Vice versa, a
partition IT for S induces an equivalence relation:

Rro={(s1,s2) | ABe€Il.sy e BAsy; € B}
={(s1,82) | [s1]lm = [s2]r },

such that S/Rp corresponds to IT, i.e. each state in S/Rry represents one block of IT. For
equivalence relation R, the equivalence relation R induced by IT = S/R corresponds to
R. n
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4.2 Computing the Stutter Simulation Preorder <

Thus, the quotient state space S/ = induces a partition Ilg;, such that each block in Ilg,
consists of states that are stutter simulation equivalent.

DEeFINITION 4.1.2 ( AP PARTITION )
Let TS be some transition system. The AP partition, denoted I14p, is the quotient space
S/Rap induced by Rap := { (s, t) | L(s) = L(t) }. [ ]

Roughly speaking, the AP partition groups all states of the same labeling in a unique block,
such that |TT4p| = |AP).

We already mentioned that the output of the main algorithm is a tuple (Ilg;, <), where Tl
induces the stutter simulation equivalence & and < the stutter simulation preorder. Recall
that, in contrast to Definition 3.1.1, the relation < now operates on pairs of blocks of a single
transition system rather than on pairs of single states.

DeFINITION 4.1.3 ( PARTITION-RELATION PAIR )
Let T'S be a transition system. A partition-relation pair P = (I, R) is given by

e a partition I1 of state space S and

e abinary relation R C Il X IT between blocks in IT. [

4.2 Computing the Stutter Simulation Preorder <

In this section we will step by step engineer an algorithm to compute the stutter simulation
preorder <. Therefore, we will introduce a new characterization of stutter simulation, which
will be obtained from Notation 4.2.1. The equivalence relation &, however, is not considered,

yet.

DEeFINITION 4.2.1 ( STUTTER SIMULATOR SET OF A SINGLE STATE )
Let TS be some transition system and let R be a binary relation on S. Then, the stutter-
simulator set of s € S w.r.t. R is defined as

StSimg(s) = {t€ S| (s,t) e R ).

StSimg is the set of all stutter simulator sets of all states s € S w.r.t. R, i.e. StSimg =
Usest StSimg(s) }. -

According to the following algorithm, the relation R will denote the approximation of the
stutter simulation preorder < in the current iteration, such that the stutter simulator set of
an arbitrary state s identifies the set of states that are currently candidates to stutter simulate
s. Note that StSimap(s) = { t € S| L(s) = L(t) } represents the set of states that have the same
labeling as s. If R is a stutter simulation for (TS, TS) then StSimg(s) is a subset of StSimrs(s)
(see p.8). The stutter simulation preorder < can be obtained from StSimrs as follows:

<=1{(s,t) € SXS|te StSimrs(s) }.

StSimg is finer than StSimg (or StSimg is coarser than StSimg) if R C R’ or, equivalently, if
StSimg(s) C StSimg (s) for all s € S.
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NoTtaTIiOoN 4.2.1 ( CONSTRAINED SUCCESSORS )
Let TS be some transition system and B, C C S. We have that s € Succ*(B, C) whenever there
exists a finite path fragment

S = 50S1...55 € Paths(s) withs; e BforallO<i<mnands, €C,n > 0. ]

Stated in words, some state s € S belongs to Succ*(B, C) if s is contained in block B and can
reach block C via a finite path fragment where only states in B are visited.

DEeFINITION 4.2.2 ( REFINER, STABILITY )
Let R be a binary relation on S, StSimg be the set of stutter simulator sets of all states s € S
and s, s’ be two states.

(1) The pair (s,s’) is a refiner for StSimg if and only if s* € Post(s) and StSimg(s) &
Succ*(StSimg(s), StSimg(s’)).

(2) StSimg(s) is stable if there exists no s’ € Post(s) such that (s,s’) is a refiner for StSimg(s).

(3) StSimg is stable if StSimg(s) is stable for all s € S. [

In terms of stutter simulation, the idea is that if a state s has a direct successor s’ then each
candidate t € StSimg(s) must be able to reach some state in StSimg(s’) by solely visiting
states in StSimg(s), i.e. to stutter mimic the behavior of s. Otherwise, t clearly cannot stutter
simulate s and hence must be removed from the set of states StSimg(s) that are candidates
to stutter simulate s.

LEMMmA 4.2.1 ( STUTTER SIMULATION )

Let TS be a transition system and R be a binary relation on S. Then:

R is a stutter simulation for (TS, TS)
if and only if for alls € S
StSimg(s) C StSimap(s) and if s’ € Post(s) then StSimg(s) C Succ*(StSimg(s), StSimg(s’)).

Proor Let TS be some transition system with state space S.

=: Assume R C SxSisastutter simulation for (TS, TS). Then StSimg(s) C StSimap(s), since
for all (1,v) € Rt holds that L(u) = L(v). Let t € StSimg(s) and s” € Post(s). The proof
is by contraposition. Assume that t ¢ Succ*(StSimg(s), StSimg(s”)). Consequently, there
exists no finite path fragment t = tgt;...t, outgoing from t (n > 0) with t; € StSimg(s),
i =0,.,n-1, and t, € StSimg(s’). Accordingly, there is no finite path fragment
t = tot;...t, emanating from ¢, such that the pairs (s, t;) and (s, t,) are contained in R.
This contradicts the assumption that R is a stutter simulation for (TS, T'S).

&: Let R be a binary relation on S. Assume StSimg(s) C StSimap(s) and StSimg(s) C
Succ*(StSimg(s), StSimg(s’)) for all s € S, s’ € Post(s). Let t be some state in StSimg(s).
By definition, it holds that all pairs (s, t) are contained in R. Since the stutter-simulator
set of state s is a subset of StSimp(s), it directly follows that the labeling condition (1)
for stutter simulation is satisfied for all pairs (s, t) € R. Furthermore, if t € StSimg(s)
then there exists a finite path fragment t = tot;...t, (n > 0), such that t; € StSimg(s)
forall 0 <i < nandt, € StSimg(s’), since StSimg(s) € Succ*(StSimg(s), StSimg(s’)). By
definition, we have that (s,t;) € R and (s, t,) € R and hence, condition (2) for stutter
simulation is trivially fulfilled. Thus, R is a stutter simulation for (T'S, TS). [
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4.2 Computing the Stutter Simulation Preorder <

Thus, to obtain the stutter simulation preorder, we initially compute the set of stutter
simulator sets StSimyp, such that the stutter simulator set of each state s contains all states
that are candidates to stutter simulate s. Then, these sets are iteratively refined until the
current set of stutter simulator sets is stable, i.e. in every iteration it must be checked for all
states s whether there exists a state u € StSimg(s) that violates Lemma 4.2.1. In this case, there
is at least one transition s — s’ that cannot be mimicked by state u by only visiting states
in StSimg(s) and, by definition of stutter simulation, s is not stutter simulated by u. Hence,
u must be removed from StSimg(s). Furthermore, all states v that are candidate to stutter
simulate s and which have an outgoing path v = vyv;...v, (n > 0), where v; € StSimg(s)
forall 0 < i < n and v, € StSimg(s’), cannot be stutter simulated by u for the sake of
transitivity and thus, u must also be excluded from their stutter simulator sets. This leads
to the following refinement operation of StSimg. (Note that Sat(s,s”) is an abbreviation for
the set of constrained successors Succ*(StSimg(s), StSimg(s’)).)

DEFINITION 4.2.3 ( REFINEMENT OPERATION )
Let (s,s”) be a refiner for StSimg and Sat(s,s’) = Succ*(StSimg(s), StSimg(s’)). Then, StSimg is
refined as follows:

Refine(StSimg, Sat(s,s”)) = Uesl Refine(StSimg(t), Sat(s,s’)) },
where

StSimg(t) N Sat(s,s’), ift € Sat(s,s’)

Refine(StSimg(t), Sat(s,s")) =
efine(StSimg(t), Sat(s,s")) {StSimR(t), if t ¢ Sat(s,s’).

Observe the situation given in Figure 4.1, where { s,t,u } C StSimg(s) and t € StSimg(u).

StSim,s) StSimy(s") StSim, (u)

" - StSim,(t)

P T ‘
\\4/\ /

Figure 4.1: Current approximation of <

Assume that (s,s’) is a refiner for StSimg. Then, by the definition of refiners, s’ is a direct
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successor of s, i.e. ' € Post(s) (solid arrow from s to s’), and there exists t € StSimg(s)
with t ¢ Succ*(StSimg(s), StSimg(s’)) (crossed out dotted arrow). Additionally, let u €
Succ*(StSimg(s), StSimg(s’)) (dotted arrow), that is, u stutter simulates the behavior of s
w.r.t. state s’. Clearly, state t must be excluded from the stutter simulator set of s and further-
more, for the sake of transitivity of the stutter simulation preorder, t needs to be removed
from all stutter simulator sets of all states contained in the current set of constrained suc-
cessors. Hence, since t is included in StSimg (1), where u exhibits the desired behavior, ¢ can
no longer be candidate to stutter simulate u (compare to Figure 4.2).

