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1 Introduction

The Greibach Normal Form (GNF) that was devised by Sheila A. Greibach in 1965 [3]
is defined for context-free string grammars (CFG).

The absence of left recursions and the characteristic to build terminal words from
left to right while increasing the length of the terminal part in each derivation step are
its main properties. They allow to use GNF normalized grammars for various proof
techniques as well as for compiler construction.

There exists a well-known algorithm to obtain this normal form which is described
in many beginners textbooks on theoretical computer science and is known being cor-
rect.

So why review such a well known concept? There are many fields in todays com-
puter sience where a short runtime is required, but establishing the GNF for certain
grammars can be a time consuming process. This becomes a problem when changes
to a grammar are applied frequently. In that case the same steps to obtain the GNF are
executed over and over again.

The GNF is not only defined for context-free grammars. There are definitions for
Hyperedge Replacement Grammars (HRG) by Engelfriet, Heyker, Leih [2] and by
Jansen, Heinen, Noll, Katoen [4]. The latter define a Local Greibach Normal Form
(LGNF) which is closer related to the definition of the GNF used in this thesis than
the first. Applications of those definitions will suffer from the same problems as the
original definition does.

In this thesis an algorithm is developed that improves this runtime problem. The
algorithm employs structures that let the user work with an original grammar and mem-
orize the steps that were executed to build an equivalent grammar in GNF. If the user
modifies the original grammar only those steps are reevaluated that are affected by
the modification. Since such an approach utilizes previous results by modifiying these
results with respect of changes to the original grammar we call it incremental.

An advantage beside the increased efficiency of this incremental approach is that
when including additional productions, the algorithms establishes the GNF without
modifying the resulting GNF productions of previous runs. This means no productions
are deleted or modified, only new productions are introduced.

Based on the existing basic algorithm to construct the GNF, this work develops data
structures that preserve the information of how the basic algorithm obtained the GNF
for an input grammar. The incremental algorithm that is constructed operates on this
data structures allowing to add productions to the original input grammar, establishing
the GNF for the resulting new input grammar. At the same time the information of how
this was accomplished is augmented such that further productions can be added.

The data structures and the incremental algorithm itself are formally defined. The
algorithm is proved correct in the sense of grammar equivalence.

Additional concepts to improve the runtime of the algorithm further and to increase
its flexibility are developed and shown by example. This includes adding of multiple
productions at once when adding productions incrementally as well as reducing the
amount of intermediate productions and operations performed on an input grammar.

An implementation of the incremental algorithm is done in context of this thesis
and its performance is tested. The incremental implementation shows significantly
improved performance in every respect when compared to an implementation of the



basic algorithm. The performance is discussed with respect to the total runtime and the
amount of performed modifications on the input grammar.

Structure of the Thesis

In Section 2 the Greibach Normal Form is defined and a well-known algorithm to
obtain it is presented. Restrictions to the input grammars are discussed.

In Section 3 an incremental version of the basic algorithm of Section 2 is constructed.
Data structures to preserve “incremental” information are developed on which the basic
algorithm is simulated. The incremental algorithm is proved correct and its complexity
is analyzed.

In Section 4 several methods to improve the performance as well as the flexibility of
the incremental algorithm are developed and shown by example.

In Section 5 an implementation of the incremental algorithm is tested on different gram-
mars. The results are compared to those of an implementation of the basic algorithm
with respect to the runtime as well as the amount of executed operations and interme-
diate steps.

In Section 6 a brief summary of what has been accomplished in thesis is presented as
well as suggestions to what this incremenal algorithm can contribute to in the future.



2 The Greibach Normal Form

Before giving an exact definition of the GNF we will give a convention of naming
alphabets and symbols. A nonterminal symbol is denoted by a capital roman letter
with probably an index written as a subscript. Some finite alphabet of nonterminal
symbols is also written as a capital roman letter, normally as N (“N” for nonterminals).
Terminal symbols are denoted by small roman letters while a finite terminal alphabet
is denoted by capital greek letters, mostly . Words over some alphabet are written as
small greek letters like @ € £* or y € (X U N)*. The empty word is denoted by &.

We will assume that the grammars considered here are always productive, i.e. for
each nonterminal symbol of a grammar a terminal word can be derived.

Definition 2.1 (Productive Grammar). Let G = (N, X, P,S) be an arbitrary context-free
grammar. G is called productive if all productions p € P contain terminating symbols
only.

A symbol X € (XU N) is called terminating if a terminal word can be derived from
it, i.e. X =, y withy € £*. Otherwise the symbol is called nonterminating.

Considering the fact that omitting productions containing nonterminating symbols
does not change the language of the grammar barely restricts the scope of possible
input grammars.

Requiring the grammar being productive after the insertion of a single production
however is not a restriction at all, because when adding a set of new productions that
keeps a grammar productive, there is a way to add the new productions in a sequence
so that the grammar never contains any nonterminating symbols after each insertion.

Lemma 2.1. Let G = (N,%, P,S) be a productive context-free grammar and P’ =
{p1,...,pr} be a set of productions so that G' = (N', X, P U P’, S) is productive again.
The productions in P’ might contain new nonterminals so that adding those new non-
terminals to N yields N’.

There exists a permutation (i1, . . ., i) of the sequence (1,...,k) so that

G =N, PU{p;|jell,....h} },S)
is productive for every h € {1,...,k}.

This means that there exists an order for P’ so that if the productions of P’ are
added to P following this order, G will stay productive after each single insertion.

Proof of Lemma 2.1. 1f the set of new productions P’ = {py, ..., px} contains no new
nonterminal symbols the claim holds trivially, since no right hand side contains a non-
terminating symbol. Therefore any sequence of productions will keep the grammar
productive.

Assume the non-trivial case that there is at least one production p € P’ that contains
new nonterminals on its right hand side.

The upper bound for the number of new nonterminals is k because there has to be
at least one production in P’ for each new nonterminal for which this nonterminal is
the left hand side symbol. Otherwise the symbol would be nonterminating for P U P’.

Suppose all right hand sides of productions of new nonterminals contain new non-
terminals. In this case all new nonterminals would not be terminating. So there has
to be at least one production in P’ for which a new nonterminal produces terminating
symbols only and is therefore itself terminating.



This terminating production is made first in the sequence and the problem is re-
duced to k — 1 productions with at most k — 1 new nonterminals since the symbol we
just identified as terminating is no longer considered new.

The same conditions as above apply for k—1 again so the sequence can be built until
no production is left or there are only productions left that contain no new nonterminals
and are terminating anyway. O

Also we will only consider e-free grammars which means that the grammar is not
allowed to contain a production A — & that produces the empty word. This does also
not reduce the number of possible grammars with repspect to the languages of them
since grammars containing e-productions can be transfered to an equivalent grammar
without e-productions. For a proof of Lemma 2.2 cf. Wood [6].

Lemma 2.2. Every context free grammar G with € ¢ L(G) that contains e-productions
can be transfered to an e-free grammar G’ such{ that L(G) = L(G").

If it is required that £ € L(G) we can work with an e-free grammar G = (N, %, P, S)
and in the end introduce a new startsymbol S’ ¢ N and add the productions ' — €| S.

Another special case that is of interest are productions of the form A — A. Those
productions are either not productive if they are the only production for nonterminal
A or they obviously do not not change the language of the grammar. So a production
of that form is either not valid with respect to the productivity or does not change the
language of the grammar and therefore can be omitted safely.

Definition 2.2 (Greibach Normal Form). Let G be a context-free grammar, ¥ a terminal
alphabet, N a nonterminal alphabet and Xy := X U N. The grammar G is in Greibach
Normal Form iff all productions in G are of the form

A — ay

*

where a € X is a terminal symbol and y € T, is a possibly empty word over Zy. Single
productions have the Greibach property if they follow this restriction.

Ify € N* for every production, i.e. all right hand sides contain no terminal symbols
beside the leftmost symbol, G is in “strong” GNF.

2.1 An Algorithm for Constructing the Greibach Normal Form

One method to obtain the GNF for a context-free string grammar consists of two steps
(cf. Asteroth, Baier [1]). In order to obtain the strong GNF an additional step has to be
applied before or after the original two.

The basic idea of this algorithm is to establish the GNF by modifying the produc-
tions of an input grammar based on a total order of its nonterminals while preserving
the language of the grammar.

Given some context-free grammar G with a finite set N’ of nonterminals with
IN’| = n, i.e. N’ containing n symbols. Those symbols can be renamed without
changing the language of G. We therefore w.l.o.g. let the nonterminal alphabet be
N ={A,A,,...A,} and assume a total order of N so that A; < A;if i < j,i.e. Ay is the
least and A,, the greatest nonterminal symbol.

In the first step the productions are modified such that when left deriving a nonter-
minal a certain nonterminal can only occur once at the leftmost position, more precisely



allowing only terminal symbols or greater nonterminal symbols being produced at the
leftmost position, i.e.

Aiyr =1 Apyr =1 ... LAY

so that A; # Ay for all j,k € {ij,...,i,} and j # k. Any grammar fulfilling this
restriction is free of left recursions.

Definition 2.3 (Left Recursion). Let G = (N, X, P,S) be a context-free grammar and
A € N a nonterminal of G. A production A — a with @« € (Z U N)* is called left
recursive if @ =, AB with € (X U N)*. A production of the form A — Aa is called
direct left recursive.

This means that if there is a production A — « the nonterminal A can be derived at
the leftmost position again by starting with @ and using left derivations only.

Once all productions of a grammar follow that condition all productions of the
greatest nonterminal are automatically in GNF since only greater nonterminals are al-
lowed at the leftmost position. By proceeding down in the total order of nonterminals
the GNF can be established for all productions in the second step of the algorithm.

This total order can be chosen arbitrarily but has to stay fixed once it has been
chosen. It is relevant for the performance of the algorithm how this order is chosen, but
this problem will not be discussed here.

The interdependency regarding left derivation can be established by requiring i < j
for each production of the form A; — Ajy, i.e. when building left derivations of some
nonterminal symbol A; only symbols A; with j > i or terminal symbols are created at
the leftmost position.

Definition 2.4 (Ordered Production). Given a grammar G € CFG with terminal al-
phabet X and an ordered nonterminal alphabet N = {A1,A,,...A,} such that A; < A;
fori< j.

A production of G is called ordered if it is either of the form A; — ay or A; — Ay
withi < jwherey € CZUN) anda € X.

Ordering Productions in this context means that the productions of a grammar are
modified so that each production is of that form.

If all productions are ordered and all direct left recursions are removed, the pro-
ductions for the greatest nonterminal A, are in GNF. Now all productions that are not
in GNF get their leftmost nonterminal replaced by doing a left derivation of their right
hand side resulting in a terminal symbol at the leftmost position. This process starts
with the A,,_; productions and proceeds down to A;.

Ordering all productions, removing direct left recursions and establishing the Grei-
bach property for the productions that are ordered and free of direct left recursion is
accomplished by two language preserving transformations for context-free grammars.

Definition 2.5 (Language Preserving Operations). Let G € CFG be a context-free
grammar. We define two operations that transform G by changing the productions of G
and also introducing new nonterminals for the latter.

1. Derivation of the right hand side

Let A — aBy be a productionin G andlet B — 1| ... |Br be all productions
in G with left hand side B. The production A — aBy can be replaced by the



productions A — aByy| ... | aByy yielding the modified grammar G’.

Since the algorithm uses this transformation only to replace a nonterminal at the
leftmost position (i.e. a = &) this transformation is often refered to as “replacing
a production by its left derivations”.

2. Removing direct left recursion

Let A — Aa be a direct left recursive production and let A — By | ... | Bx be
all productions with left hand side A that are not left recursive.

The production A — Aa can be removed by introducing a new nonterminal
symbol B and the new productions B — « and B — aB as well as the
productions A — B1B| ... |BiB.

Modifying a context-free grammar in this way is language preserving, which has

been shown in Wegener [5].

Lemma 2.3. Transforming a context-free grammar G to G’ by using the operations as
in Definition 2.5 does not change the language generated by that grammar such that
L(G) = L(G).

The algorithm transforms the original context-free grammar by modifying produc-

tions using those operations until all productions are ordered and free of left recursions
and then established the Greibach property for each production. Algorithm 2.1 shows
the general operation method of this basic approach (cf. Asteroth, Baier [1]).

Algorithm 2.1 A basic algorithm for transfering a CFG grammar to GNF

Require: productive, e-free, context-free grammar G = (N, Z, P, S) with an ordered

1:

9:
10:
11:
12:
13:

18:

2
3
4
5:
6
7
8

set of nonterminals N = {Ay,...,A,}

fori=1tondo
for all productions A; — « do
order the production A; = «
end for
for all left recursive productions A; — A;a do
remove left recursion for A; — A;a
end for

: end for

for j=nto1do
for all productions A; — a do
establish Greibach property for A; — a
end for
end for

: fork=1tondo

for all productions By — « do
establish Greibach property for By — «
end for
end for

Ensure: a modified grammar G’ in GNF with L(G) = L(G’)




In the first step of the algorithm the productions are being ordered by replacing
productions by their left derivations if they are not ordered yet. If resulting new pro-
ductions are still not ordered they need to be replaced by their left derivations again
and so on.

The goal of the ordering is to enable the algorithm to establish the Greibach prop-
erty for each production by replacing it with its left derivations only once which hap-
pens in the second part of the algorithm. This does obviously not work for direct left
recursive productions, but those are considered ordered so they need to be removed
seperately. After all productions for some nonterminal A; have been ordered, the left
recursive productions are replaced by right recursive productions using the second op-
eration of Definition 2.5.

If there are direct left recursive productions for A; a new nonterminal symbol B; is
introduced and two new productions of B; for each left recursive production of A;.

A; > Ayy resultsto B; — yand B; —> yB;

The original left recursive productions are deleted. In order to give the A; produc-
tions access to the recursive parts again a new right recursive production is added for
each non-recursive A; production, i.e. for each A; — y a new production A; — yB; is
added if A; — v is not left recursive as in Definition 2.3.

Note that this removal of direct left recursions is done for the A; productions before
any A; production with i < j is processed.

Once all production are ordered and no longer left recursive the algorithm can es-
tablish the Greibach property starting with the productions of the greatest nonterminal
symbol A,,. Those productions are already in GNF because they have a terminal sym-
bol at their leftmost position of their right hand sides otherwise they would be either
direct left recursive or not ordered. Productions of A,_; can have the nonterminal A,, at
their leftmost position so replacing those productions with their left derivations results
in productions that are in GNF. In contrast to the ordering process the resulting pro-
ductions of such a replacement need not to be checked again. In this way the algorithm
proceeds down to A; establishing the Greibach property for all productions that have
some A; on their left hand side.

This leaves the B; productions that might have been introduced when the direct
left recursions were removed. But since those productions are either in GNF already
or have some A; at their leftmost position the Greibach property can be established by
applying the replacement by left derivations once at most. Also different B; productions
are not interdependent so the order in which they are processed is irrelevant.

The two steps (or three steps for strong GNF) can now be defined more precisely.
LetG’ = (N, X, P,S) denote an arbitrary context-free grammar and let N be the ordered
set of nonterminals as defined earlier renaming only N’ so that L(G) = L(G’) where
G = (N, %, P,§). Furthermore y € X, denotes a (possibly empty) word over terminals
and nonterminals.

1. Order all productions and remove direct left recursions.

(a) (ordering of productions) All productions of G are transfered to either the
form
Aj—>ay or A;— Ay

where i < j.



(b) (remove direct left recursions) All productions of the form A; — A;y are
removed and replaced by

B; —»y|yB; and A; = B1B;| ... |BiB;

where A; — B1 | ... | Br are all productions of A; that are not direct left
recusive and B; is a distinct new nonterminal symbol.

2. Establish the Greibach property for all productions.

(a) (bring original nonterminals into GNF) All productions of the form
A; — Ajy where j > i are transfered to GNF by replacing the production
by its left derivations.

