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Abstract. Modal transition systems (MTSs) are a well-known formalismused as
an abstraction theory for labeled transition systems (LTSs). MTS specifications
support compositionality together with a step-wise refinement methodology, and
thus are useful for component-oriented design and analysisof distributed systems.
This paper proposes a state-space reduction technique for such systems that are
modeled as a network of acyclic MTSs. Our technique is based on the notion of
layered transformation. We propose a layered composition operator for acyclic
MTSs, and prove the communication closed layer (CCL) laws. Next, we define
a partial order (po) equivalence between acyclic MTSs, and show that it enables
performing layered transformation within the framework ofCCL laws. We also
show the preservation of existential (∃) and universal (∀) reachability properties
under this transformation.

Keywords: modal transition system, layering, distributed system, existential reacha-
bility, universal reachability, CCL laws, partial order equivalence, refinement.

1 Introduction

Modal transition systems (MTSs) [20, 17] are labeled transition systems (LTSs) [23, 1]
equipped with two types of transitions:maytransitions that any implementation (LTS)
may (or may not) have andmusttransitions that any implementation must have. An LTS
is an MTS where all the transitions are must transitions. MTSs were originally intro-
duced by Larsen and Thomsen almost 25 years ago [20, 17], and have been successfully
applied in program analysis [10, 29], model checking [19, 5], equation solving [21],
interface theories [28, 31], component-based software development [27] and software
product lines [18, 9]. The theory of MTS is equipped with parallel and conjuction oper-
ators, and allows comparing two MTSs using a refinement relation. A satisfaction rela-
tion is used to check whether an LTS is an implementation of a given MTS. MTS specifi-
cations are useful for component-oriented design and analysis of distributed systems. In
this setting, a high-level model of the system which abstracts from the implementation
details is constructed and used for the verification of interesting properties. A correct
implementation can be obtained by applying a series of refinement steps. Model con-
struction involves composing several components in parallel, where each component
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usually has multiple sub-components that are executed in a sequential manner. Compo-
nents cooperate through their synchronization over commonactions and through their
respective action dependencies. Action dependencies between sub-components can be
either explicitly stated or derived from the operations performed on data variables that
are updated during an action execution (in case of MTS with data [2]). Some example
systems that have this structure are distributed algorithms such as the distributed mini-
mum weight spanning tree algorithm [7], the two phase commitprotocol [4], Fischer’s
real-time mutual exclusion protocol, and the randomized mutual exclusion algorithm by
Kushilevitz and Rabin [15]. Composing several components using parallel composition
naturally leads to the problem ofstate-space explosion[1], where the number of states
grows exponentially in the number of parallel components.

In [30], a layered analysis of Kushilevitz and Rabin’s randomized mutual exclusion
algorithm [15] has been carried out. The underlying model onwhich layered transfor-
mations have been applied is a probabilistic automaton. We modeled and analysed this
case study using the PRISM model checker [16]. The obtained results for 3 processes
and 5 rounds are summarised in the Table 1. These results clearly indicate that layered
reasoning can significantly reduce the state space of systemmodels capturing the be-
havior of distributed algorithms. In addition, layering has been successfully applied to
obtain easier correctness proofs for various distributed systems [11, 13, 14, 12]. Mo-

Parallel Layered

Build time (s) 898.70 90.39
# States 198063 71619

# Transitions 351432 128920

Table 1.Parallel vs. layered composition

tivated by this, we propose a state-space reduction technique for a network of acyclic
MTSs based on the notion of layering. The main principle is illustrated in Fig. 1. Here
two MTS componentsM andN are composed in parallel (left), where each component
consists ofn sub-components which are executed in a sequential manner. The system
obtained after performing layered transformation is shownin Fig. 1 (right). Note that
all the sub-components ofM andN need to be acyclic, but we do allow outermost
level of recursion inM andN . In other words, every component can have multiple
rounds of execution, where a new round is started only when the last sub-component
of the previous round has been executed. This is important asdeadlock states are usu-
ally considered to be undesirable for MTSs modeling distributed algorithms. Roughly
speaking, layering exploits the independence between sub-components to transform the
system under consideration from a distributed representation to a layered representa-
tion. A layered composition operator ”•” is used to denote the layered representation
of the system. Informally,M1 • M2 allows synchronization on common actions and
interleaving on disjoint actions, except when some actiona ofM2 depends on one or
more actions ofM1; in this case,a can be executed only after all the actions ofM1
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on which it depends have been executed. This new compositionoperator allows formu-
lating Communication Closed Layer(CCL) laws [11], which are required to carry out
the structural transformations and establish an equivalence between the two systems.
Since the sub-components within a component are executed sequentially, a partial or-
der relation is proposed to relate the• and; (sequential) operator. The reduced system
obtained as a result of applying layered transformation canbe used for analysis, pro-
vided it preserves a rich class of properties of interest. Reachability is one of the most
important properties in the area of model checking. Therefore, we focus on proving that
the reduced system preserves existential (∃) and universal (∀) reachability properties to
reach its set of final states.
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Fig. 1.Layered reduction

Contributions.The main contributions of this paper are as follows:

– We define the notions ofabstract executionandrealisation, which are subsequently
used to compare the behaviour of acyclic MTSs.

– We define the layered(•) and sequential(; ) composition operator, and formulate
communication closed layer (CCL) laws for acyclic MTSs.