StSin (s) StSimy(s) StSim (u)

8 N F

" g StSimp (t)

s T ‘
\\4/\ /

Figure 4.2: Refinement Operation

The updated stutter simulator sets are obtained by intersecting the old stutter simu-
lator sets with the current set of constrained successors, i.e. StSimg:(s) := StSimg(s) N
Succ*(StSimg(s), StSimg(s’)) and StSimg (1) := StSimg(u) N Succ*(StSimg(s), StSimg(s’)), and
it follows that t is no longer candidate to stutter simulate s and u.

We will now prove that this operation is correct, i.e. starting with the initial approxima-
tion StSimap, the successive refinement provides a series of approximations StSimg, =
StSimap, StSimg,, ..., StSimg, , which become increasingly finer and which are all coarser
than StSimTs. Once a stable situation is reached, e.g. in the nth iteration (1 > 0), there are no
further refinements possible and StSimg, is the stutter simulation preorder StSimrs.

ReEMARK 4.2.1 ( REFINEMENT OPERATION VS. PREORDER )

Let StSimg, be the current approximation of the stutter simulation preorder <, where
StSimg, = StSimap and StSimg, = Refine(StSimg, ,, Sat(u, u’)). Then, if (s,s’) is a refiner for
StSimg, and if StSimg, is a preorder then StSimg. ., = Refine(StSimg,, Sat(s,s’)) is a preorder.

Proor Let StSimg, be the current set of stutter simulator sets of all states s € S, where i
denotes the set of stutter simulator sets before the ith refinement. The proof is by induction
oni.

(1) Base case: i =0.
Clearly, StSimg, = StSimap is reflexive. We omit the details and show transitivity.
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@)

Recall that in the initial approximation a state ¢ is contained in the stutter simulator
set of some state s whenever L(s) = L(t). Thus, if t € StSimg(s) and s € S5tSimg,(u) then
u € StSimg,(t), since L(t) = L(s) = L(u). Hence, StSimg, is a preorder.

Assume i > 0, where StSimg, is a preorder. Let StSimg ,, = Refine(StSimg,, Sat(s,s")),
where (s,s’) is a refiner for StSimg.. By definition of the refinement operation, the
i + 1st approximation StSimg, , (t) of the stutter simulator set of each state t € S is ob-
tained from the intersection StSimg, N Sat(s,s’) if t € Sat(s,s”). Otherwise, StSimg,,, (t) =
StSimg,(t). Consequently, StSimg.,,(t) C StSimg (t) for all states t € S. Furthermore,
observe that the refinement operation never excludes a state from its current stut-
ter simulator set and thus, it directly follows that StSimg , is reflexive. To show
transitivity of StSimg.,,, let u be contained in StSimg,  (t1) € StSimg(t1) and t; in
StSimg,,  (t2) C StSimg.(t2). By transitivity of StSimg, it holds that u € StSimg (t2).
The proof is by contradiction. Assume that u ¢ StSimg,  (t2) but u € StSimg,, (t1) and
t1 € StSimg,,, (t2). Then, u is excluded from StSimg (t2) by the refinement operation and
thus, t, belongs to Sat(s,s"), whereas u does not. Furthermore, since t; € StSimg_, (t2),
we have that t; € Sat(s,s’) and thus, the next approximation of the stutter simulator
set of t; is obtained by the intersection StSimg, N Sat(s,s”). Since u is not contained in
Sat(s,s”), it must be excluded from StSimg, , (t1). This contradicts the assumption that
u belongs to StSimg, , (t1). Thus, the approximation StSimg, , is transitive.

It follows that if there exists a refiner (s,s’) for StSimg, and if StSimg, is a preorder then
StSimg,,, is a preorder. [

LeMmMA 4.2.2 ( CORRECTNESS OF THE REFINEMENT OPERATION )

Let StSimg, be the current approximation of the stutter simulation preorder <, which is finer
than StSimap, coarser than StSimrs and where StSimg, = StSimap. Then, if (s,s’) is a refiner
for StSimg, it holds that

StSimg,,, = Refine(StSimg,, Sat(s,s")) is (1) finer than StSimg, and (2) coarser than StSimrs.

Proor Let StSimg. be the current set of stutter simulator sets at the beginning of the ith
refinement. The proof is by induction on i.

@)

)

Base case: i = 0. Since no refinement was carried out yet, the first claim is trivially
fulfilled. Furthermore, since StSimg, = StSimyp, it follows directly that StSimg, is
coarser than StSimrs.

Assume i > 0, where StSimg, is finer than S5tSimg,_ | and coarser than StSimrs. Let (s, s”)
be a refiner for StSimg, and StSimg.,, = Refine(StSimg,, Sat(s,s”)).

(2.1) Recall that by definition of the refinement operation we only obtain a smaller
stutter simulator set for a state t if  can reach a state in StSimg,(s’) via a path ex-
clusively consisting of states in StSimg.(s), i.e.if t € Sat(s,s"). Otherwise, StSimg(t)
cannot be refined according to (s, s”) and hence remains the same. It immediately
follows that StSimg,, = Refine(StSimg,, Sat(s,s”)) is finer than StSimg,.

(2.2) For the second claim, we have to prove that Refine(S5tSimg (t), Sat(s,s")) is a subset
of StSimrs(t) for every state t € S. Distinguish between two cases.

i+1

i+1
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(2.2.1) t ¢ Sat(s,s’). Then, we obtain that Refine(StSimg(t), Sat(s,s’)) = StSimg,, (t)
by definition of the refinement operation. Since StSimg (t) € StSimrs(t), it
follows that Refine(StSimg,, (t), Sat(s,s”)) C StSims(t).

(2.2.2) t € Sat(s,s’). Then, t € 5tSimg,(s) and furthermore, StSimg,  (t) = StSimg (t) N
Sat(s,s’). The proof is by contradiction and we assume that there exists a state
u that is contained in StSimrs(t) and StSimg (t) but not in StSimg,, (t). Then, u
isnot inherited in Sat(s, s”) and hence, either u ¢ S5tSimg,(s) or u ¢ StSimg,, (s).
Observe that u must belong to StSimg(s), since, by Remark 4.2.1, StSimg, is a
preorder and thus transitive. Consequently, u ¢ StSimg, ,(s), i.e. there exists
no finite path fragment u = wug...u, (n > 0) with u; € StSimg(s) for all i €
{0,..,n—1}and u, € StSimg (s"). Then, since t € Sat(s, s"), this contradicts the
assumption that u € StSimrs(t) and it follows that StSimg, , (t) € StSimrs(t).

Hence, StSimg,, is coarser than StSimrs.

We obtain that if (s, s) is a refiner for StSimg, and if StSimg, is finer than StSimg, , and coarser
than StSimrs then StSimg,, is finer than StSimg, and coarser than S5tSimrs. |

The essential steps to iteratively refining the set of stutter simulator sets StSim are outlined
in Algorithm 4.2.1, which takes as input a finite transition system TS = (S, Act, —, [, AP,L)
with possibly terminal states and computes the stutter simulation preorder <, which will
be represented by StSim := (J,esi StSim(s) }.

Algorithm 4.2.1: Computing the Stutter Simulation Preorder

Input : Transition System TS
Output: Stutter simulation preorder StSimrs

forall s € S do (* initialization *)
| StSim(s) := {t € S| L(s) = L(t) };

while s € S. ds” € Post(s) with StSim(s) € Succ*(StSim(s), StSim(s’)) do

Sat(s,s’) := Succ*(S5tSim(s), StSim(s’)); (* du € S5tSim(s) with s€u *)

forall t € Sat(s,s’) do

L Refine(StSim(t), Sat(s,s’)); (* refinement operation *)

(* StSim(s) = StSimpg(s) for any s *)

return { StSim(s) }ses ; (* Usest StSim(s) } = StSimpg *)

In the beginning of each execution of the while-loop (Il. 3-6), the set StSim := | J,eg{ StSim(s) }
represents the current approximation R of the stutter simulation preorder <. Here, a pair of
states (s, t) belongs to R iff t € StSim(s). Since the state space of the given transition system
is finite and following Lemma 4.2.2, Algorithm 4.2.1 terminates after n € N iterations of
the while-loop on input TS. It remains to prove that Algorithm 4.2.1 computes the coarsest
stutter simulation preorder.