(b) (bring new nonterminals into GNF) All productions of the form B; — Ay
are transfered to GNF in the same way.

3. (replace terminal symbols for strong GNF) All productions that contain a termi-
nal symbol a € X on their right hand side other than the leftmost position get
that symbol replaced by a new nonterminal A, and a new production A, — a is
added. This optional step can be included to obtain a grammar in strong GNF.

Example 2.1. Let G = (X, N, P,S) be a grammar with terminals ¥ = {a, b, c}, nonter-
minals N = {A1, Ay, A3} and productions

A = Axb|Asc

A2 - a
A3 g A1A3 |A3A4 | b
A4 - C

The start symbol S will not be used in this context.

The algorithm starts with the least nonterminal symbol A, and repeats the ordering
procedure followed by the removal of direct left recursions for all nonterminal symbols
up to Ay.

The first changes to the original grammar are done to the A3 productions because
all Ay and A, productions are ordered and not direct left recursive. The production
Az — A1Aj is replaced by two new productions As — AxbAjz | AscAs, where Az —
AsbA3 has to be ordered again and is replaced by As — abAs. The productions for Aj
are ordered but there are two left recursive productions.

A3 > abAs | AscAs | AsAq | b

Now in order to remove the left recursions a new nonterminal symbol Bs is intro-
duced and each recursive production is replaced by two new productions. These are
B3 — cA3 | cA3Bs and By — Ay | AyBs. This now right recursive part has to be added
to the remaining non-recursive Az productions.

A1 il A2b|A3C

A —> a
A3 i abA3 | abA3B3 | b | bB3
A4 — C

By — Az |cA3B3 | Ay | AyB3



The only A4 production as well as the productions for Az and A, are already in
GNEF. When checking the A, productions, the algorithm finds A1 — A3b first. There is
only one A, production to apply, so the only new production is Ay — ab replacing the
old one. Then Ay — Ajsc is found and is replaced by A| — abAsc | abA3;Bsc | be | bBsc.
So all productions with one of the original nonterminals on the left hand side are in
GNF now and the grammar reads

Ay = ab|abAsc|abA3;Bsc | be | bBsc

A —> a
A3 d abA3 | Cleg,Bg, | b | bB3
Ay > ¢

By > cA3|cA3B3 | Ay | AyBs

In the final step the productions for the new nonterminal Bz have to be transfered
to GNF. The productions By — A4 | A4Bj3 are replaced by their left derivations yielding
B3 — c| ¢Bs. So the final grammar in GNF reads

Ay = ab|abAsc|abA3Bsc | be | bBsc

A —> a
A3 - abA3 | Cle3B3 | b | bB3
Ay —> ¢

B3 i CA3 | CA3B3 | Cc | CB3

To obtain the strong GNF the new nonterimnals A, and A, need to be introduced in
the additional step along with the productions A, — b and A. — c. All terminals sym-
bols b and c on the right hand sides except those at the leftmost position are replaced
by Ay, and A, respectively.

A] i aAb | ClAbA:;AL- | aAbA3B3AC | bAC | bB3AC

A2 — da

A3 — abA3 | abA3B3 | b | bB3
Ay —> ¢

B3 — CA3 | CA3B3 | C | CB3
Ab - b

A.— ¢

Note that the order in which the productions are processed for a certain left hand
side A; does not matter. There are only three rules that have to be followed.

1. When ordering the productions no A; production is allowed to be processed be-
fore all A; productions for any j < i have been processed.

2. When removing a direct left recursion for left hand side A; all productions for A;
must have been ordered.

3. When establishing the Greibach property no A; production is allowed to be pro-
cessed before all A; productions for some j > i have been processed.
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3 An Incremental Approach

An incremental algorithm that generates a grammar in GNF from a context-free string
grammar has to utilize previous results, i.e. changes applied to the original grammar
only change and extend the previous GNF grammar at those points where it is neces-
sary instead of constructing it from scratch. This is accomplished by modeling a data
structure that holds information about how the basic algorithm established the GNF for
a grammar. Basically the incremental algorithm simulates the original algorithm on the
new data structure and avoids performing unnecessary operations.

As stated earlier the approach followed here generates a grammar in GNF for a
given original grammar and allows changes to this original grammar only. Basic oper-
ations are adding of new productions, removing existing ones and change existing ones
where the latter can be implemented by combining a remove and add operation.

The essential operation for modifiying the original grammar is adding new produc-
tions with possibly new nonterminal symbols on the left hand side (not on the right
hand side because of the productivity constraint). The question is how the new produc-
tion affects previous “replacement chains” in the different steps.

The other basic modification, the removal of productions, enables changing of pro-
ductions as well by removing the old production and adding the changed version as a
new one. We will try to keep the algorithm as flexible as possible in order to support
this additional modifications, but they will not be examined any further for now.

3.1 Basic Concept and Data Structures

Let G be a grammar with a finite nonterminal alphabet N = {A,...,A,} consisting of
n symbols. A new production is of the form A, — y withy € Zy* and x € [0, n] where
x = 0 denotes a new nonterminal symbol. Lets first consider the left hand side Ag. If the
new nonterminal is inserted as the least symbol it is already ordered and does not need
being considered for establishing the Greibach property since it does not occur in the
original productions. The new production could however have a direct left recursion,
but this would not affect any other productions. So adding a new production with a
new nonterminal on the left hand side in this way is easy since the new production will
always be ordered already.

If a new production with the left hand side symbol A; with i € [1, ] is added this
could have affected other productions while ordering, but only those with left hand side
Aj with j > i. A naive approach would be reordering all A; — y with j > i. This is not
a particulary efficient way since adding A; productions for instance would cause the
algorithm to reconstruct the entire GNF grammar.

A better approach is to remember at which points productions for a certain symbol
A; were used. To accomplish this we create a so called production tree for each non-
terminal symbol A; of the original grammar. Such a tree has its root node labeled with
A; and will be refered to as the A; tree. The children of a root node A; are nodes that
are labeled with the right hand sides of the productions of A;. So the nodes (except the
root nodes) represent production, e.g. a node within the A; tree that is labeled with y
represents the production A; — y. Due to that the terms node and production are used
synonymously in this context. Another property of the production trees is that child
nodes always represent a left derivation of their parent node.

So the current set of productions during the execution of the algorithm is always
given by the leaf nodes of the production trees. Inner nodes represent intermediate steps
that were further processed by the algorithm, i.e. inner nodes represent productions
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that are replaced by the productions represented by their child nodes using the first
operation described earlier (replacing a production by its left derivations).

Definition 3.1 (Production Tree). Let G = (N, X, P,S) be a productive context-free
string grammar and A € N.

The production tree TAG = (V,E,lab) is an acyclic tree with a finite set of nodes V
and a set of edges E C (V X V) that is defined for the nonterminal A of the grammar G.
lab : V. — (2 U N)* is a labeling function that assigns a non-empty word over (X U N)
to each node in V.

The production tree TAG is characterized by the following properties:

e The root node r € V is labeled with lab(r) = A.

e Letv € V be a node in Tf labeled with lab(v) = By where B € N and y €
X UN)*. Ifv has children and B — B | ... | Bx are all productions in P with
left hand side B, there has to be a exactly one child that is labeled with B;y for
eachie|l,...,k].

e Anodev eV that is labeled with ay where a € £ and y € (XU N)* is a leaf node.

A node v € V that is labeled with Ay where y € (2U N)* is refered to as a recursive
node otherwise as a non-recursive node.

As abbreviation we sometimes write v € Tf when meaning v € V for T/f =
(V, E, lab) or omit G and write T4 if the grammar is known from the context.

A leaf node in such a production tree can be marked as blind leaf to exclude it from
the set of productions that are represented by a production tree which is defined below.

Definition 3.2 (Represented Productions). Let Tf be a production tree that has its leaf
nodes that are not marked as blind leaves labeled with yi, ..., V.
The set of represented productions of Tf is defined as

PT§)={A>y.....A> )

Direct left recursive productions are never used for replacement by left derivations
and are not part of GNF grammars. A recursive node, however, cannot be deleted
because this could make its parent node a leaf node which would therefore represent a
production that is not supposed to be part of the grammar. Also cf. Example 3.4 which
describes this matter.

Example 3.1. Consider Figure 1 where both trees are valid production trees for the
grammar G from Example 2.1 with productions

A1 i Azb | A3C

A2 - a
A3 g A]A3 |A3A4
A4 - C

The root nodes are drawn as circles and are shaded yellow while the other nodes
are rectangles and are not shaded. All nodes contain their label and are tagged at the
top left with their identification in the set of nodes V. We will only use those identifica-
tions here to ilustrate the formal definition of production trees and will omit them later.
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The production trees are defined as

Vierey: =1 vi,va,v3 |} Vigne =1 vi,v2,v3,vs }
Epp ={ (i,v2), (vi,v3) } Ergy =1 1,v2), (v1,v3), (v2,v4) }
labey; ={ v Ay, va > Asb, labgy ={ vi P Ay, vo > Asb,

v Aszc |} Vi Asc, vy a |}

Note that the first tree is also a valid production tree for a grammar with arbitrary
A, productions while the second tree requires a grammer that contains the production
A, — a and no other A, productions.

Vo V3 Vv V3

V4

Vi Vi

[«]

Figure 1: Two different production trees defined for nonterminal A,

The incremental algorithm will create a production tree for each nonterminal in the
grammar. Multiple production trees can only be combined to a forest of production
trees under certain conditions. They need to be defined for the same alphabet and start
symbol. Also there has to be exactly one tree for each nonterminal, otherwise the forest
would not define a grammar properly.

Definition 3.3 (Forest of Production Trees). Let F = {Tgl‘ e Tg”} be a set of pro-

duction trees with G; = (N;, Z;, P;,S;) and A; € N; fori € [1,...,n]. ’
F is a forest of production trees if

o Each grammar G; that defines a production tree of F has the same alphabet so
that N . =Ny =N, =...=N,andX =%, =%, =...=2,.

o All grammars G; have the same start symbol S € N.
e Foreach A € N there is exactly one production tree Tf in F.

Defining a forest of production trees with these constraints allows to uniquely de-
fine a context-free grammar for a given forest.

Definition 3.4 (Grammar of a Forest). Let F = {T/?l‘,Tf;, R Tg”} be a forest of

production trees and P(Tg" ),i € [1,...,n] the sets of productions represented by the
treesin F.
The grammar of a forest F with |N| = n is defined as

G(F) = (N, %, UL, P(T{),S)

Before defining the language preserving operations from Definition 2.5 we need to
define how new productions are added to an existing forest of production trees.

13



) ) B [ [

Figure 2: Grammar in tree representation

Definition 3.5 (Adding a Production to a Forest). Let F be a forest of production trees
representing the grammar G(F) = (N, Z, P, S). A new production (A — ) ¢ P is added
to F by the following steps.

1. IfA ¢ N add A to N as the least element.

2. If the tree TSA = (V, E,lab) does not exist yet it is created containing its root
node only such that V = {ra}, E = 0 and lab(ry) = A.

3. Modify T/f*‘ by introducing a new node v to V and extending the labeling function
such that lab(v) = .

4. Make v a child of the root node, i.e. add the edge (ra, V).

The forest of production trees in Figure 2 represents the grammar G known from
Example 2.1. A forest containing only trees with depth one is a special case and will
be refered to as direct representation. The grammars Gy, ..., G, for which the different
production trees in the forest are defined (as in Definition 3.3) can be chosen as G; = G
for all i € {1,...,n}. Note that in this work two context-free grammars G and G’ are
considered equal if in addition to requiring L(G) = L(G’) their sets of productions P
and P’ have to be equal as well.

When starting with an empty forest and adding the productions of an input grammar
G as in Definition 3.5 the algorithm can start to simulate the original algorithm on
the forest which is a direct representation of G. To do that the language preserving
operations from Definition 2.5 need to be defined for a forest of production trees.

Definition 3.6 (Replacing a Node by its Left Derivations). Let F' be a forest of pro-
duction trees, {Tg, Tg} C F being two different trees in F and let v € Vy, be a leaf
node in T/(f’_ labeled with lab%i (v) = Ajy wherey € (£U N)*. Also let P(Tfj) ={A; >
Bi| ... | Bx} be the productions represented by Tfj.

The replacement by left derivations for the leaf node v € V, is defined by creating
k child nodes wy, . .., wy of v and extend the labeling function lab® so that

labY (wy) = Buy for me{l,... .k}

In Definition 3.6 we see that replacement by left derivations can be easily transfered
to the concept of production trees.

Example 3.2 (Replacement by Left Derivations). Figure 3 shows the Ts, and Ta,
trees as an Figure 2 where the node labeld A,b (marked green) is replaced by its left
derivations. In this case this is just one since the only represented production of Ty, is
P(Ty4,) = {Ay — a}. The resulting trees are shown on the right side with the resulting
child node labeld ab (marked green again).

14



Azb A}C E Azb A3C E

Figure 3: Applying replacement by left derivations on node A,b

The fact that Definition 3.6 is an exact simulation of Definition 2.5(1) on a forest
of production trees is stated in Lemma 3.1.

Lemma 3.1. Let G € CFG be a productive, context-free grammar and let F be a forest

of production trees such that G = G(F). Now let the grammar G’ and the forest F’ be

the results of replacing a production of G by its left derivations as in Definition 2.5(1)

and replacing the node which represents the same production in F as in Definition 3.6.
The grammar G(F") represented by F’ equals G’.

Proof. Let G € CFG and F a forest of production trees such that G(F) = G. Further
let A;, A; € N be nonterminals of the grammars and let p = (A; — A;y) be a production
in G.

Since G is productive the nonterminal A; has to be terminating, i.e. there have to
be productions of A; in G. Let those productions be A; — By | ... | Br. According
to Definition 2.5(1) the production p is deleted and replaced by A; — By | ... | By
resulting in the grammar G”.

Because of G = G(F) there have to be production trees T4, and Ty, in F such

that p € P(T,,) and P(T4;) = {A; = B1 | ... | Bx}. The node v which represents p
has to be a leaf node in T4,. Replacing v as in Definition 3.6 creates k child nodes
Wi, ..., wy labeled lab% (w,,) = B,y for m € {1, ..., k}. This makes v being no longer a

leaf node and therefore the production p is no longer part of the represented grammar
of the resulting forest F’. The new children of v are leaves now and are part of the
represented grammar such that {A; — 81y | ... | Bxy} € P(T4,). Therefore the set P’ of
productions for G’ as well as G(F”’) is

Pr={A; > Byl ... |Byt U P\{p}
where P is the set of productions before the replacement. So it is G’ = G(F”’). O

The removal of left recursive productions proves to be more complicated than the
replacement by left derivations. Transfering the operation of Definition 2.5(2) to the
concept of production trees requires the definition of production trees (Definition 3.1)
being extended.

The reason is that the nodes for the right recursive copies of the form A; — yB;
cannot be inserted as siblings of the original A; — y node. This is because yB; will not
be a left derivation of its parent since the additional symbol B; appears at the rightmost
position.
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Definition 3.7 (Extended Production Tree). Let T4 = (V, E, lab) be a production tree.
An extended production tree T} = (V,E, lab, labg) contains an additional labeling
function labg : V — P((Z U N)*) where P denotes the powerset. So labg maps each
node in 'V to a set of labels.
Letv eV and labgr(v) = {ay,...,ar}. Write A — labg(v) for A — aq]...|a;.
The set of represented productions of an extened tree T, with leaf nodes v1, ..., v,
is defined as

P(T)) = | = labp(v)
i=1

This allows the insertion of productions without adding nodes and without violating
the left derivation constraint of the production trees. A forest containing extended
production trees behaves exactly like a forest of common production trees regarding
the represented grammar.