– We define the partial order (po) equivalence between acyclicMTSs, show that• is
po-equivalent to;, and prove that po-equivalence between• and; preserves exis-
tential (∃) and universal (∀) reachability properties.

– Finally, we show how state space reduction can be achieved byreplacing• with ;
within the framework of CCL laws.

Related work

Layering The decomposition of a distributed program into communication closed lay-
ers to simplify its analysis was originally proposed in [6].In [13], a layered composition
operator and various algebraic transformation rules have been introduced to simplify
the analysis of distributed database systems. Some other examples where layering tech-
niques have been applied for the analysis of distributed systems can be found in [14,
11, 12]. An extension of layering operator and CCL laws to thereal-time setting has
been proposed in [12]. Layered composition for timed automata has been investigated
in [25]. In the probabilistic context, layering has been applied to the consensus problem
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to prove the lower bounds [24]. A probabilistic Kleene Algebra (pKA), for simplifying
the reasoning of randomized distributed algorithms has been recently proposed in [22].
Most recently, the layered composition operator and probabilistic counterparts of the
CCL laws have been defined for the PA model [30]. The feasibility of this approach has
been demonstrated on a randomized mutual exclusion algorithm.

Organisation of the paper. Section 2 briefly recalls the basic concepts of LTSs and
MTSs. Section 3 presents the satisfaction and refinement relations for MTSs. Section
4 discusses the composition operators for MTSs, and introduces CCL laws. Section 5
defines po-equivalence between MTSs, and proves that po-equivalence between• and
; preserves existential (∃) and universal (∀) reachability properties. Finally, Section 6
concludes the paper. All the proofs are contained in the appendix.

2 Preliminaries

This section recalls the basic concepts of labeled transition systems and modal transition
systems with a finite state space.

Definition 1. A labeled transition system (LTS) is a tupleT = (S,Act, s0, Sf , V )
where:

– S is a finite, non-empty set of states,
– Act is a finite set of actions,
– s0 ∈ S is the initial state,
– Sf ⊂ S is the set of final states wheres0 /∈ Sf ,
– V : S \ Sf ×Act× S → B2 is a two-valued transition function.

HereB2 = {⊥,⊤}, with ⊥ < ⊤. V (s, a, s′) identifies the transition of the transition
system:⊤ indicates its presence and⊥ indicates its absence. We writes a−→ s′ when-
everV (s, a, s′) = ⊤. Labeled transition systems are basically directed graphswhere
nodes represent states, and edges model transitions, i.e.,state changes. Transitions spec-
ify how the system can evolve from one state to another. In case a state has more than
one outgoing transition, the next transition is chosen in a purely non-deterministic fash-
ion. A possible behaviour in an LTS is obtained from the resolution of non-deterministic
choices, described in terms of paths. A pathπ of LTST is a (possibly infinite) sequence
of the formπ = s0a1s1a2s2a3 . . . where∀n : sn

an+1−−−−→ sn+1. Let last(π) denote the
last state ofπ (if π is finite). Let |π| be the length (number of actions) of a finite path
π. For infinite pathπ and anyi ∈ N, let π[i] = si, the(i + 1)-st state ofπ. For finite
pathπ of lengthn, π[i] is only defined fori ≤ n and defined as for infinite paths. Let
Pathsfin(T ) be the set of all finite paths in LTST , andPathsinf (T ) the set of all

infinite paths ofT that start in states0. Let Paths
Sf

fin(T ) be the set of all finite paths
of T that start in states0 and end in some states ∈ Sf .

Definition 2. LTST = (S,Act, s0, Sf , V ) is deterministic, if∀s ∈ S.∀a ∈ Act.|{s′ ∈
S | V (s, a, s′) 6= ⊥}| ≤ 1
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Example 1.Consider the LTST in Fig. 2 (right), whereS = {s0, s1, s2, sf}, Act =
{a, b, c, d}, s0 is the initial state, andSf = {sf}. It is easy to check thatT is determin-
istic. An example finite pathπ is s0as1cs2bsf . We have|π| = 3, andπ[1] = s1.

Definition 3. A modal transition system (MTS) is a tupleM = (S,Act, s0, Sf , V )
where:

– S is a finite, non-empty set of states,
– Act is a finite set of actions,
– s0 ∈ S is the initial state,
– Sf ⊂ S is the set of final states wheres0 /∈ Sf ,
– V : S \ Sf ×Act× S → B3 is a three-valued transition function.

HereB3 = {⊥, ?,⊤} denotes a complete lattice with the following ordering⊥ < ? <
⊤ and meet⊓ and join⊔ operators.V (s, a, s′) identifies the transition of the automaton:
⊤, ? and⊥ indicate amust, amayand absence of transition respectively. For simplicity
we writes a−→⊤s

′ instead ofV (s, a, s′) = ⊤. Similarly, we writes a−→ ?s
′ instead of

V (s, a, s′) =?. Let act(s) denote the set of enabled actions from states, i.e.,act(s) =
{a ∈ Act | ∃s′ : V (s, a, s′) 6= ⊥}. By definition, it follows∀s ∈ Sf : act(s) = ∅.

Remark 1.An LTS is an MTS in which every transition is a must-transition. Thus,
every LTS is an MTS.

Definition 4. MTSM = (S,Act, s0, Sf , V ) is deterministic, if∀s ∈ S.∀a ∈ Act.|{s′ ∈
S | V (s, a, s′) 6= ⊥}| ≤ 1.