TaHEOREM 4.2.1 ( CORRECTNESS OF ALGORITHM 4.2.1)
Let TS be a transition system and StSim be the output of Algorithm 4.2.1. Then, for alls,t € S
it holds that

40



4.2 Computing the Stutter Simulation Preorder <

t € StSim(s) if and only if s < t.
Proor Let TS be some transition system.

=: Assume StSim = StSim, is the output of Algorithm 4.2.1 after n > 0 iterations
of the while-loop. Then, for all s € S there exists no s’ € Post(s) with StSim(s) €
Succ*(StSim(s), StSim(s’)). Furthermore, StSim(s) C StSimap(s) which can be seen as
follows. Once the initial approximation StSimy = StSimap is computed (1. 1-2), in each
iteration i > 0 the refinement operation is applied as long as a refiner exists (.. 3-6)
. Let StSim; denote the current approximation in the beginning of the ith iteration
of the while-loop. By Lemma 4.2.2, we have that StSim;.1(s) C StSim;(s) and hence,
StSim = StSim, C StSimp. Following Lemma 4.2.1, StSim is a stutter simulation for
(TS, TS) and thus, for all s, t € S it holds that if € StSim(s) then s < ¢.

&: Assume that s < t, i.e. t € S5tSimrs(s), and Algorithm 4.2.1 terminates after n > 0
iterations of the while-loop with output 5tSim = StSim,,. Let i < n denote the current
approximation StSim; in the beginning of the ith iteration of the while-loop, where
the initial approximation StSimg = StSimap was computed in lines 1-2. Clearly, t €
StSimap(s). Note that the while-loop implements the refinement operation, i.e. if there
exists a refiner in the ith iteration then the refinement operation is applied to the
current approximation StSim;. Following Lemma 4.2.2, StSim; is coarser than StSimrs
for all 0 < i < n, since StSimy = StSimap, and hence, t is inherited in 5tSim;(s) in each
iteration. It follows that for all s,f € S if s < t then t € StSim(s) and thus, StSim is the
coarsest stutter simulation for (TS, TS). [ ]

THEOREM 4.2.2 ( TiME COMPLEXITY OF ALGORITHM 4.2.1)
The stutter simulation quotient space can be computed by Algorithm 4.2.1 with time com-
plexity O(S| - |AP| + | — | - ISP).

Proor Let n = |S| denote the number of states, m = | — | the number of transitions, where
we assume that m > n.

(1) Initialization (11.1-2):
Following Baier and Katoen [1] (p.478ff), computing the initial approximation takes
time O(n - |AP]), where AP is the set of atomic propositions in TS.

(2) The while-Loop (11.3-6):

(2.1) Number of Executions of the while-loop:
Once there is a pair of states s,s’” that satisfies the guard of the while-loop its
body is executed. A stutter simulator set consists of at most n elements. Since
every state can stutter simulate itself, it follows that at most 7 — 1 elements can
be removed from a single set. Hence, the body of the while-loop can be entered
at most O(n?) times.

(2.2) Checking the Guard of the Loop (1.3):
The loop-condition in 1.3 is checked for each successor s’ of every state s, i.e.
Y.ses [Post(s)| € O(m) times in total.
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(2.2.1) Computing the Set of Constrained Successors:
Let s,s” be the current pair of states for which we need to test whether they
fulfill the guard of the while-loop. Therefore, we first have to compute the
set of constrained successors of the stutter simulator set of s with respect to
the stutter simulator set of s’. This can be done in time O(1°) by applying the
Floyd-Warshall Algorithm [2] for computing the transitive closure of a given
graph with a slight modification. Assume transition system TS is represented
by an adjacency matrix. Then, instead of computing the existence of a path
between each pair of states, we need to consider tuples t, t', where t € StSim(s)
and t’ € 5tSim(s’), and focus on the existence of a path from f to t’ via states
in StSim(s). This boils down to examining a subgraph of the given transition
system that consists of the states in StSim(s) and StSim(s’) and once a path
from t to at least one state in StSim(s’) via states in StSim(s) is detected, t
can be added to Sat(s,s’). To guarantee that the path from f to t’ exhibits the
desired pattern, our algorithm simply compares all possible paths from v to
w visiting k, where states v and k are contained in the stutter simulator set
of s and w belongs to StSim(s’), i.e. O(|StSim(s)|? - |StSim(s’)|) comparisons at
most. Thus, O(1%) is an upper bound to computing the set of constrained
successors Sat(s,s’) of StSim(s) w.r.t. StSim(s’).

(2.2.2) Testing the Subset-Relation:
It remains to test whether the stutter simulator set of s is a subset of Sat(s, s’).
Note that Sat(s,s’) can at most include all elements inherited in StSim(s) and
consequently, |Sat(s,s”)| < n. The subset-relation can be tested by adding all
states in Sat(s,s”) to a hash table H and checking if for each state in StSim(s)
there exists an entry in H. This takes time O(2n) = O(n).

It follows that the costs required to check the condition of the while-loop for a
single pair of states are in O(1%).

(2.3) Loop-Body (11.4-6):

Observe that Sat(s,s") = Succ*(StSim(s), StSim(s")) was already computed in the
guard of the while-loop (1.3) and we only have to consider the number of iterations
of the forall-loop in line 5, which depends on the cardinality of Sat(s,s’). In
case Sat(s,s”) = StSim(s), the body of the loop would not be entered and thus,
|Sat(s,s”)| yields at most n — 1. Then, for every state t € Sat(s,s’) the intersection
StSim(t) N Sat(s,s’) is computed in O(n) by adding once all states contained in
Sat(s,s’) into a hash table H and then excluding state #' from StSim(t) if there
exists no entry in H for #. An upper bound for this computation is O(n?).

The total complexity of Algorithm 4.2.1is O(n - |AP| + n? - (m - (n® + n) + n?)) = O(n - |AP| +
n® - (m-n®+n?) =0(S| - |AP| +| — | - |SP). [

Note that this is a rather coarse upper bound for the time complexity of Algorithm 4.2.1,
since e.g. the set Sat(s,s”) is not necessarily needed to be recomputed in every iteration.
However, the given approximation suffices for the moment.
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4.3 Computing the Stutter Simulation Preorder < and
Equivalence =

The additional computation of the stutter simulation equivalence Ilg,; clearly requires an
adaption of the previous definitions. Here, the stutter simulation preorder < will be given in
a more absract manner, i.e. it is no longer explicitly represented as a set of stutter simulator
sets for every single state in S but instead as a set of stutter simulator sets of blocks of states
contained in partition Ilg;. This abstraction yields a relation between pairs of blocks in Ilg,,
where each block groups all stutter simulation equivalent states in T'S. Thus, the relation <
needs to be redefined. The coarsest stutter simulation preorder is induced by the partition
relation pair # = (Ilg;, <pr) and represented by the set of stutter simulator sets StSimep.

DEFINITION 4.3.1 ( ABSTRACTION OF THE STUTTER SIMULATION EQUIVALENCE )
Let R be a binary relation on S and s,t € S. Then, the stutter simulation equivalence is a
partition I'lg of S induced by R, where

[slr, = [tln, if and only if Vu € S. (u,s) e R & (u,t) € R.
If R is the stutter simulation preorder < then I'lg induces =~ and will be denoted by I1g;,. =

In the following, R will denote the current approximation of the stutter simulation preorder
according to Algorithm 4.3.1. Thus, if [s]r, = [t]r, then s and t are currently candidates to
be stutter simulation equivalent and furthermore, if Ilgx = Ilg, then = is given by { (s,t) €
Sx S| [s]m; , = [t]1; . }. The initial approximation I'ly is denoted by the AP-Partition I4p.

DEFINITION 4.3.2 ( ABSTRACTION OF THE STUTTER SIMULATION )
Let R be a binary relation on S, Ilg be the partition of S w.r.t. R and B, C € Ilg. Then, R is
induced by the binary relation <g C I'lg x Ilg, where

B <g Cifand only if Vs € B.Vt € C. (s,t) € R.