Definition 3.8 (Removing a Left Recursive Node). Let F' be a forest of production
trees representing the grammar G(F) = (N, X, P,S) and let F contain the production
tree Ta, with vy, € Ty, being a leaf node with lab(v,..) = Ayy where y € (ZU N)*. The
node vy, which is denoted as left recursive node, is removed as follows

1. If B; ¢ N extend N by B; making B; the greatest symbol in the order of nontermi-
nals and create a new extended derivation tree Tgl_ = (V,E, lab, labg) containing
a root node only such that V = {rg,}, E = 0, lab = {rp, — B;} and labg = 0.

2. Add a new node b to Tg, such that (rg,,b) € E and lab(b) = y. The additional
labeling function laby, is defined for each node v € V such that

labg(v) = {lab(v),lab(v) - B;} if v is a non-recursive node different to root
R = {lab(v)) otherwise

3. In Ta, mark vy, as blind leaf and if T4, is not an extended tree yet, make it ex-
tended by supplying it with an additional labeling function labj, which is defined
for each node v € Ty, analogously to labg.

The concept of extended derivation trees avoids the constraints of the original pro-
duction trees of Definition 3.1 by increasing the amount of labels without adding any
new nodes. The additional productions appear only when the represented productions
P(T4,) of a tree Ty, are requested. To emphasize that these right recursive copies are
not actual nodes we say that they are generated on query.

The right recursive counterparts are required in two situations only. FEither the
productions are used to replace some production by its left derivations or the production
is already part of the grammar in GNF i.e. part of the final representation.

If the algorithm encounters a recursive node in 7, the first time it extends the tree
as in Definition 3.8 creating a new extened production 75, whose root node has only
one child node representing solely the terminal production since the right recursive
copy is created on query. In all figures of this work extended trees get their root node
shaded red instead of yellow in order to indicate that the tree is extended.

Example 3.3 (Using Extended Production Trees). Let T4, be a production tree as
shown in Figure 4 representing the productions A; — « and A; — A;f with o, # €.

The removal of the direct left recursive production A; — A;B results in the addi-
tional extended production tree Ty and in Ty, becoming the extended tree T}, .
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The supplementary productions that are a result of the augmented labeling are
shown as dashed nodes, they are not actual nodes and only used in this example to
illustrate the productions being actually represented.

Left recursive nodes like A; — A;B in the extended tree T/f‘l_ that have been processed
are marked as a blind leaf and will not be considered for the represented productions
according to Definition 3.2. In all figures those nodes are drawn with a red frame.

Figure 4: Removal of a direct left recursive production

Like for the replacement by left derivations it has to be shown that the removal of a
direct left recursive production is an exact simulation of the operation as described in
Definition 2.5(2).

Lemma 3.2. Let G € CFG be a productive, context-free grammar and let F be a forest

of production trees such that G = G(F). Now let the grammar G’ and the forest F’ be

the results of removing a direct left recursive production of G as in Definition 2.5(2)

and replacing the node which represents the same production in F as in Definition 3.8.
The grammar G(F") represented by F’' equals G’.

Proof. Let G € CFG and F a forest of production trees such that G(F) = G. Further
let A; € N be nonterminal of the grammars and let p = (A; — A;y) be a production in
G withy € (£ U N)*. The productions of G and G(F) are denoted by P.

When p is removed in G according to Definition 2.5(2) a new nonterminal B; and
the productions B; — v | yB; are added to G. Since A; has to be a terminating symbol
there have to be A; productions beside p = (A; — Ayy) that are not direct left recur-
sive. Let those productions be A; — S| ... | 8. For those productions Definition
2.5(2) states that there has to be an additional right recursive copy. So the productions
Pg(A)) ={A; = B1B;| ... | BuB;} are added to G. The resulting grammar is denoted
by G’ and its productions by P’. If G had already another direct left recursive produc-
tion removed such that Pg(A;) C P including them once more has no effect since P and
P’ are sets.

The forest F is modified according to Definition 3.8 resulting in the forest F’. Be-
cause of G = G(F) there has to be a leaf node v in Ty, representing p. This node v is
made a blind leaf so p is not a production of G(F”). The extended tree T, is created
if not already part of F and a child node b labeled lab(b) = v is added to T',. Since b
is a leaf node and T, is an extended tree, the extended labeling function will map b to
{v,yBi},soitis {B; = v |yBi} € P(Tp) C P'.

Because of G = G(F) the tree T4, € F has to contain the same non-recursive
productions as G such that {A; — B | ... | Bu} S P(T4,). When making T4, an
extended tree Definition 3.8 states that the additional labeling function is defined such
that only the nodes representing those productions receive an additional right recursive
copy. Therefore itis {A; = B1B;| ... | BuBi} € P(T4,).
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So the set of productions for G’ and G(F”) reads
P = {Ai > BiB;| ... |BuBi} U {Bi = y|yBi} U P\ {p}

and it follows that G’ = G(F"). O

Now that the two language preserving operations have been defined for forests of
production trees the original algorithm (whose steps were described on page 7) can
be transfered to this data structure. As in the original algorithm the production trees
are modified in two steps each consisting of two parts In the first step all productions
are ordered and direct left recursions are removed. In the second step the Greibach
property is established first for all productions of nonterminals of the original grammar
then for all productions of newly introduced nonterminals.

Those steps will be administered in three passes. The first pass carries out the
ordering of the productions as well as the removal of direct left recursions and is refered
to as the ordering pass. The second pass establishes the GNF for productions with an
original nonterminal symbol on the left hand side and is refered to as the Greibach
pass. The third and last pass transfers the new nonterminals, that might have been
introduced while removing left recursions, to GNF. This pass is refered to as the final
pass.

Within these passes the production trees are only modified by the language preserv-
ing operations from Definition 3.6 and Definition 3.8.

For the sake of simplicity we assume that only the “simple” GNF and not the strong
GNF is required. This simplification can be allowed because establishing the strong
GNF is an easy task since terminal symbols a € X that would violate the strong GNF
property are replaced by a new nonterminal A, for which only a single production
A, — a exists. Those A, pose no problem in subsequent adding operations as the
productions A, — a are in GNF already and no other A, productions are generated at
any point.

Each of the passes described above usually has to process only a certain subset of all
productions. This suggests the use of a worklist for each pass on which the productions
have to appear in the right order to simulate the basic algorithm. These worklists will
be refered to as ordering list, Greibach list and final list.

Definition 3.9 (Worklist). Let F be a forest of production trees. A worklist operating
on F is defined as a sequence of nodes that belong to arbitrary trees in F

W = Vi, V2, Vi

where v; # v; for i # jwithi, j € [1,... k] and no v; is a root node.

Worklists are always processed from left to right where nodes that have been pro-
cessed are removed from the list. Processing a worklist means that nodes are processed
until the worklist is empty. An empty worklist is denoted by &.

Processing a node in the context of production trees means that one of the language
preserving operations is applied to this node. Note that the second operation, the re-
moval of left recursions, is only applied within the ordering pass when a direct left
recursive node is encountered. Otherwise the algorithm always applies replacement by
left derivations. Where the child nodes of a node v (with lab(v) = A;y in T/i) that are

generated in the process are determined by P(Tg).
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The primary objective of the incremental approach is to know at which nodes in the
forest the productions represented by a certain tree Tf[ were applied. This information
is held by usage pointers.

Those usage pointers always point from a root node labeled with A; to an inner
node of some tree with root node A; or B; where j # i. Pointers from A; to A; with
i < j are refered to as forward pointers and are used in the ordering pass only, while
pointers with i > j are called backward pointers and are used in the Greibach pass only.
A third kind of usage pointers are those that point from an A; to a an inner node of a
tree with root node labeled B;. Those pointers are refered to as final pointers and are
used in the final pass only. Usage pointers are inserted if the production corresponding
to the destination node is not yet in GNF.

Definition 3.10 (Usage Pointers). Let F = {TZI,...,TSW”} be a forest of production

trees with R = {rl, ..., 1} being the set of all root nodes of the trees in F. For a

production tree T " let L ={vi,.. -5 Vi, } denote the set of all leave nodes in the tree.
A usage pomter in the forest F is an element of the set

Ut = (R x UL,-) \ U({r,-}xLi)
i=1 i=1

When adding new productions these usage pointers are used to quickly find the
(probably intermediate) productions within the algorithm (represented by nodes in the
production tree) at which the new productions have to be taken into account. This
means that whenever a node is created within a production tree a usage pointer might
have to be added.

If the new production is of the form A; — Ay (with i # j) a usage pointer has to be
inserted from the root node of the A; tree to the node representing the new production.
This is because this production will at some point be replaced by its left derivations
since it is not in GNF. When this happens all A; productions will be used for that.
So if there are any changes to the A; productions the algorithm will follow the usage
pointer from A; to the node representing A; — A ;y and will have to modify its children
according to the changes made to the A; productions. When the new production is of
the form A; — ay with a € Z no usage pointer has to be added because this production
is already in GNF and will undergo no further modification by the algorithm. Also
direct left recursive nodes of the form A; — A;y need no usage pointers because they
are not replaced by their left derivations. Instead those nodes are deleted by using the
language preserving operation for removing direct left recursion. When doing so for a
node A; — A;y a new extended tree TG’ is created with the node b with lab(b) = y. If
y starts w1th a nonterminal A; so that y Ajy' the usage pointer (r}, b) from the root

node of T, G to the node b would have to be inserted.

As mentloned above we distinguish between three different kinds of usage pointers.
We can tell by the source and destination tree what kind of pointer we are dealing with.

Definition 3.11 (Sets of Usage Pointers). Let G be a context-free grammar with non-
terminals {Ay, ..., A,} so that the set of possible right recursive nonterminal symbols is
{Bi.....B,). Let BS{B,....B,}and F = (T§',... . T{") U{T" | B € B} be a forest
of production trees.

Based on the set of possible usage pointers U as in Definition 3.10 we define three
different sets of usage pointers.

o The set of forward pointers U ? U F contains usage pointers (r;,v)

with v in TZ’ so thati < j.
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o The set of backward pointers U lfc (CU I contains usage pointers (r;,v)

. .G S
withvinT,’ so thati > j.
J

o The set of final pointers U jfin C UF contains usage pointers (r;,v)

; . G L
withvin Ty’ so thati # j.
J
All those sets are subsets of U so that (Ujfw JVUUL U Ujfm) C UF. Since the
label of a node starts with at most one nonterminal there can be at most one usage
pointer pointing at this node. So the different sets of pointers are also disjoint so that
F F \_ ([JF F\— ([JF Fy—
(Ufwd N chk) - (Ufwd N Ufin) - (chk N Ufin) =0.

3.2 The Incremental Algorithm

We will now construct an incremental algorithm that holds the information of how the
GNF is obtained by the basic algorithm for a certain grammar in a way that the pro-
ductions of that grammar are added ony by one in a sequence according to Lemma 2.1.
This incremental algorithm also allows extending this grammar by a production and
reestablishing the GNF while also extending the information of how this was accom-
plished.

Using the structures and definitions of the previous section by name the concept
of forests of production trees, the two language preserving operations on those forests,
the worklists and the usage pointers such an algorithm will be defined by splitting the
algorithm in several procedures.

The incremental algorithm has two basic parts. In the first part a new production is
added as in Definition 3.5. If necessary, the resulting new node is put on the appropriate
worklist and a usage pointers is added. In the second part the worklists are processed
resulting in a forest that represents a grammar in GNF.

At all times the incremental algorithm maintains a forest of production trees, three
worklists (ordering-, Greibach- and final list) and three sets of usage pointers (forward-,
backward- and final pointers).

Definition 3.12 (Configuration). A configuration of the incremental algorithm is de-
fined by a tuple of the form
(F,WU)eS

where F is a forest of production trees, W = (Wp, W, W) a tuple of worklists repre-
senting the ordering-, Greibach- and final list, U = (U fya, Upck, Uin) a tuple of sets of
usage pointers defined over F such that Uy,q € U wa o Ubck S U,fC cand Uy C Ujfm
and S denotes the space of all possible configurations.

The start configuration or empty configuration is defined by the tuple

0, Wo,Up) €S

where Wy = (g,¢&,€) and Uy = (0,0, D) while a terminating configuration is any con-
figuration in S with empty worklists

(F,Wo,U)eF

where F C 8 denotes the set of all terminating configurations.
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Starting with the empty configuration containing an empty forest Fy such that
G(Fp) = (N,Z,0,S8), the algorithm allows to add productions p that keep the gram-
mar productive. At first the concept will be shown for adding a production to an empty
forest. Later further concepts are explained when the algorithm adds new productions
to an existing, non-empty forest, i.e. operates incrementally.

Algorithm 3.1 Procedure “extendGrammar” adds a production to an existing forest of
production trees F' and modifies F so that the result is in GNF.

Require: a new production p = (A — ), a configuration C = (F, Wp, U) such that
C € ¥ aterminating configuration

C, = insertProduction( C, p )

C’ = processWorklist( C,, orderingList )
C”" = processWorklist( C’, GreibachList )
Cr =processWorklist( C”, finalList )

BN

Ensure: a terminating configuration Cr = (F),, Wy, U},) such that F, represents G, in
GNF which is obtained by the basic algorithm from G plus p

The main procedure that extends a given forest by adding a new production is
shown in Algorithm 3.1. The input configuration holds the information how the basic
algorithm constructed the GNF grammar G’ from the grammar G. What this procedure
does is adding the procedure p to G (yielding G,) by calling the procedure “insertPro-
duction” in line 1. Then the basic algorithm on G is retraced using the forest and the
usage pointers. During this retracing the forest is extended such that the production p
and productions resulting from it are inserted as if the basic algorithm was executed
on G,. Thereby the GNF is reestablished and the forest and the usage pointers are ex-
tended such that they hold the information of how the basic algorithm established the
GNF for the grammar G ,.

After inserting the new production to the forest the GNF will be reestablished by
processing all worklists. Remember that the ordering pass (as invoked in line 2 of
Algorithm 3.1) simulates the ordering as well as the removal of left recursions of the
basic algorithm while establishing the Greibach property for productions of original A-
symbols is simulated in the Greibach pass (line 3) and for new introduced B-symbols
in the final pass (line 4).

The part of the algorithm that adds a new production to the forest is made the
separate procedure “insertProduction” shown in Algorithm 3.2. This insertion is an
exact implementation of Definition 3.5 that introduces a new production by creating a
child of the corresponding root node.

Note that inserting new nonterminal symbols as least symbol in the total order of the
nonterminals is a heuristic that attempts to minimize the cost of establishing the GNF.
This will be examined more closely in Section 4 (Optimization). As statet earlier we
will not examine the effects of different total orders of the nonterminals any closer, but
will choose this approach in an attempt to make the introduction of new nonterminals
less costly.

Every time a new node is inserted the algorithm checks if new pointers have to be
added. If a new node v in a tree T, is labeled with Ay withy € (ZUN)* and j < i
a forward pointer from the root node of Ty, to v is inserted and a backward pointer is
inserted if j > i. For left recursive productions with j = i no pointer is required because
the algorithm does not replace those productions by their left derivations.
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Algorithm 3.2 Procedure “insertProduction” adds a production to an existing forest.

Require: a configuration C = (F, Wy, U), a new production p = (A — 7)
where C € ¥ is a terminating configuration and G := G(F) = (N, %, P,S)

1: if A ¢ N then
add A to N as least element of N
3. end if

»

4: if no tree TEA exists in F then

5:  create derivation tree T4 in F containing root node only
6: end if

7: create new node v with lab(v) =y
8: add v as child of the root node of T4
9: Cp, = checkPointerAndWorklist( C, v)

Ensure: a configuration C, = (F,, W,, U,) with updated worklists and usage pointers
and F, representing the grammar G plus the new production p

As implemented in Algorithm 3.3 nodes are put on a worklist if a usage pointers
was added for them because they need further processing then. Before actually pro-
cessing the worklists the method of how nodes are placed on them has to be examined
more closely.

Algorithm 3.3 Procedure “checkPointerAndWorklist”.