In this paper we only consider deterministic MTSs, as they are sufficient for mod-
eling the behavior of typical distributed algorithms. An abstract executionρ of an
MTSM is a (possibly infinite) sequence of the formρ = s0a1s1a2s2a3 . . ., where
∀n : sn

an+1−−−−→⊤sn+1 or sn
an+1−−−−→ ?sn+1. Let Execfin(M) be the set of all finite

abstract executions, andExecinf (M) the set of all infinite abstract executions ofM

that start in states0. LetExec
Sf

fin(M) be the set of all finite abstract executions ofM
that start in states0, and end in some states ∈ Sf . Let |ρ| be the length (number of
actions) of a finite abstract executionρ. For infinite abstract executionρ and anyi ∈ N,
let ρ[i] = si, the(i + 1)-st state ofρ. For finite abstract executionρ of lengthn, ρ[i]
is only defined fori ≤ n and defined as for infinite abstract executions. Letlast(ρ)
denote the last state ofρ (if ρ is finite). Similarly, letfirst(ρ) denote the first state ofρ.

Example 2.Consider the MTSM in Fig. 2 (left), whereS = {s0, s1, s2, sf}, Act =
{a, b, c, d}, s0 is the initial state, andSf = {sf}. Here, states2 has two outgoing
transitions: a mustb-transition moving tosf and a mayc-transition moving tos2. Sim-
ilarly, states1 has two outgoing transitions: a mustc-transition moving tos2 and a
mayb-transition moving tos1. Note thatM is deterministic. An example finite abstract
executionρ is s0as1cs2bsf with |ρ| = 3, andρ[1] = s1.
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Fig. 2. An MTSM (left) and an LTST (right) that satisfiesM

3 Satisfaction and Refinement

This section presents the notions ofsatisfactionand refinementoriginally introduced
in [20]. A satisfaction relation allows to relate an LTS (implementation) with an MTS
(specification). A refinement relation is used to compare MTSs w.r.t. their sets of im-
plementations. We also define the notions of realisation, existential (∃) and universal
(∀) reachability properties of reaching the set of final statescomputed over the imple-
mentations of MTSM.

Definition 5 (Satisfaction).LetT = (S,Act, s0, Sf , V ) be an LTS andM = (S′, Act,
s′0, S

′
f , V

′) be an MTS.R ⊆ S×S′ is asatisfaction relationiff, for any(s, s′) ∈ R, the
following conditions hold:

– ∀a ∈ Act, ∀u′ ∈ S′ : V ′(s′, a, u′) = ⊤ ⇒ (∃u ∈ S : V (s, a, u) = ⊤ ∧ uRu′),
– ∀a ∈ Act, ∀u ∈ S : V (s, a, u) = ⊤ ⇒ (∃u′ ∈ S′ : V ′(s′, a, u′) 6= ⊥ ∧ uRu′),
– s ∈ Sf ⇔ s′ ∈ S′

f .

We say thatT satisfiesM, denotedT |= M, iff there exists a satisfaction relation
relatings0 ands′0. If T |=M, T is called animplementationofM.

Intuitively, a states satisfies states′ iff any must transition ofs′ is matched by a tran-
sition of s, s does not contain any transitions that do not have a corresponding tran-
sition (may or must) ins′, and the final states of two systems are always related. Let
JMK = {T | T |= M}, i.e., JMK is the set of all implementations of MTSM. Let
T ∈ JMK, andπ = s0a1s1a2s2 . . . sn be a finite path ofT , i.e.,π ∈ Pathsfin(T ). π
is said to be a realisation ofρ = s0a

′
1s1a

′
2s2 . . . sn whereρ ∈ Execfin(M), denoted

π |= ρ, if ∀i < n : ai+1 = a′i+1.

Example 3.The LTST in Fig. 2 (right) is an implementation of the MTSM in Fig. 2
(left). It is easy to check that there exists a satisfaction relation relating the initial states
of T andM. Note that in this example, for every implementationT ofM, Sf 6= ∅

(since there exists a finite abstract execution froms0 to sf with only must transitions).
Finite pathπ = s0as1cs2bsf of LTS T is a realisation of finite abstract execution
ρ = s0as1cs2bsf ofM.

Note that for a deterministic MTSM andT |= M, if a pathπ ∈ Pathsfin(T ) is
a realisation of some finite abstract executionρ ∈ Execfin(M), then it cannot be a
realisation of another finite abstract execution ofM.
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Definition 6 (Refinement).LetM = (S,Act, s0, Sf , V ) andM′ = (S′, Act, s′0, S
′
f , V

′)
be MTSs.R ⊆ S×S′ is astrong refinement relationiff, for all (s, s′) ∈ R, the following
conditions hold:

– ∀a ∈ Act, ∀u′ ∈ S′ : V ′(s′, a, u′) = ⊤ ⇒ (∃u ∈ S : V (s, a, u) = ⊤ ∧ uRu′),
– ∀a ∈ Act, ∀u ∈ S : V (s, a, u) 6= ⊥ ⇒ (∃u′ ∈ S′ : V ′(s′, a, u′) 6= ⊥ ∧ uRu′),
– s ∈ Sf ⇔ s′ ∈ S′

f .

M strongly refinesM′, denotedM�S M′, iff there exists a strong refinement relation
relatings0 ands′0.

Intuitively, a states strongly refines states′ iff any must transition ofs′ is matched by
a must transition ofs, s does not contain any transitions (may or must) that do not have
a corresponding transition (may or must) ins′, and the final states of two systems are
always related.