If R is the stutter simulation preorder < then <g induces the coarsest stutter simulation
preorder and will be denoted by <py. ]

Similar to Definition 4.3.1, the relation R will indicate the current approximation of the
stutter simulation preorder < according to the computations of Algorithm 4.3.1 and we
have that block C € Ilg is currently candidate to stutter simulate block B € I'lg iff all states in
C are currently candidates to stutter simulate all states in B, i.e. (s,t) € Rfor all s € B,t € C.
The initial approximation < is induced by the state-labelings, such that [s]r,, <o [t]r1,, iff
[slri,, = [tlm,, iff L(s) = L(t) and will be denoted by <4p. Recall that whenever a state s is
contained in an arbitrary block D € IT then [s]q = D, since I1 is a partition. Consequently,
[S]ng <pre [t]HE,, iff s < tforallse [s]nEq,t € [t]HEq- The stutter simulation preorder < as a
relation between pairs of states thus can be obtained from <p,, and Ilg; as follows:

<={(s,t) € Sx S| [s]rs, <pre [tIr, }-

Since the stutter simulation preorder < C S X S is now induced by <p, as a relation between
sets of states, we define the stutter simulator set of a set of states.
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DEeFINITION 4.3.3 ( STUTTER SIMULATOR SET OF A SET OF STATES )

Let P = (Ilg, <g) be a partition-relation pair, where I'lg and <g encode the current approxi-
mations of & and <, respectively. Then, the stutter-simulator set of D C S w.r.t. £ is defined
as

StSimp(D) ;= J{Cellg|ABeTllg. BN D # 0 AB <g C}.
The set of stutter simulator sets StSimp(D) of all blocks D € Ilg is denoted by StSimp. [

If # = (Ilgg, <pre) and D € Ilg, then StSimp(D) is the set of blocks that stutter simulate D
and will be denoted by StSimrs(D). Note that, if D is a block in I'lg, the set of blocks that are
candidates to stutter simulate D is identified by StSimp(D) = (J{ C € Ilg | D <g C }, such
that each state in C is candidate to stutter simulate each state in D. Furthermore, if D is a
singleton, i.e. D = { s}, then the corresponding stutter simulator set specifies the set of states
that are currently candidates to stutter simulate s and is obtained by

StSimp({s}) = StSimp([sln,)
=J{CeTlg|IBeTlg. [slny NB#0OAB<g C}
=U{Cellg|[sln, <z C}.

Recall that, since [s]r, specifies the unique block in Tlg containing s and since Ilg is a
partition, there exists exactly one block B with BN [s]r, # 0 and furthermore, B = [s]r,. The
current approximation of the stutter simulation preorder < as a relation between pairs of
states is thus given by:

((s,1) € S xS | [t]ni, € StSimp((sln) ) = { (5,8) € S x S | [ < [Flriy -

DerFINITION 4.3.4 ( REFINER, SPLITTER, STABILITY )

Let P = (Ilg, <g) be a partition-relation pair, where Ilg and <g induce the current approxi-
mations of # and <, respectively, StSimyp the corresponding set of stutter simulator sets and
B,C, D € Ilg.

(1) The pair (B,C) is a refiner for StSimyp if and only if s € B. 35" € C. s’ € Post(s) and
StSimp(B) ¢ Succ*(StSimgp(B), StSimp(C)).

(2) StSimp(B) is stable if there exists no C € I'lg such that (B, C) is a refiner for StSimg(B).
(3) StSimep is stable if StSimp(B) is stable for all B € I'lg.

(4) The pair (B, C) is a splitter for Ilg if and only if AD € StStimp(B). Atq,t, € D such that
t1 € Succ*(StSimp(B), StSimp(C)) but tr ¢ Succ*(StSimp(B), StSimp(C)).

The initial approximations of ~ and < are overapproximations that are successively refined.
Therefore, we have to check if there exists a state s, such that the current stutter simulator set
of [s]r, includes state t of some block D € Ilg which cannot stutter mimic some behavior
of s, i.e. t ¢ Succ*(StSimp([s]ri,), StSimp([s']r,) but s has an outgoing transition to a state
in [s']m, € Ilg. In this sense, we will basically split each such state ¢ from D and group
them in a new (generated) block D, ¢ StSimp([s]ry,), such that all states remaining in D
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provide a finite path fragment that leads to [s’]r1, by only visiting states in StSimp([s]r,)-
To avoid any confusion, we denote this set of states by D; = D\D». Note that the splitting
of D is necessary, since the states in D, are no longer candidates to be stutter simulation
equivalent to the states left in D. The splitting of blocks clearly involves an update of
the stutter simulation relation, where D; is candidate to stutter simulate D,, whereas the
reverse does not hold. Furthermore, the stutter simulator sets of all other candidates C C
Succ*(StSimp([sl,, StSimp([s’]r,) need to be refined accordingly.

LemMmA 4.3.1 ( STUTTER SIMULATION )
Let TS be a transition system, R a binary relation on S and P = (Ilg, <g) a partition-relation
pair, where Ilg is a partition of S w.r.t. R and <g C I'lg X Ilg induces R. Then:

R is a stutter simulation for (TS, TS)
ifand only if for alls € S
StSimp([slrg) < [slm,, and
if 3s" € Post(s) then StSimp([s]r,) C Succ*(StSim([s]ry), StSim([s"Irig))-

Proor The proof is analogous to the one of Lemma 4.2.1. u

Consequently, our algorithm has to check in every iteration whether there exists a state in
StSimp(B) that violates Lemma 4.3.1. If this is the case, the corresponding blocks in ITg will
be split into two blocks each, whereas StSimp will be refined in a similar way as specified
by the refinement operation of the algorithm to solely computing the stutter simulation
preorder (see Definition 4.2.3). These two operations form the heart of Algorithm 4.3.1 and
will be precisely defined, explained and illustrated in the following. (Note that Sat(B, C) is
an abbreviation for the set of constrained successors Succ*(StSimp(B), StSimp(C)).)

DEFINITION 4.3.5 ( REFINEMENT AND SPLITTING OPERATION )

Let (B, C) be a refiner for StSimp and a splitter for Ilg, where P = (Ilg, <g) is the current
partition relation pair and let Sat(B, C) = Succ*(StSimp(B), StSimp(C)) be the set of states in
StSimp(B) that reach a state in StSimp(C) by exclusively visiting states in StSimp(B). The
splitting operation is defined by:

(1) Splitting Operation:
Split(Ilg, Sat(B, C)) := Upery, Split(D, Sat(B, C)),
where

{DNSat(B,C) },{ D\Sat(B,C)}, ifDy #0 # D,

Split(D, Sat(B, C)) := Dy D,

{D}, otherwise.

(2) Refinement Operation:
Let £ = (Il%, <g) be the partition relation pair obtained by splitting all blocks in
Ilg w.r.t. Sat(B, C). The set of stutter simulator sets StSimgp, is accordingly updated as
follows:
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where

Given the situation in Figure 4.3, where Il = { B,C,D,E,F }, StSimp(B) = BUD UE UF,
StSimp(C) = C, StSimp(D) = D U F, StSimp(E) = D U E, StSimp(F) = F, and we assume the
pair (B,C) € Ilg X Ilg is a refiner for StSimp. Then, there exists a state s € B, s’ € C and
ty € StSimp(B),such thats — s’ (solid arrow from s tos’) and t, ¢ Succ*(StSimp(B), StSimep(C))
(crossed out dotted arrow). Furthermore, we assume that ¢; is included in block D and there
exist states t; € D, v € F and u € E which belong to Succ*(S5tSimp(B), StSimp(C)) (dotted
arrow), i.e. which stutter simulate the behavior of s with respect to block C. In Section 4.2

Refine(StSimgpr, Sat(B, C)) = UD,GH;Q{ Refine(StSimp(D"), Sat(B, C)) },

Refine(StSimp(D"), Sat(B, C)) :=

StSimp(D) N Sat(B,C), if D’ =Dy ¢ D €Ilg and D’ C Sat(B,C) or
if D’ =D e Ilg and D C Sat(B, C)

StSimp(D), if D’ =D, ¢ D eIlgand D’ N Sat(B,C) = 0 or
if D’ = D € Tlg and D N Sat(B, C) = 0.

StSim (B) StSim (D) StSim ()
DRI 5 v G
- \\\\‘\ , u
i StSim,(F) L
- v
.‘.* ",
“a : v
g v
StSim,(C)

the refinement operation removed f, from StSimg(s) and simultaneously from all stutter
simulator sets of all states in Succ*(StSimg(s), StSimg(s’)). Since StSimep now is defined over
blocks in Ilg instead of single states in S, we proceed as follows: Split block D into the
subblocks D1 = D N Succ*(StSimp(B), StSimp(C)) and Dy = D\Succ*(StSimp(B), StSimp(C)),
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D Split(D, Sat(B, C))

Figure 4.4: Splitting Operation

where t] isincluded in D1 and ¢, in D, after the splitting (see Figure 4.4). Then, the refinement
operation excludes D; from 5tSimp(B) and simultaneously from all stutter simulator sets of
all blocks (in the new partition obtained by applying the splitting operation to all blocks
that need to be split) that are a subset of Succ*(StSimp(B), StSimp(C)). Thus, t; is excluded
from StSimp(B) but also from the stutter simulator set of E. Since D, is a new generated
block, we must define its stutter simulator set. This will be the stutter simulator set of the
old (that is, before splitting) block D, which can be seen as follows. The refiner yields that
the states in Dy exhibit some behavior not stutter simulatable by D;, whereas the reverse is
not disproven yet. The same argumentation holds for all other blocks (which are here blocks
F and D, itself) in StSimp(D) and hence, they are still candidates to stutter simulate all states
in D, (compare to Figure 4.5).