Require: a configuration C = (F, W, U), anode v € Tg such that T € F, lab(v) = Xy
where X e U N) andy € (XU N)*

1. if R — Xy is direct left recursive then

2 add v to the ordering list Wy € W as last R-element

3: else if R — Xy is not ordered then

4:  add a forward pointer to Uy, € U pointing from root of Ty to v
5: add v to the ordering list Wy € W as first R-element

6: else if R — Xy is not in GNF then

7 add a backward pointer to Uy € U pointing from root of Ty to v
8 add v to the Greibach list W € W as last R-element

9: end if

Ensure: a configuration C* = (F, W’, U’) with updated worklists and usage pointers
depending on v but with the same forest F

In order to explain how the nodes are added to the respective worklist in line 2,
line 5 and line 8 of Algorithm 3.3 the order in which the nodes need to be processed
to simulate the basic algorithm is of concern. In the basic algorithm all productions
of A; with i < j needed to be ordered first and then got their direct left recursions
removed before any A; production with j > i was allowed being ordered. To ensure
the productions are processed in an ascending order for the ordering pass and in a
descending order for the Greibach pass regarding the A; it is necessary to insert the
nodes at the proper position within a worklist.

Since the ordering worklist is used to order the productions as well as to remove
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direct left recursions the algorithm has to distinguish between those different types
of A; productions when adding them to the ordering list. For the Greibach list no
further distinction beside the ordering of the list by left hand side symbols is required.
Algorithm 3.3 implements this behaviour.

The way how nodes are put on a worklist will be of particular interest when allow-
ing to add multiple productions at once. In Section 4 (Optimization) we will get back
to this in detail.

Now that the new production has been inserted into the forest, the GNF is reestab-
lished by processing the worklists starting with the ordering list. A node is processed
by applying either the replacement by left derivations as in Definition 3.6 or the re-
placement of direct left recursive nodes as in Definition 3.8. The procedures for those
operations are shown in Algorithm 3.4 and Algorithm 3.5.

Algorithm 3.4 Procedure “leftDerivation” to replace a node by its left derivations.

Require: a configuration C = (F, W,U), anode v € Ty
where Tg, Tx € F, lab(v) = Xy, X € Nandy € (XU N)"

1: for all productions p € P(Tx) {let p = X — 8} do

2:  create node v’ with lab(v') = By

3:  add V' to T as child of v yielding configuration C’
4:  C = checkPointerAndWorklist( C’, V")

5: end for

Ensure: a configuration (F’, W', U’) where F’ represents the grammar that results in
replacing R — Xy in G(F) by its left derivations

Note that in line 4 of Algorithm 3.4 a new node created by left derivation is checked
for usage pointer and further processing right after it has been created, so the informa-
tion in which pass that node was processed is preserved.

Algorithm 3.5 on the other hand creates child nodes for extended B;-trees only.
So these nodes, if not in GNF already, receive final pointers only and are processed
solely in the final pass. For that reason the check for GNF, worklist and pointer when
removing a direct left recursive node is done in lines 12-15 of Algorithm 3.5 directly
and is not part of the “checkPointerAndWorklist” procedure.

There is a special case Algorithm 3.5 takes care of. Whenever there is a direct
left recursive production with y = ¢ (i.e. the production is of the form A; — A;) the
algorithm just ignores it. As mentioned earlier such productions are either not valid or
do not change the language of the grammar. Like every direct left recursive node the
A; — A, nodes cannot be deleted nor can the nodes causing this production as Example
3.4 shows.

Example 3.4 (A; — A, productions). Consider the forest in Figure 5 where the node
Ay — Ay is added resulting in the useless production A, — A, which is ignored. The
original production Ay — Ay has to be kept since new A productions will create new
productions as a result of the left derivation of the node Ay — A, that will change the
language of the grammar if left out.

Note that the tree Ty, is not made an extended production tree since creating T,
with P(Tg,) = €| By and extending Ty, such that P(Ts,) = a | aB, will not change
the language but will instead create a forbidden e-production and also the production
By — Bj that cannot be transfered to GNF by the means of this algorithm.
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Algorithm 3.5 Procedure “removeRecursion” to remove a direct left recursive node.

Require: a configuration C = (F, W, U), a leaf node v, € Ty,
where Ty, € F, lab(v,) = Ayy, y € EUN)*

1: make v, a blind leaf

2: if y = £ then
do nothing and end procedure
. end if

s

: if tree T'p, does not exist then
add symbol B; to N as greatest symbol
create extended production tree T, containing root node only
make T4, an extended production tree

end if

R A

10: create node v € T§ with lab(v) =y
11: add v as child of the root node of T,

12: if B; — 7y is not in GNF then
13:  add v to final list Wy € W
{let X € N be the leftmost symbols of y}
14:  add a final pointer to Uy;, € U pointing from root of Tx to v
15: end if

Ensure: a configuration (F’, W', U’) where F’ represents the grammar that results in
removing the direct left recursion A; — Ayy in G(F)

This example also shows why direct left recursive nodes cannot just be deleted.
Doing so with the node Ay — A, would result in Ay — A; becoming a leaf node again
making that production part of the represented grammar.

Figure 5: Nodes causing A; — A; productions have to be kept.

The actual processing of a worklist can be made a procedure that is shared by all
of the different passes since the algorithm only needs to distinguish between nodes
that are direct left recursive and those that are not. So for the processing calls in lines
2-4 of Algorithm 3.1 the procedure Algorithm 3.6 can be used passing the current
configuration and the information which worklist is supposed to be processed.
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Algorithm 3.6 Procedure “processWorklist”.

Require: a configuration C = (F, W, U), the identification of the worklist
where I' € W denotes the worklist and v the first node in the list

1: while list I' not empty do

2 remove v from I yielding C’

3 if node v is direct left recursive then
4: C” = removeRecursion( C’, v )

5:  else

6 C"” = leftDerivation( C’, v)

7 end if

8: end while

Ensure: a configuration C” = (F”', W”,U"") where W" contains the now empty I

Operating Incrementally

When adding a production to a non-empty forest the corresponding node is added in the
same way as for an empty forest. The goal beside establishing the Greibach property
for the new production is to find the points at which the new production would have
been applied if it already had been part of the original grammar. At this time the
algorithm can make use of the production tree structure and the usage pointers.

When adding a production p to a tree T4, the algorithm can tell by the usage point-
ers at which nodes the productions P(T4,) were used for replacement by left derivation
by following all usage pointers originating in T4,. The nodes at the destinations of
these pointers need to apply this new production p as well. For this the algorithm has
to distinguish between new and old productions to tell which productions are new. This
could be accomplished by marking new nodes for the duration of the insertion process
and remove those marks once the GNF is reestablished. But unfortunately this does not
solve the problem. If an A; production is added that turns out to be left recursive the
right recursive copies of A; productions that are not left recursive could not be found
by marking because those productions are generated on query only.

A solution to this problem is to memorize the sets of represented productions P(T,)
for each nonterminal before the insertion, denoted by P,4(T4,). Now the new produc-
tions can be found easily.

Pnew(TA;) = P(TA,) \ Pold(TA,-)

The marking however helps to easily identify new nodes and decide which pro-
ductions need to be applied. In all following figures nodes that are marked as new are
shaded green.

When adding a new production, the incremental algorithm has to act like the orig-
inal algorithm would have at any point. Since a forest in a start configuration has to
represent a grammar in GNF its trees represent Greibach productions only. This turns
out being a problem in the ordering pass when simulating the basic algorithm. The rea-
son is that if the new production would already had been part of the original grammar
the trees were usually not entirely representing GNF productions at that stage, because
the Greibach pass would not have been executed yet.

Therefore when ordering a new node the algorithm is neither allowed to use the
GNF leaves nor the productions of the original grammar. Instead the ordered inter-
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mediate nodes have to be used, because those nodes were the leaf nodes back in the
ordering pass. These could however be leaf nodes or original rules if they were ordered
or in GNF already. These nodes are refered to as first ordered nodes.

Definition 3.13 (First Ordered Productions). Let Tg" be a (possibly extended) produc-
tion tree. The set of first ordered productions for that tree Pfon(Tfi") is defined as

Pron(T) = P(T})
where Ti’ is the production tree that is derived from Tf:_" by traversing Tii and deleting
all children for all ordered nodes that are found.

Note that within a forest of production trees that was generated by this algorithm
an ordered node possibly has children but no grandchilden since the Greibach property
is established within a single step once a node is ordered. Therefore in Definition 3.13
it is sufficient to delete the children of the ordered nodes instead of entire subtrees.

Example 3.5 (First Ordered Nodes). Consider the production trees Ty, and Ta, as
shown in Figure 6. When adding the new, not ordered production Ay, — A the incre-
mental algorithm has to use the nodes Axb and Asc in the Ty, tree (shaded blue) for
replacement by left derivations, because those productions would have been available
in the original algorithm at that stage and not the final GNF productions.

|abAgc | |abA;Bgc|

Figure 6: Ordering new productions using first ordered nodes only

Now the usage pointers need to be followed to tell where the new productions
would have been applied if they had already been part of the original grammar. Since
following a usage pointer from a tree T, to a tree T4, and applying at least the new
productions also yields new productions in T4, the usage pointers originating in T4,
have to be followed as well. Such a chain is refered to as a path of usage pointers. The
incremental algorithm needs to follow all those paths and add the destinations to the
proper worklist. This has to be done once for each type of usage pointer before the
corresponding worklist is processed. Note that all these destinations need processing,
otherwise no usage pointer would have been inserted in the first place. However, new
nodes that have just been added were already put on the proper worklist by “check-
PointerAndWorklist”. So when following usage pointers only old nodes have to be put
on a worklist if necessary.

The incremental algorithm as shown in Algorithm 3.1 has to implement this con-
cept of following usage pointers. A procedure to gather all nodes that are located on a
pointer path originating in a given production tree T4, is shown in Algorithm 3.7.
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Algorithm 3.7 Procedure “followPointers” for a certain production tree Ty;,.

Require: a configuration C = (F, W, U), a production tree T4, € F, the pointertype
where pointertype € { forward, backward, final}.

1: if Ty, is marked as “followed from” then

2:  do nothing

3: else

4:  mark T4, as “followed from”

5:  for all usage pointers (r4,, v) of pointertype do

6 if v is not a new node then

7 put v on the list Wpintersype € W list yielding C’
8

9

else
: c'=C
10: end if
{letv e TAj}
11: Cr = followPointers( C’, Ty4,, pointertype)
12:  end for
13: end if

Ensure: a configuration Cr = (F, W’, U) with unchanged forest and pointer lists but
with a modified worklist for the pointertype holding all destination nodes on all
pathes originating in Ty,

We let the algorithm insert new nodes for the ordering worklist ordered by the left
hand side of their represented production and distinguish between nodes that are direct
left recursive and those that are not as in Algorithm 3.3 (“checkPointerAndWorklist™).
Inserting nodes ordered by their left hand side to the ordering list allows Algorithm 3.7
to follow all forward pointer paths in an arbitrary order. As we will see later in Section
4.3 (Managing Worklists) this will prove being no disadvantage.

Following the forward pointers can result in multiple items on the ordering list
allowing to illustrate Algorithm 3.3 more closely as Example 3.6 does.

Example 3.6 (Inserting Nodes into Worklists). Consider the ordering list shown in
Figure 7 for an arbitrary a grammar G € CFG that will not be defined in detail.
Suppose a new node representing the production Ay — As has to be added to the
ordering list.

Since A4 — Aj is not direct left recursive but also not ordered Algorithm 3.3 states
(in line 5) that the node has to be added to the ordering list as first Ay element. That
would be at the position right after the first element Ay — Aj.

Now suppose the new production Ay — A4b has to be inserted which is direct left
recursive so according to Algorithm 3.3 (line 2) the node has to be inserted as last A,
element which would be the position right before the last element A5 — A,.

‘A2—>A1‘A4—>A2‘A4—>A1 ‘A4—>A4a A5 —>A2

Figure 7: An ordering worklist for a grammar G

The worklists can now be processed as they were for an empty forest. When pro-
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cessing a node in this incremental context we need to keep in mind that each new node,
including those that are created when processing worklists during the insertion process,
needs to use all available productions. Solely old nodes that were already part of the
forest before the insertion process need to apply the new productions P,,,, only. When
processing the ordering list the algorithm has to use the first ordered nodes as seen
earlier. Now with the knowledge how usage pointers have to be followed this can be
illustrated by an example.

Example 3.7 (Using only new productions at old nodes). Consider the forest of pro-
duction trees as shown in Figure 8. When adding the new production A3 — A, the
corresponding node is ordered by using the first ordered node Ay — Ay. In the Grei-
bach pass the new node A3 — A4 and the backward destination A} — Aj need to be
processed. The new node Az — Ay has to apply all available A4 productions while the
old node at the backward destination A — As has to apply only the new Az produc-
tions.

Figure 8: At old nodes only new productions are applied

The main procedure for adding new productions as in Algorithm 3.1 has to be
modified to implement the following of usage pointers. The new procedure is shown
in Algorithm 3.8.

The different usage pointers have to be followed at different stages of the algorithm
because the ordering may result in new nodes in additional trees. So there are more
trees to follow backward pointers from which again results in more trees containing
new nodes.

As seen in Example 3.7 the policy regarding new nodes for the ordering pass applies
for the Greibach pass as well. Old nodes at pointer destinations need to apply new
productions only while new nodes always need to apply all available productions.

To implement this behaviour the procedure “leftDerivation” has to be extended as
shown in Algorithm 3.9 so it chooses the correct productions based on the current pass
and whether the current node is new or old.

The incremental algorithm ensures that all productions that are modified by the
basic algorithm are either destinations of usage pointers if they are replaced by their
left derivations or are blind leaves if they are direct left recursive productions that are
removed.
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Algorithm 3.8 Procedure “extendGrammar” that follows usage pointers.

Require: a configuration C = (F, Wy, U), a new production p = (A — )
such that T4 € F and C € ¥ a terminating configuration

1: C, =insertProduction( C, p)

2: Cr = followPointers(C),, T, forward)
Co = processWorklist( Cr, orderingList )

w

for all production trees 7' containing new nodes do
Cr = followPointers( Cp, T, backward)

end for

C¢ = processWorklist( Cr, GreibachList )

A A

®

for all production trees T containing new nodes do
9:  Cp = followPointers(Cg, T, final)

10: end for

11: Cr = processWorklist( Cr, finalList )

Ensure: a terminating configuration Cr = (F),, Wy, U},) such that F, represents G, in
GNF which is obtained by the basic algorithm from G plus p

Algorithm 3.9 Modified procedure “leftDerivation” distinguishing between new and
old nodes and between different passes.

Require: a configuration C = (F, W,U), anode v € Tg
where Ty, Tx € F, lab(v) = Xy, X € Nandy € (XU N)"

1: if v is a new node then

2:  if in ordering pass then
3: P = Psou(Tx)

4: else

5: P = P(Tx)

6: endif

7: else

8: P = Puey(Tx)

9: end if

10: for all productions pe P{letp =X — B} do

11:  create new node v’ with lab(v') = By

12 add v’ to Ty as child of v yielding configuration C’
13:  C = checkPointerAndWorklist( C’, v" )

14: end for

Ensure: a configuration (F’, W', U’) where F’ represents the grammar that results in
replacing R — Xy in G(F) by its left derivations by selecting the used productions
so that the basic algorithm is simulated
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Lemma 3.3. Let F’ be a forest of production trees representing G' € GNF that was
obtained from G € CFG by the basic algorithm and let P(v) denote the productions
represented by the node v.

a) The set Pruqg = { P(v) | (r,v) € Upyg } holds exactly those productions the are
replaced by their left derivations in the ordering pass of the basic algorithm.

b) The set P,.. = { P(v) | vis a blind leaf } represents all direct left recursive produc-
tions removed by the basic algorithm.

c) Py = { P(v) | (r,v) € Uper } holds the productions modified in the Greibach pass.

d) Pyin = { P(v) | (r,v) € Uyin } holds the productions modified in the final pass.