Remark 2.A satisfaction relation is a special type of refinement relation. In simple
words, ifT satisfiesM, thenT also strongly refinesM (since every LTS is an MTS
and all the three conditions of refinement are satisfied).

Definition 7 (Refinement equivalence).We say thatM andM′ are refinement equiv-
alent, denotedM≡M′, iffM�S M′ andM′ �S M.

Since strong refinement implies inclusion of sets of implementations, it follows that
refinement equivalent MTSsM andM′ have the same set of implementations, i.e.,
JMK = JM′K.

Assumptions.For the rest of the paper we assume the following:

– Every MTS is acyclic.
– Every MTS has a single final state, i.e.,|Sf | = 1, and all its states (except the final

state) have at least one outgoing transition.
– Dependencies between actions of different components are known in advance.

In this paper we focus on reachability properties, i.e., is it possible to reach the set of
final states from the initial state in an LTST . More formally it is defined as follows:

Definition 8 (LTS reachability). Let T = (S,Act, s0, Sf , V ) be an LTS. ThenT

reachesSf , denotedT |= 3Sf , iff ∀π ∈ Pathsfin(T )∃π′ ∈ Paths
Sf

fin(T ) : π is
a prefix ofπ′.

In simple words, all the finite paths starting from the initial state ofT should be extend-
able s.t. the last state of the new path obtained belongs toSf .

Example 4.Consider the LTST in Fig. 2 (right) wheres0 is the initial state, andsf is
the only final state. Here,T |= 3Sf since every finite path ofT can be extended s.t. it
reachessf .

Next, we define two reachability properties of reaching the set of final states determined
over the implementations of an MTSM. The first property requires that for an MTS
M there exists at least one implementationT s.t. T |= 3Sf . The second property
requires that all the implementations ofM should be able to reach the set of final
states. Formally, these properties are defined as follows:
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Definition 9 (Existential reachability). Let M = (S,Act, s0, Sf , V ) be an MTS.
ThenM possiblyreachesSf , denotedM |=∃

3Sf , iff ∃T ∈ JMK : T |= 3Sf .

Definition 10 (Universal reachability). LetM = (S,Act, s0, Sf , V ) be an MTS.
ThenM inevitablyreachesSf , denotedM |=∀

3Sf , iff ∀T ∈ JMK : T |= 3Sf .

Remark 3.The problem of decidingM |=∃
3Sf is PSPACE-complete [3]. The same

applies to universal reachability.

4 Composition and CCL Laws

In this section we define composition operators for MTSs. We propose sequential, and
layered composition operators, and recall parallel composition from [20]. The frame-
work of CCL laws is also formulated, which is required for carrying out the layered
transformations.

M1

s0

s1 sf

a,⊤ b,⊤

c,⊤

M2

s′0

s′f

d,⊤

M1;M2

s0

s1 s′0

s′f

a,⊤ b,⊤

d,⊤

c,⊤

Fig. 3. MTSsM1 andM2 (left) and their sequential composition (right)

Definition 11 (Sequential composition).Given MTSsMi = (Si, Acti, s0i, {sfi}, Vi),
wherei ∈ {1, 2} with S1 ∩ S2 = ∅. Thesequential compositionofM1 andM2, de-
notedM1;M2, is the MTS(S,Act1∪Act2, s01, {sf2}, V ), whereS = S1\{sf1}∪S2

andV = V ′
1 ∪ V2. HereV ′

1 = V1[s02 ← sf1] is defined by

V ′
1 (s, a, s

′) = V1(s, a, s
′) if s′ 6= sf1, and

V ′
1 (s, a, s02) = V1(s, a, sf1) otherwise.

Intuitively, sequential composition of two MTSsM1 andM2 requires executing the
actions ofM1 followed by actions ofM2. Note that all the incoming transitions to
statesf1 are redirected tos02. Here,s01, sf2 are the new initial and final states in the
resulting MTS, respectively.

Example 5.The sequential composition of two MTSsM1,M2 (Fig. 3 (left)) is shown
in Fig. 3 (right).

Definition 12 (Parallel composition).Given MTSsMi = (Si, Acti, s0i, {sfi}, Vi),
wherei ∈ {1, 2}with S1 ∩ S2 = ∅. Theparallel compositionofM1 andM2, denoted
M1||M2, is the MTS(S1 × S2, Act1 ∪ Act2, (s01, s02), {(sf1, sf2)}, V ) whereV is
defined by:
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– For all (s, s′) ∈ S1 × S2, a ∈ Act1 ∩ Act2, if there existsu ∈ S1 andu′ ∈ S2,
such thatV1(s, a, u) 6= ⊥ andV2(s

′, a, u′) 6= ⊥, defineV ((s, s′), a, (u, u′)) =
V1(s, a, u)⊓V2(s

′, a, u′). If either∀u ∈ S1, we haveV1(s, a, u) = ⊥, or ∀u′ ∈ S2,
we haveV2(s

′, a, u′) = ⊥ then∀(u, u′) ∈ S1 × S2, V ((s, s′), a, (u, u′)) = ⊥.
– For all (s, s′), (u, u′) ∈ S1 × S2, a ∈ Act1 \ Act2, defineV ((s, s′), a, (u, u′)) =
V1(s, a, u) if s′ = u′, V ((s, s′), a, (u, u′)) = ⊥ otherwise.