StSim,(B) StSim{(D,) StSim (D) StSim,(E)
v
t,
u
StSim,(F ) t,

%

StSim,(C)

Figure 4.5: Refinement Operation
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Note that in case D; = 0 no state in D can reach a state in StSimp(C) via a path through
states in S5tSimp(B). In this case, the splitter-conditions in Definition 4.3.4 are violated and
no splitting takes place, whereas the refinement operation processes as usual, i.e. excluding
the states in block D from StSimg(B) and from all stutter simulator sets of all blocks in
Succ*(StSimp(s), StSimp(s’)).

LeEMMA 4.3.2 ( CORRECTNESS OF SPLITTING AND REFINEMENT OPERATION )

Let P = (Ilg,, <) be the current partition relation pair. The current approximation Ilg, of
the stutter simulation equivalence = is finer thanI14p, coarser thanIlrs and Ilg, = I14p. The
relation <g, is the approximation of the stutter simulation preorder <, which is finer than
<4p, coarser than <rs, and where <g, = <sp.

e If (B, C) is a splitter for Ilg, then
g, = Split(Ilg,, Sat(B, C)) is (1.1) finer than Ilg, and (1.2) coarser than Ilg,.

e If (B, C) is a refiner for StSimgp, then

StSimp,,, = Refine(StSimp,, Sat(B, C)) is (2.1) finer than 5tSimp, and

(2.2) coarser than StSimrs.

i+1

Proor We first show the correctness of claims (1.1) and (2.1). Let I'lg, be the current approxi-
mation of the stutter simulation equivalence % in the beginning of the ith splitting operation.
The proof is by induction on i.

(1) Base case: i = 0. Since Ilg, = ITap, claim (1.2) follows immediately. Furthermore, since

no splitting took place yet, claim (1.1) trivially holds.

(2) Assumei > 0, where Ilg, is finer than Ilg,_, and coarser than Ilg,. Let (B, C) be a splitter
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(2.2.2) [s]lg,NSat(B,C) # 0and [s]g,\Sat(B, C) # 0. Then, either [s]g

for I'lg, and let Ilg ,, = Split(Ilg, Sat(B, C)).

(2.1) By definition of the splitting operation, a block D € Ilg, can only be split by
Sat(B, C) into two new subblocks if neither D N Sat(B, C) nor D\Sat(B, C) yields
the empty set. Otherwise, D remains the same and hence, it directly follows that
Ilg,,, is finer than Tlg .

(2.2) For claim (1.2) we have to show that Split([s]n,Ri, Sat(B, C)) yields a set [S]HRi+1 -
[s]r1, for all states s € S. Distinguish between two cases.

(2.2.1) Either [s]g, N Sat(B,C) = 0 or [s]g,\Sat(B, C) = 0. In both cases we have that

[slg.,, = Split([slg,, Sat(B, C)), i.e.[slg, = [slg,,, and since [s]g, C [s]r,, it holds
that Split([slg,, Sat(B, C)) = [slr,,, < [s]n;,-

.. = [slg,NSat(B,C)
or [slg,,, = [slg,\Sat(B, C), since s either belongs to Sat(B, C) or not. The proof
is by contradiction. Assume that there exists a state u that is contained in
[slg, and [s]r1;, but not in [s]g,,,. Furthermore, assume w.l.o.g. that [s]g,, =
[s]lg, N Sat(B,C). Then, s € Sat(B, C) and since u ¢ [s]g,,, and by definition of
the splitting operation, we have that u ¢ Sat(B,C). It immediately follows
that s and u are not stutter simulation equivalent, which contradicts the

assumption that u € [s]r,, and it holds that [s]nRi+1 C [slrig,-
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Hence, I'lg,,, is coarser than Ilg,.

The proofs of claims (2.1) and (2.2) are analogous to those in Lemma 4.2.2. Observe that here
the refinement operation is applied to the blocks in the new partition I'lg ,, i.e. we first split
the blocks by the splitter (B, C) and then refine the relation <g, between the blocks in Ilg, ,
w.r.t. the refiner (B, C) € Ilg, X I'lg,. This is correct since the splitting operation is correct and
we obtain the correctness of both the splitting and the refinement operation. |

The following Algorithm 4.3.1 outlines the basic steps to compute the coarsest stutter simu-
lation preorder and equivalence of a transition system TS = (S, Act, —, 1, AP, L) with possibly
terminal states.

Algorithm 4.3.1: Computing the Stutter Simulation Preorder and Equivalence

Input : Transition system TS
Output: Stutter simulation equivalence I'lg; and preorder StSimrs

1 IT:=T1ap; (* initialization *)

10

11
12

13

forall BeIldo
L StSim(B) := B;

while ds € S. ds” € Post(s) with StSim([s]r1) € Succ*(StSim([s]rr), StSim([s']1)) do

compute Sat([s]r, [s']m); (* Ju € StSim([s]) with s L u *)
Hog =11
forall D € I1,; with D N Sat([s]r,,, [s']n,,) # 0 and D\Sat([s]r,,, [s']n,,) # 0 do
pick D" € ITwith D’ = D;
D’ := D N Sat([s]r,, [s"In,,);
IT:=ITU D\Sat([s]r,, [s"Ir1,,); (* splitting operation *)
forall D’ e I1do
L Refine(StSim(D"), Sat([s]m,,,, [s"Ir,,)); (* refinement operation *)
(* StSim([s]o) = StSist([s]nEq) for any s *)
(* [sln = [sln,, for any s *)
return (I1, { StSim(B) }en); (* Ugerl StSim(B) } = StSimrs *)

The assignment IT := I14p denotes the computation of the AP-partition according to Baier
and Katoen [1]. In the beginning of the while-loop (ll. 4-12), the sets StSim and IT represent
the current approximations of the coarsest stutter simulation preorder and equivalence,
respectively. A block B € II is candidate to stutter simulate block C € IT iff B C StSim(C).
Furthermore, states s and t are candidates to be stutter simulation equivalent iff they belong
to the same block in I'T. The forall-loop (11. 7-10) implements the splitting operation, whereas
11. 11-12 represent the refinement operation. Note that the splitting precedes the refinement
operation, since otherwise newly generated blocks resulting from splitting are not included
in the StSim-relation. Since the state space of the given transition system is finite and thanks
to Lemma 4.3.2, Algorithm 4.3.1 terminates after n € N iterations of the while-loop on input
TS. We will now prove the correctness of Algorithm 4.3.1.
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THEOREM 4.3.1 ( CORRECTNESS OF ALGORITHM 4.3.1)
Let TS be a transition system and (I'l, StSim) be the output of Algorithm 4.3.1. Then, for all
s, t € S it holds that

(1) t € StSim([s]r) if and only if s < t and
(2) [slr = [tlr if and only if s = ¢.

Proor The proof of the first claim is similar to the one of Theorem 4.2.1. To show claim (2),
let TS be some transition system and (I, StSim) be the output of Algorithm 4.3.1 after n > 0
iterations of the while-loop.

=: Assume [s]i; = [t]r, where s, t are two states in S. Then, StSim([s]r1) = StSim([t]7) and
since StSim represents the coarsest stutter simulation preorder, it follows that s < ¢
and f < s and hence, s = t.

&: Assumes = t, where s, t are two states in S. By Lemma 4.3.2, we have that ITis coarser
than I'lg; and hence, it cannot be the case that s and ¢ belong to different blocks in I1I.
It follows directly that [s]rr = [¢]r1. [

THEOREM 4.3.2 ( TiIME COMPLEXITY OF ALGORITHM 4.3.1)
The stutter simulation quotient space can be computed by Algorithm 4.3.1 with time com-
plexity O(S| - |AP| + | — | - |SP).

Proor Let n = |S| denote the number of states, m = | — | the number of transitions, where
we assume that m > n.

(1) Initialization (11.1-3):
Following Baier and Katoen [1] (p.478ff), computing the initial partition IT4p and initial
approximation of the stutter simulation preorder StSim takes time O(n - |AP|), where
AP is the set of atomic propositions in TS.