Proof. Let the forest of production trees F’ represent the grammar G’ € GNF that is
obtained from G € CFG by the basic algorithm.

To prove that P, represents all productions modified in the ordering pass of the
basic algorithm we have to show that each production that is ordered within the basic
algorithm is represented by a node v in F’. This node v has to receive a forward
pointer and has to be ordered by the incremental algorithm as well yielding the same
productions as the corresponding production in the basic algorithm.

Only A-productions are ordered by the algorithm. There are exactly two points in
the incremental algorithm which create new A-productions. The first one is at line 7 of
the procedure “insertProduction” (Algorithm 3.2) and the second one is at line 11 of
“leftDerivation” (Algorithm 3.9).

Original productions A — Xy of G withA € N, X € (NUX),y € (NUZX)" are added
using “insertProduction” which, after creating a corresponding node v in line 7, calls
“checkPointerAndWorklist” (Algorithm 3.3) in line 9. If the production is not ordered,
i.e. X = A’ where A’ < A, the node v is put on the ordering list and the forward pointer
(ras,v) is added.

When v is replaced by the incremental algorithm it yields the same productions as
the basic algorithm as stated in Lemma 3.1. Since the replacement is performed by the
procedure “leftDerivation” the nodes created there are analyzed by “checkPointerAnd-
Worklist” which again adds a forward pointer if necessary and put the nodes on the
ordering list.

O

To conclude this section we will examine an example using the productions from
Example 2.1.

Example 3.8. Suppose that the productions of the grammar of Example 2.1 are added
in the following sequence

(Ag = ¢, A3 = b,A3 = A3A4, Ay — a, A — Asc, A — Ayb, Az — A1A3)

Since the algorithm uses the heuristic to make unknown nonterminals the least el-
ement in the total order of nonterminals, this total order will depend on the sequence
in which the productions are added. The sequence has been chosen as above for read-
ability because it maintains the order A| < Ay < A3 < A4 of the nonterminals.

Suppose the incremental algorithm already added the sequence of productions ex-
cept the last entry Az — A1As. The resulting forest of production trees is shown in
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Figure 9. There are two backward and one final pointer. The trees Ty, and Tg, are
extended due to the direct left recursive production Az — AzAy.

According to Lemma 2.1 the grammar resulting in the adding of the sequence above
is also productive after each single insertion. So omitting the last element yields a
productive grammar for which the GNF can be constructed as in Figure 9.

ORNO

Figure 9: Forest after adding all productions from Example 2.1 except Az — A1A3

We will now add the remaining production step by step using the incremental al-
gorithm by running the main procedure “extendGrammar” (Algorithm 3.8) with the
production Az — AAs as parameter.

First “insertProduction” (Algorithm 3.2) is called with A3 — A|As. The nontermi-
nal Az is already known and the tree T4, does already exist, so the procedure creates a
node v labeled A A3 as child of the root node of Ta, and calls “checkPointerAndWork-
list” (Algorithm 3.3) with this node v as parameter. There, since A3 — A1Aj is not
ordered, a forward pointer from Ty, to v is added and v is put on the ordering list.

Now the main procedure follows all forward pointers before processing the order-
ing list, but as there are no forward pointers originating in Tx, no new items for the
ordering list are found.

When processing the ordering list using the procedure “processWorklist” (Algo-
rithm 3.6) the node v is removed from the ordering list and is replaced by its left
derivations using the procedure “leftDerivation” (Algorithm 3.9).

Since v is a new node that is processed in the ordering pass, Algorithm 3.9 uses the
productions represented by the first ordered nodes of the corresponding tree T4, which
are Pron(Ta,) = {A1 — Asb, Ay — Asc). The replacement results in two new nodes v,
and v, labeled lab(v\) = A>bA3 and lab(v,) = A3vAs that are made child nodes of v.
Both nodes are put on the ordering list by the procedure “checkPointerAndWorklist”
which also adds a new forward pointer from Ty, to v).

The ordering list is processed further, calling “leftDerivation” for node v| using
Pron(Ta,) = {Ay — a} resulting in a single child of v| labeled lab(v) = abAs which
represents a production in GNF.

When processing node v, the procedure “removeRecursion” (Algorithm 3.5) is
used as vy is a direct left recursive node. Since Tp, already exists the procedure just
creates a new node v3 labeled lab(vs) = cA3 as child of the root node of Ty, and ends
the procedure because By — cAj is already in GNF.

The ordering list is empty now so “processWorklist” ends as well. The current
forest of productions trees is shown in Figure 10.
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abAj;

Figure 10: Forest after completing the ordering pass while adding As; — A;A3

Now the main procedure follows all paths of backward pointers originating in trees
containing new nodes by calling “followPointers” (Algorithm 3.7) for each of these
trees.

For the tree T4, one backward pointer is found pointing to the node v’ in Ty, rep-
resenting Ay — Asc. So V' is put on the Greibach list and Ty, is checked for backward
pointers as well, but as there are none Algorithm 3.7 ends for T4,. The tree T, has
no backward pointer either so the main procedure ends the following of pointers and
starts processing the Greibach list containing the node v' only.

Since V' is not direct left recursive it is processed by Algorithm 3.9. As V' is not a
new node the procedure “leftDerivation” uses the new productions of Ta, only. Those
are Py, (Ta,) = {A3 — abAiz, A3 — abAzBs}. So two new nodes v3 and v4 labeled
lab(vs) = abAsc and lab(vy4) = abA3Bsc are created as child nodes of v'. So V' has four
child nodes now.

This ends the procedure “processWorklist” as the Greibach list is empty. Since
there is no final pointer originating in any of the trees containing new nodes the main
procedure and therefore the algorithm terminates. The resulting forest of production
trees is shown in Figure 11.

The represented productions correspond to those of Example 2.1.

P(Ta,) = {A) — ab|bc|bBsc|abAsc | abAsBsc}
P(Ts) = (A; > a)

P(TA3) = {A3 i abA3 | Cle3B3 | b | bB3}

P(Ty) = (As— c)

P(Tg,) = {Bs — cAs3|cA3B;3 | c|cBs}
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|abA3c | |abA3B3c|

abAj;

Figure 11: Forest after incrementally inserting the production Az — A;A3

3.3 Correctness
The correctness of the incremental approach can be stated in the following theorem.

Theorem 1 (Correctness of Incremental Algorithm). Given a context-free, productive
grammar G and a grammar G’ in GNF that is obtained by the basic algorithm as shown
in Algorithm 2.1.

The incremental Algorithm 3.8 is correct in a sense that the productions of G added
in a sequence following Lemma 2.1 yields a forest F' with G(F') = G'.

To prove Theorem 1 we have to show that the incremental algorithm obtains the
same results as the basic algorithm. To do that we show that for a grammar G for
which the basic algorithm generates the grammar G’ in GNF the incremental algorithm
constructs a forest F’ representing G’ such that G(F”") = G’.

This will be shown by mathematical induction where the inductive step is that when
adding a new production p to G yielding the grammar G, for which the basic algorithm
generates the GNF grammar G/, and adding this production p to F” using the incremen-
tal algorithm will result in the forest F, that represents a grammar that equals G/,. That
means is has to be shown that G}, equals G(F7,). A sketch of this interrelation is shown

in Figure 12.
basic Alg. G' = G(F)
— T
G G’

add p add p incremental Alg.

basic Alg. G, = G(F})
— T ’ ’
Gp Gy £y

Figure 12: Proving the correctness of the incremental algorithm.

F'

It is sufficient to prove that the claim holds for adding one production at a time
because Lemma 2.1 states that when adding a set of productions that keep a gram-
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mar productive there exists a sequence to add those productions so that the resulting
grammar is productive after each single insertion.

We assume that the terminal and nonterminal alphabets £ and N have been supplied.
The start symbol of the grammar is not important when constructing the GNF, it will
be denoted by S and can be any symbol of the set N. Also without loss of generality
we let the basic algorithm use the same ordering of nonterminals as the incremental
algorithm.

Before starting with the actual proof lets revisit the definition of the production
trees and of forests of them. A production tree Tf’* is defined for a nonterminal A
and a grammar G4. Multiple trees can be combined to a forest if all grammars used
to define a single tree share the same alphabet. So when talking about N or X in the
context of a forest of production trees (abbreviatory just denoted by forest) this refers
to the alphabet that is shared by all involved trees. Also, unless stated otherwise, let the
grammars G4 be minimal with respect to their productions, which means G4 contains
only those productions that are required to fulfill Definition 3.1.

The method of the proof is mathematical induction over the number n of produc-
tions in the grammar. Starting with n = 0 which corresponds to an empty grammar
and an empty forest. There are four types of new productions or more precisely the
basic as well as the incremental algorithm distinguishes between four different types of
productions.

1. The production already has the Greibach property.
2. The production is direct left recursive.
3. The production is ordered and free of left recursion but not in GNF.

4. The production is not ordered.

With the constraints regarding the productivity of the grammar we will see that
these different types can only be covered when adding a minimum of three productions.

Proof. Proof of Theorem 1 by mathematical induction over the number n € N of pro-
ductions of the grammar.

Induction Basis We will show that the claim holds for the induction basis by showing
that it holds for all n € {0, 1,2, 3} where n = 0 corresponds to the empty grammar.

Casen=0 LetG = (N,Z,0,5) be an empty grammar which is obviously in GNF
since there is no production that has not the Greibach property. So the basic algorithm
does not modify this grammar and the resulting grammar G’ is G again. The empty
forest F’ = 0 is representing G’ such that G(F’) = G’ so the claim holds for n = 0.

Casen=1 Letp = (A — y) be a production and let G, := (N U {A},Z,{p},S) be
a grammar that extends G by the new production p. The GNF grammar that results in
the application of the basic algorithm on G, is denoted by G,

What has to be shown is that the forest F7, that results from adding p = (A — y) to
F’” = (0 using the incremental algorithm represents the grammar G, thatis G(F,) = G,.
Since A is a new nonterminal the production A — 7y has to contain only terminating
symbols and since no nonterminal is terminating at the moment y has to consist solely
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of terminal symbols. Otherwise A — v would result in G, being not productive. This
means that A — vy is a production in GNF and therefore G, is already in GNF so the
basic algorithm obtains the same grammar again which is G, = G,. Adding p to F’
results in a new tree Ty = (V, E, lab) with V = {rs,v}, E = {(ra,v)} and lab = {ry —
A,v — v}. Since A — 7y has the Greibach property the resulting forest is F, = {Ta}
with T4 as above. With v being the only leaf in 74 and T4 being the only tree in the
forest, the set of productions of the represented grammar equals P(T4) = {A — y}.
Therefore the represented grammar G(F',) equals G, so the claim holds forn = 1.

Casen =2 Adding a second production requires further case distinction. While for
the first production in n = 1 the new production had to be already in GNF as seen above
there are three possibilities when adding a second production. The second production
could again be in GNF already, it could be direct left recursive or it could be ordered and
free of left recursion but not having the Greibach property. Adding a second production
that is in GNF already works exactly like in case n = 1 and will not be shown again.
We will show the correctness for adding a direct left recursive production first and then
for a production that does not have the Greibach property. The left recursive production
will require further case distinction so the plan for the case n = 2 is as follows.

e Left Recursive Production A — AXy

1) Terminal case (X € X)

ii) Nonterminal case (X € N)

e Non-Greibach Production (ordered and free of left recursion) A; — Ay

Case “Direct Left Recursion” Assume a grammar G with a single GNF produc-
tion as in case n = 1 such that G = (N, Z,{A — af}, S) which is again in GNF already
so it equals G’. In the case that the second production is supposed to be a direct left
recursive production it has to be of the form p = (A — AXy) where X € (X U N) and
y e (ZUN)* L Adding p to G yields the grammar G, = (N, X, {A — aB,A — AXy},9).

How the GNF grammar G/, will look like depends on the symbol X. In any case the
basic algorithm introduces a new nonterminal B with the productions B — Xy | XyB
and deletes the production A — AXy while adding the production A — afB.

Case X € X If X € X the basic algorithm terminates with G; =(NU{B},X,P,S)
where P ={A - a8, A - aBB, B— Xy, B— XyB}.

Case X e N X could also be in N but because of the productivity X would have
to be a terminating symbol then. The only terminating symbol is A at the moment. So
both B productions would be replaced by their left derivation yielding the productions

B — apy|aByB|aBBy | aBByB

It has to be shown that for both cases the forest £, which is obtained by incremen-
tally adding p to F”’ represents G, again such that G(F,) = G,

INote that there has to be a symbol X behind A. The production A — A is either non-productive if it is the
only A production or it is useless in a sense that omitting it would not change the language of the grammar.
So this case will not be examined any further.
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The starting point is F” which is the forest that represents G’ so it contains the single
tree T4 = ({ra,vi}, {(r,v1)}, {r = A,v; — apB}). The incremental algorithm adds a new
node v, to T4 such that T4 = ({ra,vi, va}, {(ra,v1), Fa, v2)} {ra = A,vi — aB, v, —
AXv?}). The new node v; is put on the ordering list and processed by Algorithm 3.5
where the direct left recursion is removed.

There, the new nonterminal B is introduced and the extended production tree T =
(V, E, lab, labg) is created with vertices V = {rp, v}, edges E = {(rp, v)}, labeling func-
tion lab = {rp — B,v — 7} and the additional labeling function as in Definition 3.8
which is labg = {rB — {B},v — {Xy, XyB}}. So the represented productions for Tz are
P(Tp) = {B = Xy,B — XyB}. Node v, in T, is deleted and T, is made an extended
tree such that Ty = ({ra, v}, ((ra, vD)}, (ra > A, v1 5 aB), (ra = [A},v1 = {aB, aBB))).
and therefore P(T4) = {A — aB,A — aBB}.

In the case that X € X the algorithm will terminate with F 1’, = {T4, Tg} representing
the productions P(T4) U P(Tg) = {A — aB,A — aBB,B — Xy,B — XyB} that
correspond to those of G, so the claim holds for the case that X is a terminal symbol.

For the case that X € N, i.e. X = A, creating the node v in T will result in
a final pointer (r4,v) and v being added to the final list where it is replaced by its
left derivations by creating two nodes named v and v" in T'g as children of v so that
W, v),(v,v") € Eand V' — aBy,v’ — aBBy € lab. As V' and v” are leaf nodes now
and v is not any longer, the extended labeling function is now

labg = { rg = {B}, v {Xy,XyB}, v & {aBy,aByB}, v’ — {aBBy, afByB} }
This results in
P(Tg)={B — aBy, B — aByB, B — aBBy, B — aSByB }

which corresponds to the B productions as in G, for the basic algorithm so the claim
also holds for X € N.

Case “Non-Greibach production” As in the left recursive case assume a gram-
mar G with a single GNF production as in case n = 1 such that G = (N, X,{A; —
af}, S) which is again in GNF already so it equals G’.

A new production that is ordered and free of direct left recursion but does not have
the Greibach property is of the form p = (A; — A,y). where the new nonterminal A;
is introduced as least symbol so the leading A, on the right hand side is greater making
the production ordered but not in GNF.

Adding p to G results in the grammar G, = (N U {A},Z,{A, — af,A; — Ay}, S)
which is transformed by the basic algorithm to the GNF grammar G/, by replacing
A| — Ayy by its left derivations. Resulting in P;, = {A, — aB,A; — afy} being the
productions of G,.

Again it has to be shown that these productions correspond to those represented by
the forest F, that is obtained by incrementally adding p to F’ where F’ contains the
single tree T4, = ({ra,, v}, {(7a,, )}, {ra, — Az, v — aB}).

Adding p = (A; — Ayy) with the new nonterminal symbol A; results in a new
tree T4, = ({ra,, V', {(ra,,vV)} {ra, = A1,V = Ayy}) and a backward pointer (r4,, V).
When v’ is created it is put in the Greibach list where the replacement by left derivations
results in the T4, tree being modified to T4, = (V’, E’,lab’) where V' = {r4,,V',v"},
E' ={(ra,,V),(vV',v")}and lab’ = {rs, = A1,V = Ayy, V" = aBy}).