– For all (s, s′), (u, u′) ∈ S1 × S2, a ∈ Act2 \ Act1, defineV ((s, s′), a, (u, u′)) =
V2(s

′, a, u′) if s = u, V ((s, s′), a, (u, u′)) = ⊥ otherwise.

Parallel composition forces synchronization on common actions and interleaving on
disjoint actions. Note that the synchronization of two musttransitions results in a must
transition, and composing may-must, must-may and may-may transitions results in a
may transition.

Example 6.The parallel composition of two MTSsM1,M2 (Fig. 3 (left)) is shown in
Fig. 4 (left).

Next, we introduce the notion of action independence which is subsequently used to
define layered composition. Leta(s) denote the unique state that can be reached from
states in one step (may or must) by performing actiona ∈ act(s) in a deterministic
MTSM. The dependency between two actionsa andb is denoteda † b. Two additional
requirements for the dependency relation are that it is reflexive and symmetric. Two
distinct actions that are not dependent are said to be independent, where independence
is defined as follows:

Definition 13 (Action independence).For an MTSM = (S,Act, s0, {sf}, V ), ac-
tionsa, b ∈ Act are said to be independent, denoted bya ‡ b, iff for all statess ∈ S
with a, b ∈ act(s) we have:

– b ∈ act(a(s)), a ∈ act(b(s)), anda(b(s)) = b(a(s)).

The first two conditions assert thata and b should not disable each other. The last
condition asserts that the same state should be reached froms by either performinga
followed byb, or by performingb followed bya. This notion of action independence
originates from the partial-order reduction techniques [26, 8].

Definition 14. MTSsM1 andM2 are independent, denotedM1 ‡M2, iff every action
ofM1 is independent of every action ofM2 inM1||M2.

Let s ∗−→ s′ denote that states′ is reachable froms through an arbitrary finite sequence
of transitions in MTSM. In other words,s ∗−→ s′ means that there exists a finite abstract
executionρ inM that start in states s.t.last(ρ) = s′.

Definition 15 (Layered composition).Given MTSsMi = (Si, Acti, s0i, {sfi}, Vi),
wherei ∈ {1, 2} with S1 ∩ S2 = ∅. Thelayered compositionofM1 andM2, denoted
M1 •M2, is the MTS(S1 × S2, Act1 ∪ Act2, (s01, s02), {(sf1, sf2)}, V ) whereV is
defined by:

– For all (s, s′) ∈ S1 × S2, a ∈ Act1 ∩ Act2, if there existsu ∈ S1 andu′ ∈ S2,
such thatV1(s, a, u) 6= ⊥ andV2(s

′, a, u′) 6= ⊥, defineV ((s, s′), a, (u, u′)) =
V1(s, a, u)⊓V2(s

′, a, u′). If either∀u ∈ S1, we haveV1(s, a, u) = ⊥, or ∀u′ ∈ S2,
we haveV2(s

′, a, u′) = ⊥ then∀(u, u′) ∈ S1 × S2, V ((s, s′), a, (u, u′)) = ⊥.
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– For all (s, s′), (u, u′) ∈ S1 × S2, a ∈ Act1 \ Act2, defineV ((s, s′), a, (u, u′)) =
V1(s, a, u) if s′ = u′, V ((s, s′), a, (u, u′)) = ⊥ otherwise.

– For all (s, s′), (u, u′) ∈ S1 × S2, a ∈ Act2 \ Act1, defineV ((s, s′), a, (u, u′)) =
V2(s

′, a, u′) if s = u ∧ ∀s∗ : s ∗−→ s∗ : act(s∗) ‡ a, V ((s, s′), a, (u, u′)) = ⊥
otherwise.

Note that the first two clauses of Def. 15 are the same as for Def. 12. Layered com-
position does not allow an action sayd in M2 to be executed until all the actions in
M1 (on which it is dependent) have been executed. In other words, all finite abstract
executions, in whichd is executed before any action saya, s.t.a † d will not be part of
Execfin(M1 •M2) (this is guaranteed by the last clause of Def. 15).

Example 7.The layered composition of two MTSsM1,M2 (Fig. 3 (left)) is shown in
Fig. 4 (right). Note that actionsa, d are dependent, and therefored cannot be executed
beforea inM1 •M2.

M1||M2

s0s
′
0

s1s
′
0 sfs

′
0 s0s

′
f

s1s
′
f sfs

′
f

a,⊤
b,⊤

d,⊤

c,⊤

d,⊤

d,⊤

c,⊤

a,⊤

b,⊤

M1 •M2

s0s
′
0

s1s
′
0 sfs

′
0

s1s
′
f sfs

′
f

a,⊤
b,⊤

c,⊤

d,⊤

d,⊤

c,⊤

Fig. 4. Parallel compositionM1||M2 (left) and layered compositionM1 • M2 (right) where
a † d

Next, we use the above mentioned composition operators for formulating the commu-
nication closed layer (CCL) laws as follows:

Theorem 1 (CCL laws).For MTSsN1,N2,M1, andM2, withN1‡M2 andM1‡N2,
the following communication closed layer (CCL) equivalences hold:

– N1 •M2 ≡ N1||M2 (IND)
– (N1 • N2)||M2 ≡ N1 • (N2||M2) (CCL-L)
– (N1 • N2)||M1 ≡ (N1||M1) • N2 (CCL-R)
– (N1 • N2)||(M1 •M2) ≡ (N1||M1) • (N2||M2) (CCL)