(2) The while-Loop (11.4-12):
(2.1) Number of Executions of the while-loop:
Similar to Algorithm 4.2.1, the number of iterations of the while-loop is bounded
by O(n?).
(2.2) Checking the Guard of the Loop (1.4):
The loop-condition in 1.4 is checked for each successor s’ of every state s, i.e.
Y.ses |Post(s)| € O(m) times in total.

(2.2.1) Computing the Set of Constrained Successors:

The proceeding goes analogous to Algorithm 4.2.1, where we computed the
set of constrained successors using Floyd-Warshall [2] with a slight modifi-
cation in time O(1%). Note that determining the blocks states s and s’ belong
to takes time O(n) each in the worst case if IT and the blocks it contains are
represented by lists. Furthermore, if StSim is given as a list of lists then iden-
tifying the stutter simulator set of a block can be done in time O(1). Hence,
O(n®+2n+2n) = O(n®) is an upper bound to computing the set of constrained
successors Sat([s], [s']r1) of StSim([s]r) w.r.t. StSim([s"]r).
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(2.2.2)

Testing the Subset-Relation:
According to Section (2.2.2) of Theorem 4.2.2, this can be done in time O(2n) =
O(n) using a hash table H; for the set Sat([s]r, [s"]r1).

Thus, checking the condition of the while-loop for a single pair of states takes
time O(1°).

(2.3) Loop-Body (11.5-11):
Note that the set Sat([s]m,,, [s"]m,,) is the same set Sat([s])r1, [s']1) which was
already computed in the guard of the while-loop (1.4).

(2.3.1)

(2.3.2)

Splitting Operation (11.7-10):

Here, the list I, is sequentially traversed. To check whether the guard of
the first forall-loop is satisfied for the current block D € I1,;, we compute
the sets D1 = D N Sat([s],,,, [s']m,,,) and Dy = D\Sat([s]r,,, [s'],,,) by reusing
hash table H; and testing for each state s € D whether it has an entry in H;
(such that s belongs to D) or not (and hence is a member of D,) in time O(n).
Defining boolean variables empty; (i € { 1,2 }), where empty; is set to false
once a state is inserted in set D;, enables to checking whether D; or D; is
the empty set in time O(1). In this case, no splitting is possible for block D.
Otherwise, the body of the forall-loop is entered, where block D’ € IT with
D’ = D is searched and assigned to D; (in time O(n)). Inserting D, in the
current partition IT takes time O(1).We clearly must not split the blocks in
the original partition I'l,;, since the forall-loop iterates over those blocks that
are candidates to be split w.r.t the current set of constrained successors. Note
that if |I1,;y| = n then each block in I, consists of exactly one single state
and no splitting can take place. Thus, the cardinality of [IT,| will be strictly
smaller than 7, such that the number of iterations of the first forall-loop is
in O(n). Furthermore, it follows that per execution of the while-loop the total
costs of this loop are bounded by O(n - (n + 1 + n + 1)) = O(2n? + 2n) = O(n?).

Refinement Operation (1I. 11-12):

The second forall-loop sequentially traverses the list IT (which was possibly
updated by the splitting operation). Here, we check for each block D’ € I1
whether it is a subset of Sat([s]r,,, [s']r,,)- To that end, it suffices to pick
a single state in D’ and to test whether it has a correspondent in H; (in
0(1)), since the splitting operation decomposed each block containing states
included and not included in Sat([s]r1,,,, [s']r,,;)- Thus, if s is an arbitrary state
in D" then D" C Sat([s],,, [s"]n,,) iff s € Sat([s]r,,, [s']m,,)-

(2.3.2.1) D’ € Sat([s]r,,, [5']m,,):

According to the definition of the refinement operation, D’ either is a
block in or a real subset of a block in the old partition I'l,;;. In both cases,
the stutter simulator set of D’ is assigned to StSim(D) N Sat([s]r,,,, [s"]m,,,)-
Similar to Theorem 4.2.2, the intersection can be computed in time O(n).
Under the assumption that the relation StSim is stored as a list of lists, it
takes time O(n) to find the stutter simulator set of some block D. Thus,
in case D" C Sat([s]r,,, [s']r,,), O(1 + 3n) = O(n) is an upper bound for
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4 Stutter Simulation Quotienting

(2.3.2.2)

refining a single block D’ € T1.

D’ N Sat([s]r,,,, [s"]m,,) = 0:

Following Definition 4.3.5, if D’ is not a subset of the set of constrained
successors then a refinement only takes place if it is a newly generated
block resulting from the splitting operation of some block D in the old
partition, i.e. if D’ € D where D € Il,;. Here, D’ is not yet included
in the relation StSim and we need to assign StSim(D’) := StSim(D). To
determine the desired block D algorithmically, all elements in D’ are
stored in hash table H, (in O(n)) and each block in IT,,; is sequentially
traversed (in O(n)). Then, once a state in a block in Iy, D say, has a
correspondent in Hj, the search is aborted, since I, is a partition and
it remains to test whether each state in D has an entry in Hp (in O(n)).
If the answer is negative then D’ C D and StSim(D) is set as the stutter
simulator set of D (in O(1)). Hence, in case D’ N Sat([s]r,,, [s']r,,;) = 0, the
refinement operation (for a single block) takes time O(1 + 3n + 1) = O(n).

Since both cases effort basically the same amount of time, we can conclude
that the refinement operation is bounded by O(n?), since the number of blocks
in the current partition Il is at most 7.

The total complexity of Algorithm 4.3.11is O(n - |AP| + n* - (m - n® + n> + n?) = O(n - |AP| + m -
n° +n*) = O(S| - 1AP| +| — | - ISP). n

Note that Theorem 4.3.2 provides an impression on the complexity of Algorithm 4.3.1 but
is, however, just an approximation—similar to Algorithm 4.2.1, the set Sat([s]r, [s"]r1) is not
necessarily needed to be recomputed in every iteration.
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4.3 Computing the Stutter Simulation Preorder < and Equivalence =

Notation Interpretation

®xCSXS stutter simulation equivalence as a binary relation between pairs
of states

ITap initial partition of state space S, where each block groups all states
labeled with the same atomic propositions a € AP

Ilg partition of state space S, where each block groups all currently
stutter simulation equivalent states (according to Algorithm 4.3.1)

Ig, partition of state space S, where each block groups all stutter
simulation equivalent states

SCESxS stutter simulation preorder as a binary relation between pairs of

states

<ap € Ilap X I1ap

initial approximation of the stutter simulation preorder as the iden-
tity relation over all blocks (in I14p), i.e. B <4p B for all B € I14p

<g € Ilg X Ilg

the current approximation (according to Algorithm 4.3.1) of the
stutter simulation preorder as a binary relation between pairs of
blocks (in I'lg) of currently stutter simulation equivalent states

<Pre g HEq X HEq

stutter simulation preorder as a binary relation between pairs of
blocks (in Tlg;) of stutter simulation equivalent states

StSiﬂ’lp(D) c HR

current stutter-simulator set of block D € Ilg consisting of all
blocks C € Ilg, such that D <g C (according to Algorithm 4.3.1)

StSist (D) - HEq

stutter-simulator set of block D € Ilg; consisting of all blocks
C € Ilg,, such that D <p,, C

P = (Ilg, <x)

current partition-relation pair, where I'lg and <g encode the cur-
rent approximations (according to Algorithm 4.3.1) of = and <,
respectively

Figure 4.6: Overview of implementation relations and their representations
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4 Stutter Simulation Quotienting

4.4 Example Computation of I1x, and <p;

In this section Algorithm 4.3.1 is applied to transition system TS given in Figure 4.7, where
different colors denote different labelings. Furthermore, the colors indicate the initial approx-
imation ITsp of Ig,, i.e. [s]r,, = [tln,, iff s and t have the same color. The divergence-blind
stutter simulation preorder <rs and equivalence =75 will be computed and we will finally
present the stutter simulation quotient transition system TS/~rs.

TS

| |
@ “ O
‘ . Up {ab}

0

Figure 4.7: Transition system TS

The initialization leads to the following approximations.

IT= HAP = { { 50,51, tZ/ t3/ 23] }/{ 52,83, tO/ tl }/{ Uy, up } }/
———

=B =:C =D
StSim(B) = B, StSim(C) = C, StSim(D) = D and StSim = StSimap = |J el StSim(A) }.