With v being the only leaf node of T4, the represented productions of F7, is the set
P(T4,) U P(T4,) ={A1 — afy} U {A, — af} which equals P;, of the grammar G;,. So
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the claim holds for the non-Greibach case as well and since this covered all passible
second productions the claim holds for the case n = 2.

Casen =3 While there were already three different possibilities for the second pro-
duction in case n = 2 there are now even more possible “configurations” of production
types. We need to examine this case in detail because a production that is not ordered
can only occur at the earliest when adding the third production.

In order to obtain a non-ordered production there have to be already two different
symbols in N that are terminating. As Table 1 shows there are only two possible con-
figurations if the third production is supposed to be a non-ordered production. Note
that |N4| refers only to the original nonterminals and not to the B symbols that are in-
troduced when removing direct left recursion. The first production has to be always in
GNF so it is not mentioned in Table 1 because there is no case distinction for it.

Case | 2" production IN4| | 37 production not ordered
i) in GNF (same symbol) 1 no

ii) | in GNF (different symbol) | 2 yes

iii) | direct left recursive 1 no

iv) | ordered but not in GNF 2 yes

Table 1: Possible configurations when adding the third production.

We will show that the claim holds for both cases when adding a non-ordered pro-
duction. The remaining cases for other types of productions work exactly as in case
n = 2 and will be omitted here.

Assume a grammar G as in case if) that contains productions for two nonterminals
that are both in GNF such that G = (N, %, {A| — aa, A, — bB},S). Since G is in GNF
already the basic algorithm will not modify it so the resulting grammar G’ equals G.
Let the order of the nonterminals be A; < As.

A non-ordered production has to be of the form p = (A, — A;y) because the
left hand side symbol needs to be greater than the leftmost right hand side symbol.
If the left hand side would be a new nonterminal it would have to be introduced as
least symbol and therefore would be ordered in any case. Choosing A; as left hand
side would result in an ordered production as well since A; is the current least symbol,
so the left hand side has to be A,. The right hand sides of new productions are only
allowed to contain symbols that are terminating but as the leftmost symbol has to be
a lesser nonterminal to make the production non-ordered it has to be A;. In Table 1
the cases i) and iii) cannot have a third production that is not ordered because there is
only one nonterminal with terminating productions and the construction as above does
obviously not work in those cases.

So let the new production be p = (A, — Apy) resulting in the extended gram-
mar G, = (N,X,{A; — aa,A; — bB,A; — Ayy},S) which is modified by the ba-
sic algorithm yielding the GNF grammar G;, = (N,Z,{A| — aa,Ay — DB, A, —
aay},S). The forest F’ corresponding to G’ consists of the trees T4, and T4, rep-
resenting the productions P(T4,) = {A1 — aa} and P(Ts,) = {A2 — bB} where
Ta, = ({ray, viA(ray, ik {ra, & Az, v - bB)).

New productions are always added as children of a root node so adding p extends
T4, by a new node v’ with lab(v') = Ay and a new edge (74,,v’). Since V' is not
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ordered it is put on the ordering list and the forward pointer (r4,, V") is inserted. When
V' is processed on the ordering list Algorithm 3.9 uses P,,(Ta,) for generating the
left derivations because V' is a new node and the algorithm is in the ordering pass. The
productions P,,(T4,) however, coincide with P(T,4,) = {A; — ac} in this case anyway,
so just one new node v with lab(v"") = aay is created as child of v'. The represented
productions are now P(T4,) U P(T4,) = {A; — aa} U {A2 — bB,A, — aay} which
match those of G/, so the claim holds for case ii).

Now assume a grammar G as in case iv) such that G = (N, X, {A| — Ayy, Ay —
aB}, ) as for the non-Greibach case for n = 2. The non-Greibach production A; —
Ayy is replaced by its left derivations once, resulting in the GNF grammar G’ =
(N,Z,{A| = aBy,A; — af},S) and a forest F’ = {Ty,, T4,} with the trees

Ta, = (VAL EN lab™) Ty, = (VA2 E% lab™)
VA = {ra,, Vi, v2} VA2 = {ry,, v}
EA = {(ray, ), (v1,v2)} E* = {(ry,, v)}

labh = {ra, = A v b Ay.v e aByD)  lab® = {r, > Agv o aB)

containing also a backward pointer (r4,,v) since v; is not in GNF (cf. Figure 13 for
an illustration).

When adding a non-ordered production it has to be of the form p = (A, — A;0)
following the argumentation as in case ii) above. So adding p to G results in G, with
the productions P, = {A; — Ayy, Ay — aB, A, — A6).

The basic algorithm transforms G, to the GNF grammar G;, =(NU{By},Z, P;J, S)
where the productions are transformed from P, to P, such that

P,={ A1— Ay P,={ Ai— aBylaBByy
Ay — aB|A6 } Ay > af|aBB,
By —> vy6|yéB, }

The new production A, — A;d turns out to be left recursive which results in a new
symbol B, and several new productions. Note that the question whether this grammar
is in GNF already or not depends on vy and 6. Before distinguishing between these
cases we will do the incremental insertion of p up to this point.

Figure 13: Forest F’ is transformed to F, by inserting A, — A6

The incremental insertion process of the production p = (A, — A;0) to the forest
F’ is shown in Figure 13 where new nodes are shaded green again and red root nodes
indicate that the respective tree is an extended production tree.
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Inserting p results in a new node vy, in T4, with edge (r4,, Vew) and labeling
lab® (vye) = A1 6. A forward pointer (74, , Vnew) is added and vy, is put on the ordering
list. In the ordering pass v, is replaced by its left derivations using the first ordered
productions Py, (T4,) = {A| — Ayy} resulting in a new node v,,,,, with edge (Vuey, Viye,,)
and labeling lab(v,,,,) = Ayyé. Since v,,,, is direct left recursive it is put on the ordering
list where it is processed immediately.

Algorithm 3.5 removes this direct left recursion by introducing the new nonterminal
B, and a new extended production tree T, = ({r,,vs}, {(rp,,Vs)}, lab®:, labgz) with
lab® = {rg, = Bz,vg — yd} and labg2 = {rp, = {By},vp = {yd, y6B,}} representing
the productions P(T'p,) = {B, — ¥, B, — y0B,}.

The production tree T4, is made an extended tree as in Definition 3.8 with the
extended labeling function

lab;:? ={ 14, = {42}, since 7y, is the root node
v {af, affiBs},
View > {AI(S,AI(SBz},

Viow P {A2Y6} since v,

e 1S TECUTSIVE )

So according to Definition 3.2 and Definition 3.7 the represented productions of the
tree Ty, are P(T4,) = {A2 — af, afiB,).

Now the ordering pass is complete and all worklists are empty. However, Algorithm
3.8 follows the different usage pointers before processing the respective list. In this case
the backward pointer (r4,, v1) is found when following the pointers of T4,, so the node
vy is put on the Greibach list. The node v; was already part of F’ and is therefore not
a new node. Also the algorithm is not in the ordering pass, so the productions used for
replacement by left derivations are

Prew(Tay) = P(Ta,) \ Poia(Ta,) = {A2 — aff, Ay — affBo} \ {A2 — oS} = {A2 — affB>}

which results in a single new node v3 in T4, as child of v; such that (vi,v3) €
EA and lab® (v3) = afByy. So P(T4,) = {A1 — aBy, A; — afByy} are the new
represented productions of Ty,. If there are no more pointers to follow the algorithm
terminates. and the set of all productions represented by F7, is

P(TAl) ) P(TAz) U P(TBz) = {Al - aﬁ% Al - 0’,3327} )
{A2 = af, afiBy} U
{B> — v6,By — y6B,)

which corresponds to the set P}, of the basic algorithm. Therefore the claim holds for
this case as well.

As mentioned ealier the productions P}, might not have been in GNF. This depends
on the words y, 6 € (XUN)* for which Table 2 shows a case distinction where X denotes
the first symbol in y or ¢.

The cases for which the grammar is already in GNF have already been covered
while the cases that result in a final pointer, i.e. lab®>(vp) starts with a nonterminal,
work analogously to the case X € N when inserting a direct left recursive production
in case n = 2 and will not be shown again.

This leaves the case y - § = & for which a A, — A, production is generated. The
node representing this production is just ignored by Algorithm 3.5 and is not processed.
As shown earlier leaving out productions of the form A; — A; does not change the
language of a grammar.

This concludes case n = 3 and therefore the induction basis has been proven.
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0% 0 Consequence

£ & results in a A, — A, production
e XeX grammar is in GNF

£ XeN final pointer (ry, vg)

X e€X | any word | grammar is in GNF
X € N | any word | final pointer (rx, vg)

Table 2: Influence of y and 6 on the grammar G/,.

Induction Hypothesis For a grammar G with an arbitrary but fixed number of pro-
ductions n there exists a forest of production trees F’ along with usage pointers U’
that represent the grammar G’. This grammar G’ is identical to the result of the basic
algorithm executed on G such that F’ and U’ hold the information which operations
were used by the basic algorithm to obtain G’.

Inductive Step Let G, G’ € CFG be grammars and F’ be a forest as in the induction
hypothesis. In the inductive step the (n + 1)* production p is added to G resulting in
the grammar G, which is transfered to the GNF grammar G, by the basic algorithm. It
has to be shown that the claim holds, i.e. that adding p to F” incrementally results in a
forst F), that represents G,.

The claim of the inductive step can be put into a lemma.

Lemma 3.4. Let the forest F' along with the usage pointers U’ which is required to

represent the grammar G’ € GNF that was obtained from a grammar G € CFG by the

basic algorithm and that F' and U’ hold the information of how G’ was constructed.
Executing the incremental algorithm for a new production p using

C = extendGrammar( (F',Wy,U"), p)

yields a configuration C = (F),, Wy, U},) such that the requirement holds for F), U,
and the grammars G, € GNF, G, € CFG again, where G, denotes the grammar that
is obtained by adding the production p to G.

According to the induction hypothesis there is a forest and usage pointers as re-
quired by Lemma 3.4. Therefore with Lemma 3.4 the claim of the inductive step
holds. O

It remains to show that Lemma 3.4 actually holds. The algorithms distinguish
between four types of productions. In this proof we will execute the incremental al-
gorithm for the new production p while distinguishing between the different types of
productions if the algorithms do.

The input configuration C changes very often. We will trace every change to this
configuration be describing how its elements are changed and will always refer with
Cyr to the current configuration.

Proof. LetG,G, € CFG, G’,G;, € GNF, F’, F;) and U’, U;) denote the same objects
as in Lemma 3.4. Further let p be an A;-production.

Lemma 3.4 states that if the incremental algorithm is executed on an input config-
uration C = (F’, Wy, U’) such that F’ and U’ fullfil the requirements of Lemma 3.4
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the forest and usage pointers contained in the resulting configuration fullfil the require-
ments as well. So to prove Lemma 3.4 we execute the algorithm and show that this
claim holds.

The incremental algorithm is started by calling “extendGrammar” (Algorithm 3.8)
with the input configuration C = (F’, Wy, U’) and the new production p. In line 1
“insertProduction” (Algorithm 3.2) is called with the current configuration C and the
production p. A new node v, is created (line 7, “insertProduction”) representing p.
Since v, is a child of the corresponding root node (line 8, “insertProduction”) this
operation adds p to the productions of the grammar represented by F’. In line 9 of
“insertProduction” the procedure “checkPointerAndWorklist” (Algorithm 3.3) is called
with C and the new node v,,.

There, the algorithm distinguishes between different types of productions.

e If v, is a direct left recursive node, i.e. p is of the form A; — A;y, no usage
pointer is inserted which is correct since the basic algorithm does not replace
such productions by their left derivations. The node v, is put on the ordering
list held in C (line 2) such that the recursion is removed later. Note that for
the follwing cases i # j holds, otherwise this case would have applied (line 1,
“checkPointerAndWorklist”).

e If v, is not ordered, i.e. if the production is of the form p = (A; — A;y) with
i > j, aforward pointer (r4;,v,) is added to the forward pointers held by C (line
4, “checkPointerAndWorklist”) and v, is put on the ordering list held by C (line
5, “checkPointerAndWorklist™).

e If v, is found being not in GNF (line 6, “checkPointerAndWorklist”) p has to be
of the form A; — A;y with i < j. A backward pointer (rAj, vp) is added to the
backward pointers held by C (line 7, “checkPointerAndWorklist”) and v, is put
on the Greibach list (line 8, “checkPointerAndWorklist™).

The procedure “checkPointerAndWorklist” ends and yields a configuration that
might have a non-empty ordering or Greibach list and probably new usage pointers.
The forest also contains the new production p now.

Now the main procedure “extendGrammar” follows all forward pointers by calling
“followPointers” (Algorithm 3.8) with C,,,, the tree T4, and the pointer type forward as
parameters. The procedure is called to find all those productions that were replaced by
their left derivations in the basic algorithm using A; productions. To prevent following
the pointers originating in a tree twice, a tree is marked as followed from (line 4) and
the procedure exits (line 1-3, “followPointers”) preventing the usage pointers of such a
tree being followed again.

The forward pointers originating in T4, are of the form (r;, vy) with vy € Ty,. For
each such pointer the node v is put on the ordering list of C.,,. When such a node is
replaced it changes the productions of its corresponding tree T4,. The Aj-production
might have been used in the ordering pass of the basic algorithm themselves. Therefore
“followPointers” is called with C,,,., Ty, and forward as well.

The assumption states that the forest and the usage pointers describe the original run
of the basic algorithm on G, so by following the forward pointers this way the ordering
list contains all nodes now that are influenced by A;-productions at the ordering stage.

After all forward destinations have been gathered the procedure “followPointers”
ends and the main procedure invokes the procedure “processWorklist” (Algorithm 3.6)
with C,,, and oderingList (line 3).
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By definition of how nodes are put on it, the nodes on the ordering list are sorted
ascending by their left hand side nonterminal where non-ordered nodes for a certain
nonterminal are in front of the direct left recursive nodes. Note that the ordering list
cannot have any productions of nonterminals A; with j < 7, because we started with an
A; productions and followed forward pointers only.

While the ordering list is not empty (line 1), “processWorklist” removes the current
node vy from the ordering list and calls “removeRecursion” (Algorithm 3.5) (line 4) or
“leftDerivation” (Algorithm 3.9) (line 6) depending on the type of production (direct
left recursive or not, line 3).

Consider the case that the production is not direct left recursive. The parameters
for “leftDerivation” are C,,, and vy. Now the productions that are used for this deri-
vation are selected. At first “leftDerivation” distinguishes between new and old nodes.
The only new node that has been created so far is the node v, representing the new
production p while all forward destinations are nodes that were already part of F”.

If v, is a new node, it represents a production that was not part of the original run
of the basic algorithm on G. Therefore all available productions have to be used to
simulate a run of the basic algorithm on G,,.

If v¢ is an old node, it was already part of the original run on G and was already
replaced by its left derivations. Since the operation of replacing a node by its left
derivations has to use all available productions, the incremental algorithm has just to
complete this derivation by using the new productions that were not part of the original
run on G.

This selection regarding new and old nodes are implemented by “leftDerivation”
with the condition in lines 1 such that “leftDerivation” selects the new productions
only (line 8) or old productions (lines 2-6). By either using all available productions or
new nodes only, the incremental algorithm has to perform a left derivation that meets
the requirements of Lemma 3.1 and will therefore create the same productions as the
basic algorithm.

Before this holds there is another case distinction that has to be carried out. There
is a difference if the incremental algorithm is in the ordering pass or not. Since the
forest F” holds the information of how G’ was obtained from G by the basic algorithm
the trees in F’ were modified by the Greibach pass in the original run so they do not
represent the productions the basic algorithm had available during the ordering pass. If
clipping those nodes created in the Greibach pass as in Definition 3.13 resulting in the
productions Py,, as used by “leftDerivation” (line 3).