5 Partial Order Equivalence and Property Preservation

This section defines the notion of partial order equivalence(≡∗
po) between MTSs which

is used to prove that sequential and layered composition of MTSs satisfy the same
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existential (∃) and universal (∀) reachability properties. For MTSsM1, andM2, let
M =M1 •M2. Then we defineM\sync as the MTS obtained fromM s.t. it does not
have any synchronized transitions (which are present inM as a result of synchroniza-
tion over common actions). Intuitively, this means that abstract executions inM with
synchronized transitions can be rewritten inM\sync such that for every synchronized
transition there is a corresponding sequence of transitions inM\sync obtained by al-
lowing interleaving on common actions. For example, letM have a maya-transition
which is a result of synchronization of a musta-transition (fromM1), and a maya-
transition (fromM2). In this caseM\sync will have a corresponding1 sequence of tran-
sitions, i.e., a musta-transition (fromM1) followed by a maya-transition (fromM2).
This transformation is required as we want to establish the result that layered composi-
tion is po-equivalent to sequential composition. Note thatsequential composition of two
MTSs does not have synchronized transitions. This means that for anyM =M1;M2,
M\sync =M.

s0
M1

sf

s′0
M2

s′f

(M1 •M2)
\sync

s0s
′
0

sfs
′
0

sfs
′
f

a,⊤ a, ? a,⊤

a, ?

M1 •M2

s0s
′
0

sfs
′
f

a, ?

Fig. 5.MTS without synchronized transitions

Example 8.Consider the MTSsM1 andM2 shown in Fig. 5 (left). The layered com-
position ofM1,M2, i.e.,M1 • M2 is shown in the middle, whereM1 andM2

synchronize on common actiona. A may transition is obtained inM1 • M2 (since
composing must-may results in a may transition). The MTS(M1 •M2)

\sync without
synchronized transitions is shown in Fig. 5 (right). Here the common action ofM1 is
executed before the common action ofM2.

Theorem 2. For MTSsM1 andM2, letM = M1 • M2, andSf be the set of final
states inM. Then the following holds:

M |=∃
3Sf ⇔M

\sync |=∃
3Sf

M |=∀
3Sf ⇔M

\sync |=∀
3Sf

1 In fact, if M would not be deterministic, then two corresponding transition sequences making
a diamond shape would be obtained inM\sync.
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In simple words this theorem says that reasoning aboutM\sync in place ofM is not
a restriction, as the behaviour ofM (w.r.t. reachability properties) is mimicked by
M\sync. Next, we define the notion of partial order equivalence between two finite
abstract executions.

Definition 16 (po-equivalence).LetM1 andM2 be two MTSs with transition func-
tionsV1, andV2 respectively. Letρ1 ∈ Execfin(M

\sync
1 ) andρ2 ∈ Execfin(M

\sync
2 ).

Thenρ1 ≡po ρ2 iff there exist finite abstract executionsρ′, ρ′′ and∃a1, b1 with a1 6= b1
s.t. the following holds:

– ρ′ represents the same sequence of transitions inρ1, ρ2, andρ′′ represents the same
sequence of transitions inρ1, ρ2.

– ρ1 = ρ′a1sb1ρ
′′ ∧ ρ2 = ρ′b1s

′a1ρ
′′, wherea1 ‡ b1.

– V1(last(ρ
′), a1, s) = V2(s

′, a1, f irst(ρ
′′)) ∧ V1(s, b1, f irst(ρ

′′)) = V2(last(ρ
′),

b1, s
′).

Let≡∗
po, calledpo-equivalence, denote the reflexive, transitive closure of≡po.

Stated in words, if two finite abstract executionsρ1, ρ2 are po-equivalent, thenρ1 can
be obtained fromρ2 by repeated permutation of adjacent independent actions. Note that
the first condition of Def. 16 is required to ensure that if forexampleρ′ = s0c1s1d1s2
wherec1 is a must transition andd1 is a may transition inM\sync

1 , thenc1, d1 are also

must and may transitions inM\sync
2 .

Definition 17 (Layered normal form). Let Sf be the set of final states in(M1 •

M2)
\sync. Thenρ ∈ Exec

Sf

fin((M1 • M2)
\sync) is in layered normal form(LNF)

iff it involves the consecutive execution of actions ofM1, followed by the consecutive
execution of actions ofM2.

Let ExecLNF
fin ((M1 • M2)

\sync) denote the set of all finite abstract executions in

Exec
Sf

fin((M1 •M2)
\sync) that are in LNF.

Next we show that for each finite abstract execution ofExec
Sf

fin((M1 •M2)
\sync),

a po-equivalent abstract exceution in LNF does exist.

Lemma 1 (LNF existence).LetM1,M2 be two MTSs. Then we have∀ρ ∈ Exec
Sf

fin(

(M1 •M2)
\sync)∃ρ′ ∈ ExecLNF

fin ((M1 •M2)
\sync) s.t.ρ ≡∗

po ρ′.

Definition 18 (po-equivalence for MTSs).Two MTSsM1,M2 are said to be po-
equivalent, denotedM1 ≡∗

poM2, iff for i ∈ {1, 2}: ∀ρi ∈ Exec
Sfi

fin(M
\sync
i )∃ρ3−i ∈

Exec
Sf3−i

fin (M
\sync
3−i ) s.t.ρi ≡∗

po ρ3−i.

Theorem 3. For every MTSsM1,M2, we haveM1 •M2 ≡∗
poM1;M2.