Iteration 1:

In the first step, choose the pair (1o, 1), where u; is a direct successor of ug. State ug is
contained in block B, where S5tSim(B) = B, and u; belongs to D, where StSim(D) = D. The
guard of the while-loop (l. 4) requires to compute the set of constrained successors that
can reach a state in D by exclusively visiting states in B. Recall that B consists of states
So, 1, t2, t3 and ug, whereas Succ*(5tSim(B), StSim(D)) = Succ*({ so, s1,t2, t3,u0 },{ u1,u2 }) =
{ s0,s1,u0 } = Sat(B, D). It follows that the stutter simulator set of B is not a subset of the set
of constrained successors and hence, the guard is violated and the pair (B, D) is a refiner for
StSim. Furthermore, it is a splitter for Il, since B contains states included and not included
in Sat(B, D). Entering the body of the while-loop, we store the current approximation of g,
ie Iy :=TI1={{so,51,t2,t3,u0 },{ 52,53, t0, t1 },{ u1,uz } } and apply the splitting operation
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4.4 Example Computation of I1g; and <pr.

(1l. 7-10). If A is a block in IT and I'l,;; then we will denote A by A’ to indicate that block A of
the new partition ITis considered.

Splitting Operation:

e Since the guard of the first forall-loop is satisfied for block B € Il,,;, we assign to
B’ € I1 the set B N Sat(B, D) = { sp,s1, ug } and insert B, := B\Sat(B,D) = { t,t3 } in I'l.

e For all other blocks in Iy, the guard is violated and no further splittings are carried
out.

o IT={{so,s1,u0},{s2,83,to,t1 },{u,uz} yU{{tr,t3}}
—_———— ———
=B =C =D =By

After that, the refinement operation takes place, where all blocks in the new partition IT are
successively refined.

Refinement Operation:

e B’ C Bell,; and B’ C Sat(B, D):
StSim(B’) = Refine(StSim(B’), Sat(B, D)) = StSim(B) N Sat(B, D) = { so, s1, to }

e B} C B €Ily; and B} N Sat(B, D) = 0:
StSzm(B’Z) = StSzm(B) = {S(),Sl,tz, t3, ug }

e For all other blocks A” € IT we have that A’ = A € I1,; and A’ N Sat(B,D) = 0 and
hence, no further refinement is possible.

o StSim = {{so,s1,u0 },{s0,51,t2,t3,u0 },{ 52,53, to, t1 },{ u1,uz } }
S

=:StSim(B) =:5tSim(B,) =:S$tSim(C)  =:StSim(D)

The current approximation IT of I'g, is indicated in Figure 4.8 by the coloring of the nodes.

Iteration 2:
Choose (f, tp) and compute the set of constrained successors for ([t2]r, [tolrr) = (B2, C):

Succ*(5tSim(By), StSim(C))
SuCC*({ 50,51, tZ/ t3r Uug }/ { 52,53, tO/ tl })
{s0,t2,up }

Assign 11, =1L

Splitting Operation: For blocks B, B, € I1,,; the guard of the first forall-loop is satisfied
and we update IT accordingly:

e B’ := BN Sat(By, C) ={sp,up}

e generate and add Bz := B\Sat(By,C) = {s1 } to IL.
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4 Stutter Simulation Quotienting

TS

@ i
)

Figure 4.8: TS after 1st update

Bé :=ByNSat(B,,C) ={tr}
generate and add By := By\Sat(By,C) = { t3 } to I

For all other blocks in I, the guard is violated and no further splittings are carried
out.

H:{{SOIuO}/{t2}1{52153/t0/t1}/{uI/MZ}}U{{Sl}}U{{t3}}
—— —— —— e — —_—— ——
=B =:B; =:C =D =:B3 =:By

Refinement Operation:
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B’ € B eIl and B’ C Sat(By, C):
StSim(B’) = Refine(StSim(B’), Sat(By, C)) = StSim(B) N Sat(Ba, C) = { so, o }

B} C B € Iy and B} N Sat(By, C) = 0
StSim(B}) = StSim(B) = { so, 51, o }

Bé C By eI,y and Bé C Sat(B,, C):
StSim(B)) = Refine(StSim(Bé), Sat(By, C)) = StSim(By) N Sat(By, C) = { so, t2, 1o }

B:L ¢ B e [T and le N Sat(Bz, C) =0:
StSim(B}) = StSim(By) = { 0,51, t2, t3, 140 }

For all other blocks A" € IT we have that A’ = A € I1,; and A’ N Sat(B,,C) = @ and
hence, no further refinement is possible.



4.4 Example Computation of I1g; and <pr.

e StSim = { { 50, Uo }/ { 50,51, U0 }r{ 50, t2/ Uug }r{ 50, SlrtZI t3/ Uup }r{ 52,83, tO/ tl }r{ Uy, us } }
——— —_———

=:5tSim(B)  =:StSim(Bs)  =:StSim(B,) =:StSim(By) =:StSim(C)  =:StSim(D)

The current approximation IT of Ik, is indicated in Figure 4.9 by the coloring of the nodes.

TS

C‘* Uy
o - o @

Figure 4.9: TS after 2nd update

Iteration 3:
Choose (1, 11) and compute the set of constrained successors for ([uo]r1, [11]r1) = (B, D):

Succ*(StSim(B), StSim(D))

Succ*({ so, uo },{ u1,u2 })
{uo}

Assign I,y :=I1.

Splitting Operation: For block B € I1,; the guard of the first forall-loop is satisfied and we
update IT accordingly:

e B :=BNSat(B,D) ={ug}

e generate and add Bs := B\Sat(B,D) = { 5o } to I

e For all other blocks in Iy, the guard is violated and no further splittings are carried
out.

o IT={{uo}, {s1},{ta}, {ta}, {5283 t0,t1 }, {u,u2}U{{so} }
—_—— ——— —— —— — — — —  — ~——
=B ::B3 =B, =SB4 =C =:D =ZB5
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4 Stutter Simulation Quotienting

Refinement Operation:

e B C Bell,, and B’ C Sat(B, D):
StSim(B’) = Refine(StSim(B’), Sat(B, D)) = StSim(B) N Sat(B, D) = { ug }

e BL C B €Ily, and B; N Sat(B, D) = 0:
StSim(Bg) = StSim(B) = { so, uo }

e For all other blocks A’ € IT we have that A’ = A € Il,; and A’ N Sat(B,D) = @ and
hence, no further refinement is possible.

e S5tSim =
{ { Uup } ’ { 50, Uo } /{ 50,51, Up }/ { 50, tZ/ Uup }/ { 50,51, tZ/ t3/ 200] }/ { 52,53, tO/ tl }/ { Uy, Uz } }
—_—— —— ——
=:S5tSim(B) =:5tSim(Bs) =:StSim(B3)  =:StSim(By) =:5tSim(By) =:5tSim(C) =:StSim(D)

The current approximation I'T of [1g, is indicated in Figure 4.11 by the coloring of the nodes.

TS

Figure 4.10: TS after 3rd update

Iteration 4:
Choose (s, 51) and compute the set of constrained successors for ([s2]r1, [s1]1) = (C, B3):

Succ*(StSim(C), StSim(Bs))
Succ*({ s2,83,to, t1 },{ S0, 51, U0 })

{s2}

Assign I1,; :=I1.
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4.4 Example Computation of I1g; and <pr.

Splitting Operation: For block C € I1,; the guard of the first forall-loop is satisfied and we
update IT accordingly:

e C':=CnNSat(C,B3)={s2}
e generate and add C; := C\Sat(C,B3) = { s3, o, t1 } to I1.

e For all other blocks in Iy, the guard is violated and no further splittings are carried
out.

o IT={{uo}, {so},{s1}, {ta}, {ta}, {s2}, {ur,ua}}U{{s3to,t1}})
—— — T —— —— —— Y= —— S———

=:B ::B5 2533 ZSBQ =SB4 =:C =D ::C2
Refinement Operation:

e C'C Cellyyand C’' C Sat(C, B3):
StSim(C") = Refine(StSim(C’), Sat(C, B3)) = StSim(C) N Sat(C, B3) = { sy }

e C) ¢ Cellyyand C; N Sat(C, B3) = 0
StSzm(Cé) = StSzm(C) = {Sz, s3, to, 11 }

e For all other blocks A’ € IT we have that A’ = A € I1,; and A’ N Sat(C,B3) = 0 and
hence, no further refinement is possible.

o StSim={ {uog} ,{so,uo},{s0,51,u0},{5s0,t2,10},{50,51,t2,t3, 0},
N——" N——
=:StSim(B) =:StSim(Bs) =:StSim(B3)  =:StSim(B,) =:StSim(By)

{SZ} 1{52153/t01t1 }/{Mlzuz}}
—_—— ———— —

=:5tSim(C)  =:S5tSim(Cp)  =:StSim(D)

The current approximation IT of I'lg, is indicated in Figure 4.11 by the coloring of the nodes.