Therefore according to Lemma 3.1 the incremental algorithm creates the same pro-
ductions as the basic one. In line 13 “checkPointerAndWorklist” is called for each new
node assigning the proper usage pointer and worklist to them so the resulting forest and
usage pointers describe this step of the basic algorithm in G, properly.

The second type of node on the ordering list are recursive node that are handled by
“removeRecursion” (Algorithm 3.5). Let the current node v, represent A; — A;y with
v € (XU N)* (case y = ¢ is ignored by lines 2-4). At first the recursive node is made a
blind leaf so it is no longer part of the represented grammar. The node v, created in the
extended T'p, (ensured to exist in lines 5-9) represents B; — 7y | yB; and receives a final
pointer if it is not in GNF (and also put on the final list) so that the information of how
the run on G, was performed is preserved.

Lemma 3.2 ensures that the same productions are created as in the basic algorithm
where the argumentation for the productions Py,, still applies. Note that nodes that are
representing a right recursive copy after the call of “removeRecursion” but were put
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on the Greibach list before are still properly processed, since their left derivations also
represent a right recursive copy each.

After all nodes on the ordering list have processed in this way the procedure ends.
The main procedure gathers the backward destinations of all trees holding new nodes
(lines 4-6) because left derivations of those destinations need to be completed as de-
cribed above.

When processing the Greibach list by calling “processWorklist” with C,, and
GreibachList only the procedure “leftDerivation” is used when processing the elements
v, in the list since recursive nodes only occur on the ordering list.

Lemma 3.1 now applies without any restriction since the trees used derivation now
represent the productions actually used. Therefore using “leftDerivation” creates the
same productions as the basic algorithm and as shown above creates the required usage
pointers as well.

The same holds for the final pass for which final pointer destinations have to be
gathered (line 8-10) analogously to the Greibach pass. Using “leftDerivation” along
with Lemma 3.2 yields the same result when processing the final list in line 11.

So the incremental algorithm terminates with the worklists of C,,, being empty
and the forest F, with G(F))) = G, along with the usage pointers U, are holding the
information of how the basic algorithm obtained G, from G,,.

Therefore Lemma 3.4 holds. m}

3.4 Complexity

The complexity of the incremental algorithm will be examined for a context-free gram-
mar G = (N, %, P,§S) for which G’ = (N',Z, P’, S) is the GNF grammar that is obtained
from G by the basic algorithm while the forest F’ hold this information.

Let |[N| € N denote the number of nonterminals and |P| € N the total number of
productions in G. As mentioned earlier only the ordering pass generates productions
that might need further processing while in the Greibach and final pass the Greibach
property is established in a single step by replacing a production by its left derivations
once.

We will analyze the overall complexity in terms of the productions represented by
the trees of a forest of the incremental algorithm. The result for the basic algorithm is
the same since the incremental algorithm simulates the basic one.

When establishing the Greibach property for a production p € P the number of
nonterminals |N| is an upper bound for the number of replacements by left derivations
that are required until the production is in GNF since there are at most |[N| — 1 replace-
ments required for ordering p as in Definition 2.4 plus one step for establishing the
Greibach property. So the maximum tree depth is |N| for each production tree within
the forest.

The values we are interested in are upper bounds for the new number of productions
|P’| and the number of inner nodes, i.e. the number of intermediate productions.

At first only consider the ordering pass. The number of productions |P| is an upper
bound for the number of productions for a certain nonterminal A; € N in the original
grammar. The least nonterminal A, is ordered, but if it contains a direct left recursion
the number of productions doubles such that |[P(A;)| < 2|P|. This factor two has to
be considered for the upper bound of each symbol such that, in the worst case, after
ordering all productions of a certain A; a single production is direct left recursive.
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The worst case for ordering productions of a nonterminal A; is that all those pro-
ductions got an A; as leftmost symbol which in turn produce A, at the leftmost position
and so on up to A;. For the number of productions after the ordering pass this means
that the upper bound is a product such that

1Pron(ADl < [Pl - [Pron(AD] - ... - [Pron(Aiz1)] - 2
~—— ———— S~
A; productions A, productions Ai_y productions left recursive factor

which can be written as
i—1
Pron(ADl < 20P| - [ ] 1Pfon(AD)]
k=1

The worst case for the entire algorithm is that this is the case for each nonterminal
in the grammar. Since |Pf,,(A1)| = 2|P| the maximum number of productions for the
greatest nonterminal A, after the ordering pass in the worst case would be

n—1 IN|-1
|Pf0n(An)| < 2|P| . kl:ll |Pf0n(Ak)| = 2|P| . kI:Il |Pf0n(Ak)|
= 2P- 2P)" - @Pp? - @P)t - .- @) = Py
N—— N—— N—— ———
[Pron(ADl  [Pron(A2)l  |Pron(A3)l |P fon(An-1)|

In the Greibach pass there is only one additional replacement step such that the
Greibach property for A; is established by inserting the GNF productions of A;;;. An
upper bound of the number of the final GNF productions for a nonterminal A; is

IPAN < 1Pon(AD]- [ ] 1Pron(AD]

k=i+1

and since the productions for A, are in GNF after the ordering pass the final produc-
tions of A, are P(A,) = P,,(A,) and an upper bound for the productions of the least
nonterminal A; is

PAD < Pron(A))] - k112 P(A)

= 22 - @py ...y ey
—— N—— ——— ———
|Pron(AD|  [Pfon(A2)] [P fon(An-1)] [P fon(An)l
— (2|P|)20+21-f—...+2W"1 (2|P|)2W‘—l

< @pp*

The productions of newly introduced B-symbols can be ignored when determining
an upper bound for all productions in the grammar since additional direct left recursive
productions for a certain A; insert just one additional B;-production which is transfered
to GNF with at most one replacement but reduces the factor of the A; productions by
one, because the direct left recursive production is removed.

Therefore the number of productions |P’| of the GNF grammar G’ for the worst

case is of ,
O(IN| - |PP")
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The maximum number of intermediate nodes, i.e. intermediate productions, de-
pends from the tree depth which is [N|. With the total number of the final productions
as above this value has to be of the order

O(INP - |PP™)

In the best case all productions of G are in GNF already and the productions are
O(|P)) while the intermediate productions are O(0) since no replacements take place.

The worst case when adding a production p to F’, i.e. when analyzing the incre-
mental insertion of a single production, we find that it is not different from the overall
result. This is because we only loose the factor 2|P| once which is just a minus one in
the exponent and therefore is constant since the exponent grows with 2/M.

Note that O( |N| - [P ) is an upper bound of the complexity in terms of the number
of resulting productions, but it is certainly not the best. The double exponential blowup
is probably not constructable in practice so the worst case cemplextity might be closer
to

O(IN| - |PI™)

which is still grows exponential with |N/|.
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4 Optimization

The incremental algorithm can be optimized and improved with respect to speed and
flexibility. In this section several such enhancements or general ideas will be introduced
but will not be proven as correct.

4.1 Adding Multiple Productions

One improvement that affects flexibility as well as speed is to allow the main procedure
shown in Algorithm 3.8 to add multiple productions at once by passing a set of produc-
tions P’ = {p1, ..., pr}. The condition that adding the set P’ has to keep the grammar
productive still applies, but there is no need to bother finding a correct sequence since
all productions are added at once.

When adding multiple productions Algorithm 3.8 has to be changed with respect
to the call of “insertProduction” (shown in Algorithm 3.2) which has just to be called
for every production in P’ before the usage pointers are followed and the worklists are
processed. The only thing that has to be taken care of is that the respective production
tree exists if the algorithm tries to add usage pointers.

4.2 Treating Recursive Nodes Like Non-Ordered Nodes

Another optimization regards the handling of direct left recursive productions when
putting them on the ordering list. In the basic algorithm the operation that removed
direct left recursive nodes had to be executed after all A; productions had been ordered
because for creating the right recursive copies of the form A; — 7yB; the algorithm
had to know which A; production is left recursive, i.e. which production eventually
becomes direct left recursive and which does not.

Creating a separate node for each right recursive copy doubles the amount of non-
recursive A; nodes and all of those nodes might need further processing as well. So
handling the copy via the additional labeling function as in Definition 3.8 is already an
inherent optimization of the incremental approach.

There is however more potential for optimization in this step. For this incremental
approach direct left recursions do not necessarily be processed after all productions for
the same left hand side have been ordered.

Definition 3.8 states that additional right recursive labels are only included for for
all nodes except recursive nodes and the root node. This might create copies of nodes
that are not ordered yet and thereby creating productions that are not created by the
basic algorithm. Even so this does not pose a problem, because if nodes that are not or-
dered yet are replaced by their left derivations, their descendants which will eventually
become ordered and will represent the proper productions then.

The optimization is to treat nodes representing direct left recursive productions just
as any node that is not ordered, so there is no need for separate insertion in the ordering
list and the productions are just ordered by their left hand side symbol.

The general concept of adding multiple productions while putting direct left recur-
sive productions to the ordering list just as any non-ordered production will be shown
by adding a set of productions to an empty grammar in the following example.

Example 4.1 (Multiple new productions with direct recursion handling). Consider an
empty grammar G = (N, X,0,S) with N = {A1, A,, A3, Ay} in the usual order.
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Adding and a set of productions P corresponding to those of Example 2.1 to an
empty forest results in a forest as shown in Figure 14 solely containing new nodes and
three usage pointers.

Figure 14: Production trees after adding the original productions of Example 2.1

Since new productions are always added as nodes that are children of root nodes,
the first call of the procedure results in a direct representation of the grammar with the
productions P that have been passed.

Figure 15 shows the ordering and Greibach list after all productions have been
inserted. Note that the order of the productions on the ordering list does not matter
since there are only two Az productions. However, the direct left recursive production
Az — A3Ay is processed first in order to show that it does not make any difference.

Before the ordering list is processed Algorithm 3.8 follows all paths of forward
pointers. The only pointer to follow is (ra,, v?) with lab* (v?) = A Aj3 but this node is a
new node and therefore has already been put on the ordering list.

‘A3 —)A3A4‘A3 —)A]C

‘Al — Ajc

Al —)Azb‘

Figure 15: Ordering and Greibach list after adding the productions of Example 2.1

Processing the node A3 — A3zA4 on the ordering list results in a forest as shown
in Figure 16 with the new extended tree Tg, containing the node vp, representing the
production By — Ay. There is also a new final pointer (rp,, vp,) and the node vg, is put
on the final list.

Figure 16: Production trees after processing A3 — AzA4 on the ordering list

The productions P(Ts,) = {A3 — A1A3, A3 — A1A3B3, A3 — b, A3 — DbB3}
which are the current A3 productions would lead to an invalid grammar in the basic
algorithm. In the incremental algorithm this does not pose a problem since the right
recursive copies were only created on query.

Processing the next item on the ordering list A3 — A1Aj3 results in the two children
Az — AybAz and As — AscAs. These are both put on the ordering list and are
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processed at once which completes the ordering pass. The resulting forest is shown in
Figure 17.

The tree T, is now representing the same productions as the basic algorithm would
after ordering. These are P(Ts,) = {A3 — abA3z, A3 — abA3B3, Az — b, A3 — bB3}.

abA3

Figure 17: Production trees after completing the ordering pass

Before processing the Greibach list the algorithm follows all backward pointers.
But as for the forward pointers the algorithm only finds new nodes that are already on
the Greibach list.

As nodes on the Greibach list are replaced by their left derivations yielding soley
nodes that have the Greibach property the Greibach pass will finish after processing
the two nodes on the Greibach list. The production Ay — Ayb is replaced using the
single Ay production P(Ty,) = {Ay — a} while A; — Asc is replaced using the four
productions from P(T 4,) as above.

Since all nodes are new nodes in this example there is no difference when following
the final pointers before processing the final list. As for the Greibach pass items on
the final list need only be replaced by their left derivations once. So after replacing
Bs; — A4 with By — c the incremental algorithm terminates. The final forest F is
shown in Figure 18 and the represented GNF grammar G(F) matches the grammar
that was obtained in Example 2.1.

4.3 Managing Worklists

As we just saw the algorithm could already be improved by not distinguishing between
nodes that are not ordered and nodes that are direct left recursive. In Section 3.2 (The
Incremental Algorithm) new nodes were added to the worklists so that the nodes were
ordered by their left hand side symbol.

This order has to be maintained of course since the first step of the algorithm (or-
dering and removal of direct left recursion) has to be performed in ascending order with
respect to the nonterminals while the second step (establishing the Greibach property
for all productions) has to be performed in descending order.

There might, however, be the possiblity to process new nodes in a sequence that
maintains this order while operating the worklists FIFO or LIFO based which would
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abA3

Figure 18: Forest of production trees after completing the final pass

be an improvement since the algorithm would not need to seek the correct position
within a worklist for a new node. We will show that this could be done for the final list,
that it is not possible for the Greibach list and that it is too costly for the ordering list.

The final list only holds items of the form B; — Ajy for some newly introduced
nonterminal B; and an original nonterminal A ;. Those A; are never new “B-symbols”
that were introduced when removing direct left recursion but always nonterminals of
the original grammar. For all productions of those original “A-symbols” the Greibach
property is established in the Greibach pass. Since the final pass is executed after the
Greibach pass and “B-symbols” never occur at the leftmost position, the order in which
the final list is processed is of no concern for the output grammar. So the algorithm
could indeed just use a stack or a queue for the final list saving on the ordered insertion.

When adding nodes to the Greibach list it is not possible to maintain a proper order
by left hand side symbol that would allow to operate the worklist FIFO or LIFO based.
Example 4.2 illustrates this fact.

Example 4.2. Consider a grammar G € CFG with the productions

Al e A4a
Ay — Agb|Ajc
A3 - A4d

A4 — da

So after adding each of these productions using Algorithm 3.2 (“insertProduction”)
the Greibach list contains three nodes, one for left hand sides Ay, Ay and A; each
while the ordering list contains just A, — Ajc. Figure 19 shows the ordering and
Greibach list at this stage. In the ordering pass the production A, — Ajc is replaced
by Ay — Agac which has to be put on the Greibach list but can neither be appended at
the head nor at the tail.

The problem that prevents the use of a stack or a queue is that during the processing
of the ordering pass new nodes, i.e. productions, are generated that might need to be
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‘A2 —>A|C

‘A3—>A4d‘A2—>A4b‘A1 - Asa

Figure 19: Ordering and Greibach list after adding the productions of Example 4.2

put on some worklist again. That is what happened to the Greibach list in Example 4.2
when the ordering list was being processed.

While it is impossible to operate the Greibach list FIFO or LIFO based, this could
be achieved for the ordering list. As seen earlier in this section the sequence when
adding multiple nodes does not matter anymore, so productions could now be added
starting with productions of the greatest nonterminal proceeding down to those of the
least nonterminal. When operating the ordering list like a stack the least items would
be atop and would be processed first. If a production would not be ordered after one
replacement, the procedure “leftDerivation” (Algorithm 3.9) results in new nodes rep-
resenting productions of the same nonterminal, so putting them on the top of the stack
would result in a proper sequence for processing.

This becomes difficult however when following paths of forward pointers. The al-
gorithm has to deal with a set of production trees that contain new nodes and secondly
with different paths of forward pointers originating in those trees. The forward point-
ers for each tree would need to be ordered so that the algorithm could determine the
production tree of the next lower nonterminal without searching all destinations. But
even then the task would not be simple as Example 4.3 shows.

Example 4.3 (Following Forward Pointers). Consider a configuration of production
trees as in Figure 20 containing certain forward pointers that will not be defined in
detail. Suppose a new A, production is added. At first the forward pointers to nodes
in Ta, need to be followed, but before the pointers from Ta, to Ty, are followed the
algorithm needs to switch to Tx, because the destinations in T s, need to be processed
before those in Ty,. The algorithm would have to maintain a lot of information in order
to process all new nodes in sequence.