Example 9.It is easy to check that MTSM1;M2 given in Fig. 3 (right) is po-equivalent
to MTSM1 •M2 given in Fig. 4 (right).
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Theorem 4 (Property preservation).For MTSsM1,M2, letM =M1 •M2,M′ =
M1;M2 with set of final statesSf , andS′

f respectively. IfM≡∗
poM

′ then we have:

M |=∃
3Sf iffM′ |=∃

3S′
f

M |=∀
3Sf iffM′ |=∀

3S′
f

This theorem asserts that po-equivalence between layered and sequential composition
operators satisfies the same reachability properties.

Corollary 1. Replacing• by ; in the CCL laws yields the po-equivalence which satisfies
the same∃ and∀ reachability properties.

Corollary 1 enable us to replace; with • and vice versa. This replacement along with
CCL laws (Theorem 1) can be used for state space reduction as follows:

State space reduction. LetN1,N2 andM1 be three MTSs, andN = (N1;N2)||M1.
Let us say we want to check whetherN |=∃

3Sf or N |=∀
3Sf . Here,Sf is set of

final states inN . AssumeM1 ‡ N2, andN1,N2,M1 each consist of 20 states. In this
caseN1;N2 has 39 states which combined with the 20 states ofM1 gives 780 states.
We can transformN in the following way:

(N1;N2)||M1

≡∗
po Corollary 1

(N1 • N2)||M1

≡ CCL-R

(N1||M1) • N2

≡∗
po Corollary 1

(N1||M1);N2

Note that the transformed system, i.e.,(N1||M1);N2 has 419 states.

6 Conclusion

This paper presented a state-space reduction technique fora network of acyclic MTSs,
based on the notion of layering. We proposed a layered composition operator, and for-
mulated communication closed layer (CCL) laws. Next, we define the partial order (po)
equivalence between acyclic MTSs, show that layered and sequential compostion oper-
ators are po-equivalent and satisfy the same existential (∃) and universal (∀) reachability
properties. As implementations of distributed systems typically are in terms of layers,
we believe that enabling transforming system MTS specifications into layered form will
substantially ease the proof of correct implementation. The theory of layering proposed
in this paper can be extended to acyclic MTSs equipped with data variables. An MTS
M can be extended with data variables such that whenever an action is executed its
associated data variables are updated according to an arithmetic expression. These data

13



variables can take values in some finite rangeD. The definitions of satisfaction, and re-
finement can be slightly modified by placing an extra condition that ensures that related
states have the same valuations. For an MTS with data, two actions are said to be depen-
dent if one of the two writes a variable that is read or writtenby the other action. More
formally, two actionsa andb are dependent, denoteda † b, if any one of the following
holds:

Write(b) ∩Read(a) 6= ∅,

Write(a) ∩Read(b) 6= ∅,

Write(a) ∩Write(b) 6= ∅.

Here,Write(a) denotes the set of data variables written by the actiona. Similarly,
Read(a) denotes the set of data variables read by the actiona. Using this dependency
relation, our theory can be applied to MTSs with data. We do not go into details on these
matters here, however, refer interested reader to [2, 11, 30]. Future work includes the ap-
plication of this technique to practical case studies whichinvolve modeling distributed
systems using MTSs.

Acknowledgements.The authors thank Ian Larson for modeling the randomized mutual
exclusion algorithm case study in PRISM and conducting the experiments.
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Appendix

Proof of Theorem 1.

Proof. We provide the proof of the law CCL-L. The proofs of the other CCL laws are
similar. LetT = (N1•N2)||M2 andU = N1•(N2||M2). In order to prove thatT ≡ U ,
we have to showT �S U andU �S T . Let ((x, y), z) and(x, (y, z)) denote states of
MTSsT andU , respectively. Herex, y, z represent the state components ofN1,N2 and
M2, respectively. We only proveT �S U , the proof ofU �S T is very similar. To
showT �S U , we have to prove thatT strongly refinesU according to Def. 6. LetS∗

andS be the state space ofT andU , respectively. LetR ⊆ S∗ × S be a binary relation
s.t.R ={

(

((x, y), z), (x, (y, z))
)

,
(

((x′, y), z), (x′, (y, z))
)

,
(

((x, y′), z′), (x, (y′, z′))
)
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. . .}. IntuitivelyR relates states ofS∗ to those states inS that have the same individual
state components fromN1,N2 andM2. Let us consider a states = (x, (y, z)) from
U ands∗ = ((x, y), z) from T . From the definition ofR, we know that(s∗, s) ∈ R.
A transition froms in U or s∗ in T can be performed by 1)N1 individually, or 2)N2

individually, or 3)M2 individually, or 4)N1 andN2 simultaneously, or 5)N2 andM2

simultaneously. We show that for every case2 the conditions of Def. 6 are satisfied, and
thusR is a strong refinement relation betweenT andU . It is easy to check that con-
dition 3 which requires final states to be related is satisfied. This is becauseR relates
states that have the same individual state components fromN1,N2 andM2.
1) N1 individually: Let s a−→⊤s

′ (resp.s a−→ ?s
′) be a transition ofN1 taken inU ,

wheres′ = (x′, (y, z)). SinceN1 is the left operand of layering inU such a tran-
sition is also possible from the related states∗ = ((x, y), z), i.e., s∗ a−→⊤s