Iteration 5:
Choose (11, t) and compute the set of constrained successors for ([¢1]r, [t2]r1) = (C2, Bo):

Succ*(StSim(C,), StSim(By))
Succ*({ 2,83, to, t1 },{ so, t2, Uo })
{to,t1}

Assign I,y :=I1

Splitting Operation: For block C; € I, the guard of the first forall-loop is satisfied and we
update IT accordingly:

o C,:=CyNSat(Cy, B) = {to, 11 }

e generate and add Cz := Cp\Sat(Cy, By) = {53 } to I1.
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4 Stutter Simulation Quotienting

TS

-

o -

Figure 4.11: TS after 4th update

e For all other blocks in Iy, the guard is violated and no further splittings are carried
out.

o IT={{uo}, {so}, {s1}, {2}, {ta}, {s2}, {to,t1 hb{u,u2}}U{{s3}}
—_—— —— —— ——— —— —— — —— — —_——

=B =:Bjg =:B3 =By =:By =:C =Cy =D =C3
Refinement Operation:

o C), C G ellyyand C), C Sat(C, B3):
StSim(C%) = Refine(StSim(C), Sat(C, Bz)) = StSim(Cz) N Sat(C, B2) = { to, t1 }

) Cé c C eIl and C/3 N Sat(C, By) = 0:
SfSZm(Cé) = StSlm(Cz) = { Sy,83,1t0, 11 }

e For all other blocks A’ € TT we have that A’ = A € I1,;; and A’ N Sat(C,By) = 0 and
hence, no further refinement is possible.

o StSim={ {uog} ,{so,uo},{s0,51,u0},{s0,t2, 10}, {50,51,t2,t3,u0},
N—— N——
=:5tSim(B) =:StSim(Bs) =:StSim(B3)  =:StSim(By) =:5tSim(By)

{52} s {t0/t1}1{52153lt01t1 }r{ulluz}}
—— —_— ——— —

=:StSim(C) =:StSim(Cy)  =:StSim(C3)  =:StSim(D)

The current approximation IT of Ik, is indicated in Figure 4.12 by the coloring of the nodes.
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4.4 Example Computation of I1g; and <pr.

TS

Figure 4.12: TS after 5th update

Iteration 6:
Choose (sp, 52) and compute the set of constrained successors for ([so]r1, [s2]r1) = (Bs, C):

Succ*(StSim(Bs), StSim(C))
Succ*({ so,uo },{s2})

{s0}

Assign I, :=I1.

Splitting Operation: For all blocks in I, the guard is violated and no splittings are possi-

ble,ie Ty =IT={{uo}, {so}, {s1}, {t2}, {ta}, {s2},{to,t1}, {53}, {ur,uz}}.
e—— Y~ — T Y— T Y— —— — T Y Y—

=:B =ZB5 =:B3 ZZBZ =ZB4 =C =2C2 =SC3 =D

Refinement Operation:

° Bé C Bs € I1,,; and B C Sat(Bs, C):
StSim(B;) = Refine(StSim(Bt), Sat(Bs, C)) = StSim(Bs) N Sat(Bs, C) = { so }

e For all other blocks A’ € IT we have that A’ = A € I1,;; and A’ N Sat(Bs,C) = 0 and
hence, no further refinements are carried out.

o StSim={ {uog} , {so} ,{so0,51,u0}{5s0,t2,10},{50,51,t2,t3,u0},
N—— N——

=:StSim(B) =:StSim(Bs) =:StSim(Bs)  =:StSim(B,) =:StSim(By)

{SZ} s {tOItl}/{SZ/S3/tO/tl }/{”1,”2}}
—— —_—— —— ——
=:5tSim(C) =:5tSim(Cy) =:5tSim(C3) =:5tSim(D)
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4 Stutter Simulation Quotienting

After this iteration there does not exist any pair of states that violates the guard of the
while-loop and hence, we have computed the coarsest stutter simulation preorder

< {(s,t)| t € StSim(s) }

{ (uo, uo),

(s0,50),

(s1,51), (51,50), (51, o),

(t2, t2), (t2,50), (t2, o),

(t3,t3), (t3,50), (t3,51), (t3, t2), (t3, o),
(s2,52),

(to, to), (t1, t1), (fo, t1), (1, to),

(s3,83), (83,52), (83, t0), (83, 1),
(u1,u1), (U2, uz), (U1, u2), (uz, u) }

and equivalence

2= {(s,t)|[sln=[tIn}

{ () | sl = [, }

{ (1o, uo), (50, 50), (51, 51), (t2, t2), (t3, 3), (52, 82), (fo, to), (t1, t1), (fo, t1), (1, to),
(s3,83), (u1, u1), (u2, u), (w1, u2), (uz,u1) },

which enables to define the quotient system TS/~ = (S/=, Act, ==, I~, AP, Lx) given in Figure
4.13.

TS/~

> o o
B f X
B

|
® o o-

Figure 4.13: Quotient transition system TS/~
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5 Conclusion

In this thesis we introduced and formally defined the implementation relations divergence-
blind stutter simulation preorder and equivalence. It turned out that defining the divergence-
insensitive variant of stutter simulation equivalence on transition systems to obtaining an
LTL-equivalent minimized quotient is too weak, since it does not guarantee stutter trace
equivalence. The solution to that problem is the additional notion of divergence-sensitivity,
which requires the distinction between states exhibiting an infinite path, where only invisible
steps are performed, and those that do not. These considerations are not mentioned in
Ranzato and Tapparo [6] but the authors claim that divergence-blind stutter simulation
equivalence preserves the existential fragment of CTL, excluding the O and O operators,
i.e. 4CTL\n. However, for future research it is important to clearly define the language
fragments that are preserved by divergence-sensitive and/or -blind stutter simulation rela-
tion, since this is one of the essential informations needed when minimizing and comparing
system models.

In the last section of Chapter 3, we compared these achievements to the divergence-blind
and -sensitive bisimulation equivalences, which impose more strict conditions on two states
to being equivalent than the stutter simulation relations. We have shown that stutter bisim-
ulation implies stutter simulation, whereas the reverse (clearly) does not hold in general.
Based on these results and since stutter bisimulation preserves YCTL; -, it can be concluded
that divergence-sensitive stutter simulation equivalence does not preserve this fragment,
since otherwise stutter simulation equivalent states satisfied the same YCTLY .-formulae,
which implies stutter bisimulation equivalence.

The last chapter provides two algorithms. The first is needed to exclusively compute the
divergence-blind stutter simulation preorder, whereas the second additionally returns the
corresponding equivalence relation. The initial approximations in both algorithms are over-
approximations indicated by the state-labelings and are successively refined. Therefore, we
introduced two tools, the refinement and the splitting operation. The first one basically refines
the approximation of the stutter simulation preorder, whereas the latter one updates the
approximation of the equivalence. We have shown that the given algorithms are correct and
polynomial in the size of the number of states of the input transition system. However, the
given time complexities are approximations and require a more detailed analysis, especially
in terms of the data structures used and redundant computations. In this context it should
be mentioned that Ranzato and Tapparo [6] proposed an efficiency improvement that is
based on the idea of exit states and collapsing stutter cycles, which was not taken into any
further consideration in this thesis.

In summary, this thesis structures and expands several aspects of the underlying paper [6],
gives a detailed introduction into stutter simulation relations and paved the way for further
research. Nevertheless, since these approaches only consider the divergence-blind variant,
there is enough room for research concerning the divergence-sensitive stutter simulation.

63






Bibliography

[1] C. Baier and ].-P. Katoen. Principles of Model Checking (Representation and Mind Series).
The MIT Press, 2008.

[2] T. H. Cormen, C. Stein, R. L. Rivest, and C. E. Leiserson. Introduction to Algorithms. The
MIT Press, 2nd edition, 2001.

[3] R. De Nicola and F. Vaandrager. Three logics for branching bisimulation. ]. ACM,
42(2):458-487, 1995.

[4] E. A. Emerson and J. Srinivasan. Branching time temporal logic. In J. W. de Bakker,
W.-P. de Roever, and G. Rozenberg, editors, Linear Time, Branching Time and Partial Order
in Logics and Models for Concurrency — Proceedings of REX School/Workshop 1988, volume
354 of Lecture Notes in Computer Science, pages 123-172. Springer-Verlag, May-June 1988.

[5] J. Groote and F. Vaandrager. An efficient algorithm for branching bisimulation and stut-
tering equivalence. In Proceedings 17th Int’l Coll. Automata, Languages and Programming,
pages 626638, Warwick, UK, 1990. Springer-Verlag.

[6] F. Ranzato and F. Tapparo. Computing stuttering simulations. In Proceedings of the 20th
International Conference on Concurrency Theory (CONCUR'09), pages 542-556, Bolognia,
Italy, 2009. Springer-Verlag.

65