-
-

-

N v

Figure 20: Inserting nodes in ordering worklist in a proper sequence proves difficult

In addition considering that the nodes with greater nonterminal need to be put on the
stack first makes this approach impractical. Using a queue does not work either because
new nodes created by processing a node on the ordering list results in productions of
the current nonterminal which have to be processed first.

In practice seeking the proper position for a new node within the ordering list can
more easily be achieved by splitting the ordering list in |N| = n ordering lists where
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there is a list for each nonterminal in N. Since the nodes need only be ordered with
respect to their left hand side symbol, a new node can just be appended to the list of
this symbol. To process such a combined ordering list the algorithm has to start with
the list of the least nonterminal proceeding to the list of the next nonterminal once the
current list is empty.

4.4 Checking for Usage Pointer and Worklist

As seen above only the ordering pass can create any nodes that might need further
processing. The nodes generated in the Greibach and final pass are always in GNF
and therefore need no further processing. This means they do not have to be put on
a worklist and no usage pointer is created for them. It is therefore reasonable to use
two different procedures to process the ordering list on the one hand and the Greibach
and final list on the other hand using different procedures to do a replacement by left
derivations. The left derivation of nodes from the Greibach and final list do not need
to call “checkPointerAndWorklist” (Algorithm 3.3). Also there is no need for the case
distinction as in the original “leftDerivation” (Algorithm 3.9) since the ordering pass
would have its own procedure.

4.5 Inserting New Nonterminals

When adding a production of a new nonterminal A ¢ N we defined in Section 3.2 that
A is made the least element in N.

This heuristic exploits the fact that a new nonterminal is always introduced as left
hand side of a new production and therefore has only known, terminating symbols on
its right hand side that will all be greater in the total order if the new nonterminal is
made the least symbol. As a result the new production will be ordered in any case.
The ordering pass was the only pass that could result in additional nodes that need
processing again, so the justification for choosing this heuristic is that nodes for new
nonterminals would require one replacement by left derivations at most.

4.6 Finding Represented Productions

Every time the algorithm needs to query nodes, when using them for replacement by
left derivations for example, the corresponding tree needs to be traversed using depth-
first or breadth-first search to find the leaf nodes. For a production tree T4 = (V, E, lab)
the time complexity is O(]V| + |E|). Maintaining a doubly-linked list for each tree con-
taining all leaf nodes and another list containing all first ordered nodes could improve
the runtime of the algorithm since there would be no need to search for these nodes.

In return these lists need to be changed every time a node is replaced by its left
derivations, i.e. when it is no longer a leaf node. The complexity of maintaining such
a list for a tree T4 = (V, E, lab) is O(|V]) since the cost for changing the doubly-linked
list at a single node is constant.

Suppose a node v in a list is replaced by left derivations which generates k child
nodes vy,...,v. This requires changing the four pointers in the doubly-linked list
involving v and setting four pointers for each new node v; where i € {1,...,k}. A
single node within a tree T4 = (V, E, lab) is linked at most once into the list and once
out of the list. So for a single node there are at most eight list pointer operations such
that the complexity is O(8 - [V]) which equals O(|V]).

52



An alternativ solution for using an extra list for first ordered nodes is to use the
list for the leaf nodes and check the parent nodes. Since there is only one derivation
necessary to obtain the Greibach property for an ordered node. For a given leaf node a
first ordered node will either be the parent of the leaf node or it will correspond to the
leaf node if the Greibach property was already established during the ordering.
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5 Testing an Implementation of the Incremental Algo-
rithm

The incremental algorithm was implemented and its performance was tested and com-
pared to an implementation of the basic algorithm. There were no optimizations for
both algorithms except the inherent optimization of the incremental algorithm which
creates right recursive copies on query only.

At first the number of used operations and the number of intermediate productions
of the algorithms were counted and compared to each other. More precisely the number
of replacements by left derivations and the number of removals of direct left recursions
was counted. The number of intermediate productions is the total number of produc-
tions created by the simple algorithm and respectively the total number of new nodes
created by the incremental algorithm.

Secondly, the runtime was measured. The runtime for a single step was measured
for both algorithms and the total runtime when adding productions one by one was
calculated, i.e. the sum of all steps so far.

The system the algorithms were tested on was running Ubuntu 10.04.2 and had an
Intel Pentium 4 CPU at 2.53 GHz with 1 GB RAM.

The algorithms were tested on the grammar G = (N, X, P,S) with N = {A,, ..., As},
Y ={a,b,c,...} and productions

A2—> a|A3b|A4c

Az > b|Asc
Ay —> ¢
A5 - d

that were added in a sequence following Lemma 2.1. After that the grammar was
extended by the productions (one at a time)

Ay — Aza causes A4 becoming left recursive

As > aa GNF production of As that is not used in any pass
Ay = Asba  ordered production of the new symbol A

A — bb GNF production of A; that is not used in any pass

A3 — Ajycc not ordered production of Az that makes all A-symbols left recursive
Az — abc GNF production of A3 which is used in the Greibach pass
Ay — Asab  ordered production of A, used for ordering

The productions have been chosen so that the first seven productions are ordered
and free of recursion such that productions that are more costly with respect to the
operations being executed are added at a later point.

Table 3 shows the statistics that were determined for the grammar G where |P|
is the number of productions in the original grammar and |P’| for the resulting GNF
grammar. The columns for the numbers of operations and intermediate productions
show the numbers for both the basic and incremental algorithm where those of the basic
algorithm are on the left side of the slash while those of the incremental algorithm are
right of it.

Note that the number of replacements by left derivations is the number of how many
times this operation was used and not how many productions were created during the
process which is covered by the intermediate productions.

When analyzing these values it is noticable that those of the incremental algorithm
are at most equal to those of the basic algorithm, in most cases they are considerably
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new replacements by | direct left | intermediate
|P| | production [P’| | left derivations | recursions | productions
1| As—>d 1 0/0 0/0 0/0
2| Ay > c 2 0/0 0/0 0/0
3|1 A3—>b 3 0/0 0/0 0/0
4 | Ay —>a 4 0/0 0/0 0/0
5| A3 - Ayc 5 1/1 0/0 1/1
6 | Ay »> Asb 7 3/1 0/0 4/2
7| Ay = Ayc 8 4/1 0/0 5/1
8 | Ay — Aza 22 5/4 1/1 20/ 11
9| As — aa 23 5/0 1/0 20/0
10 | Ay — Ayba 27 6/1 1/0 24 /4
11 | A, - bb 28 6/0 1/0 24 /0
12 | A3 — Asee | 132 13/7 5/4 138/76
13 | A3 — abc 180 13/6 5/0 185/36
14 | Ay — Asab | 278 62/11 5/0 331/79

Table 3: Statistics when adding one production at a time.

less. For the 8" production for instance it is clearly visible that even if the incremental
algorithm uses almost the same amount of language preserving operations it creates
considerably less productions because it only completes its previous result by new
productions. For the removal of left recursions it becomes apparent that the incremental
algorithm never removes the same recursion twice.

Table 4 shows the runtimes measured for the algorithms. The columns basic al-
gorithm and incremental algorithm hold the runtimes for establishing the GNF in the
current step while the columns basic sum and incremental sum hold the sums of that
times up to the current step. The runtime for a certain step was determined by running
the respective algorithm between five and seven times, removing the value deviating
the most of the average and calculating the average of the remaining values. The unit
of the runtime is nanoseconds.

To know the total runtime for establishing the GNF for a grammar holding the pro-
ductions up to a certain row in Table 4 the value in basic algorithm has to be compared
to incremental sum. The basic algorithm is expected being faster when constructing
the GNF for a certain grammar. This, however, is not true for the first, the seventh and
the last three productions. Especially for the last production the difference becomes
significant and reaches a factor of about twelve in favour of the incremental algorithm
while for all other cases the factor was below two in each direction.

This unexpected result might be caused by two advantages of the incremental al-
gorithm that were not shared by the implementation of the basic algorithm used for
the tests. The first advantage is the already mentioned inherent optimization that right
recursive copies are only created on query and are not processed separately. Especially
in the last three steps when all A-symbols become left recursive the amount of produc-
tions processed by the basic algorithm can become almost twice the amount processed
by the incremental version. The second advantage is probably the use of worklists by
the incremental algorithm. The basic algorithm checks each rule if its ordered then
checks if the rule is free of direct left recursion and finaly checks if the rule has the
Greibach property. The implementation of the incremental algorithm used for the tests
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new basic incremental | basic | incremental
|P| | production | algorithm | algorithm sum sum
1| As—>d 0.062 0.038 0.062 0.038
2| Ay —>c 0.048 0.033 0.110 0.071
3| A3-b 0.061 0.033 0.171 0.104
4| Ay —>a 0.074 0.032 0.245 0.136
5| Az — A4c 0.107 0.062 0.352 0.198
6| Ay »> Asb 0.171 0.066 0.523 0.264
7| Ay > Ase 0.386 0.053 0.909 0.317
8 | Ay — Aza 0.389 0.180 1.298 0.497
9| As — aa 0.384 0.037 1.682 0.534
10 | Ay — Ayba 0.472 0.082 2.154 0.616
11 | A, > bb 0.485 0.038 2.639 0.654
12 | A3 — Ajcc 2.157 0.640 4.796 1.294
13 | A3 — abc 2.480 0.332 7.276 1.626
14 | A, — Asab 26.971 0.645 34.247 2.271

Table 4: Runtimes when adding one production at a time.

checks if a production has the Greibach property and if it does the algorithm performs

no further checks.
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Figure 21: Factor of the total runtime when establishing GNF after each production

In a context in which productions are added consecutively and requiring the gram-
mar being transformed to GNF after each insertion the value in basic sum has to be
compared to incremental sum in order to know the total runtime. This is more mean-
ingful than comparing the costs for a single step since it is averaged over all insertion
steps up to the current production.

Figure 21 shows the numbers of productions in the original grammar that are
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mapped to the quotient of the basic sum and the incremental sum. This quotient is
the factor by which the incremental algorithm is faster than the basic algorithm and is
obviously growing with the amount of added productions. Although the factor seems
to grow stronger than linear it might vary with the order in which the productions are
added and also might change with the type of the productions.

A suggested improvement of the incremental algorithm was to allow adding mul-
tiple productions at once. There was made a test for the grammar of Example 2.1 as
for the grammar above, but with adding the entire grammar at once in the first step
and then inserting three additional productions one by one again. When looking at the
statistics for this grammar which is shown in Table 5 we find the same characteristics
as for the grammar tested above. Direct left recursions are never removed twice by the
incremental algorithm. Also adding GNF productions as in step |P| = 9 that are rarely
used in replacement operations can be inserted with almost zero cost.

new replacements by | direct left | intermediate
|P| | productions | |P’| | left derivations | recursions | productions
7 | Example 2.1 | 15 6/5 2/2 16/9
8 Ay > Ay 51 11/5 5/3 59/26
9 Ay = aa 54 11/1 5/0 61/1
10 Ay — bb 95 11/6 5/0 101/30

Table 5: Statistics for establishing the GNF for Example 2.1.

Table 6 shows the runtimes for this second grammar that were determined in the
same way as those of the first grammar. When adding the seven productions of Exam-
ple 2.1 in one step it is noticable that the incremental algorithm has again slightly the
edge over the basic algorithm. This holds for each of the four steps that were tested.

new basic incremental | basic | incremental
|P| | productions | algorithm | algorithm sum sum
7 | Example 2.1 0.411 0.389 0.411 0.389
8 Ay > Ay 1.092 0.316 1.503 0.705
9 A4 — aa 0.981 0.063 2.484 0.768
10 Al — bb 1.423 0.295 3.907 1.063

Table 6: Runtimes for establishing the GNF for Example 2.1.

The factor obtained by dividing the basic algorithm by the incremental sum is com-
paratively small and is at most 1.5 for all steps This time however in favour of the
incremental algorithm. This still corresponds well to the factors acquired for the first
grammar.

Also the factors of the total runtime are similar to those for the first grammar re-
garding the size of the total amount of productions of the original grammar. A compar-
ison of the factors for the steps tested for both grammars is shown in Table 7 where in
columns two and three the factor for a single step in the basic algorithm is compared
to the sum of the steps for the incremental version while in columns four and five the
sums for both algorithms are compared.

Both tests suggest an at least linear increase of the runtime factor compared to the
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step /sum | sum /sum
|P| 157 2nd 157 2na’
7112 1.1 |12 1.1
8108 | 15 |26 | 2.1
9107 | 13 |31] 32
10 |08 | 1.3 | 35| 3.7

Table 7: Comparing the factors for both tested grammars.

basic approach. The measured values of the first test shown in Figure 21 suggest a
growth of this factor that is better than linear.
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6 Conclusion

6.1 Summary

In this thesis an incremental algorithm for constructing the Greibach Normal Form
(GNF) has been developed. It allows to construct a grammar G’ in GNF from a pro-
ductive, context-free grammar G such that the information of how the GNF was estab-
lished is preserved. This allows the algorithm to add new productions to the original
grammar G and using this preserved information to perform only those operations that
are necessary to extend the resulting GNF grammar. While rebuilding the GNF the
algorithm updates this information at the same time such that further productions can
be added in this manner.

There are two main benefits of this incremental approach. The first is an increase
in speed since the algorithm does not need to construct the GNF from scratch again,
it rather extends the previous result by new productions, i.e. it never creates the same
production twice.

The second benefit of this approach is that all productions of a previous GNF result
G’ are also productions of the GNF result G/, that was constructed when adding a set
of productions P incrementally. This follows from the fixed order of the nonterminals.

Furthermore the complexity of the incremental algorithm was analyzed. While
best case runtime improves from linear with the number of productions O(|P]) to con-
stant O(1) the worst case runtime does not change. In practice, however, the overall
runtime improves considerably as seen in Section 5 when testing an implementation
for different input grammars. The factor of the runtime when comparing the basic to
the incremental approach grows at least linear with the number of productions in the
grammar in favor of the incremental approach.

The performance tests, however, were not makig use of the optimizations devel-
oped in this thesis. Those include adding multiple productions at once and omitting
case distinctions between direct left recursive nodes and non-ordered nodes. Improve-
ments regarding the ordering of the worklists have been developed such as the final
lists provably needs no ordering at all. The lookup of productions in the incremental
algorithm can be improved from O(|V| + |E]) per query to O(|V]) per lifetime of the
forest.

All in all the incremental algorithm for constructing the GNF appears to be a use-
ful instrument which bears advantages that might prove valueable for certain fields of
todays computer science.

6.2 Future Work

A field that has been omitted in this work is the impact of the order on the nonterminals.
The incremental algorithm has to maintain the order of nonterminals, once this has been
chosen, to operate correctly. The heuristic to insert new nonterminals as least symbol
is a good choice if the algorithm does not know what productions are added in the
future. There is, however, room for improvements when adding multiple productions
especially when such a set of new productions contains more than one new nonterminal
or more than one production containing new nonterminals including the right hand side.
It might be a good idea to avoid forward pointers since ordering can result in multiple
ordering steps and also in left recursions which usually generate more productions.
There is potential to noticeably improve the runtime by choosing different orders of the
nonterminals especially when the productions rules to be added are known before.
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In the future it is interesting to adapt the incremental algorithm to be applicable to
hyperedge replacement grammars (HRG). For those a GNF has been defined by En-
gelfriet, Heyker, Leih [2] which derives graphs from the outside to the inside similar to
the Double Greibach Normal Form for string grammars which creates terminal sym-
bols both from the left and right. A definition which is closer related to the GNF used
in this thesis is the Local Greibach Normal Form that was defined by Jansen, Heinen,
Noll, Katoen [4]. There, terminal symbols are only required to be created at the left
side, so transfering the incremental algorithm to it is supposed to be easier.

The algorithm to obtain the LGNF is carried out with significant correspondence
to the basic algorithm investigated in this thesis. Therefore the incremental algorithm
presented here is supposed to be transferable one-by-one.
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