∗∗ (resp.
s∗ a−→ ?s

∗∗), wheres∗∗ = ((x′, y), z). From the definition ofRwe know that(s∗∗, s′) ∈
R. Similarly, it can be shown that for every transitions∗ a−→⊤s

∗∗∗ (resp.s∗ a−→ ?s
∗∗∗),

there exists a corresponding transition,s a−→⊤s
′′ (resp.s a−→ ?s

′′) s.t.(s∗∗∗, s′′) ∈ R.
2)N2 individually: Similar to case 1 above.
3)M2 individually: Let s a−→⊤s

′ (resp.s a−→ ?s
′) be a transition ofM2 taken inU ,

wheres′ = (x, (y, z′)). Since this transition is possible after layering operatorin U , it
is also possible inT from the state related tos, i.e.,s∗ as this action is not waiting for
some action ofN1 to be executed, andU induces fewer interleavings due to dominance
of layered composition operator. Next, we consider a transition ofM2 taken inT from
states∗. SinceN1 ‡M2, a similar transition exists inU from the state related tos∗, i.e.,
s as puttingM2 after the layering operator is not a problem as it is independent from
N1.
4)N1 andN2 simultaneously: Lets a−→⊤s

′ (resp.s a−→ ?s
′) be a transition inU as a

result of a synchronization ofN1 andN2 on actiona, wheres′ = (x′, (y′, z)). Again as
U induces fewer interleavings due to dominance of layered operator, a similar transition
is possible inT from state related tos, i.e.,s∗. Similarly, for any transition inT from
s∗, a corresponding transition is enabled inU asN2||M2 will not block it (due to the
fact that the synchronizing action is not waiting for an action fromM2 to be executed
since parallel composition does not respect dependencies).
5)N2 andM2 simultaneously: Lets a−→⊤s

′ (resp.s a−→ ?s
′) be a transition inU as a

result of a synchronization ofN2 andM2 on actiona, wheres′ = (x, (y′, z′)). As this
action is possible inN2||M2, it means that this action is not waiting for the execution
of some actions fromN1. It is therefore possible to take the same transition inT from
s∗ asN1 • N2 will not block it. Similarly, for any transition inT from s∗, there will
be a corresponding transition inU . This is due to the fact this action is not waiting for
actions ofN1 to be executed asN1 ‡M2. ⊓⊔

Proof of Theorem 2.

Proof. (∃ reachability): We provide the proof ofM |=∃
3Sf ⇒ M\sync |=∃

3Sf .
The proof ofM\sync |=∃

3Sf ⇒ M |=∃
3Sf is similar. LetT ∈ JMK be an LTS

2 Note that we do not consider the case whereN1 andM2 move simultaneously. This is due to
the fact thatN1 ‡M2, and therefore they cannot have common actions (since the dependency
relation is reflexive).
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s.t. T |= 3Sf . We know that every finite pathπ ∈ Paths
Sf

fin(T ) is a realisation of

some finite abstract executionρ ∈ Exec
Sf

fin(M), and no finite path can be a realisation
of more than one finite abstract execution inM (sinceM is deterministic). Letη be
the set of all such finite abstract executions whereη ⊆ Exec

Sf

fin(M). From the def-

inition ofM\sync we know that for each finite abstract executionρ ∈ η there exists
a corresponding finite abstract execution inExec

Sf

fin(M
\sync) obtained by allowing

interleaving on common actions s.t. the common action ofM1 is executed followed
by execution of the common action ofM2. Let η′ ⊆ Exec

Sf

fin(M
\sync) be the set of

all such finite abstract executions. LetT ′ ∈ JM\syncK be an LTS s.t. for every finite
abstract executionρ′ ∈ η′ there exists a finite pathπ′ in T ′ that is a realisation ofρ′ and
T ′ does not contain any pathπ′ ∈ Paths

Sf

fin(T
′) which is not a realisation of some

finite abstract executionρ′ ∈ η′. In other words we have constructed an implementation
T ′ corresponding toT s.t.T ′ |= 3Sf .
(∀ reachability): We provide the proof ofM |=∀

3Sf ⇒M\sync |=∀
3Sf . The proof

ofM\sync |=∀
3Sf ⇒ M |=∀

3Sf is similar. From the definition of∀ reachability
(Def. 10) we know thatM reachesSf if and only if all the implementations ofM are
able to reachSf . This intuitively means thatM does not have thosemay transitions
that block any of its implementations from reaching the finalstate. SinceM\sync is
obtained fromM by allowing interleaving on common actions, suchmay transitions
(or equivalent transition sequences) are also absent inM\sync. In other words, every
implementationT ′ ∈ JM\syncK reachesSf , i.e.,T ′ |= 3Sf . ⊓⊔

Proof of Lemma 1.

Proof. From the definition of layered normal form (LNF) we know that all finite ab-
stract executions that are in LNF consists of the consecutive execution of actions of
M1, followed by the consecutive execution of actions ofM2. We know that in((M1 •
M2)

\sync), an action ofM2 occurs only when all the actions inM1 on which it is
dependent have been executed. This intuitively means that all the actions ofM2 that
occur in a finite abstract execution before any action ofM1 are independent of this
action and thus by repeated permutation of these actions anyfinite abstract execution
ρ ∈ Exec

Sf

fin((M1 •M2)
\sync) can be converted to a finite abstract execution that is

in LNF. ⊓⊔

Proof of Theorem 3.

Proof. LetM1,M2 be MTSs. From the definition of LNF (Def. 17), we know that a
finite abstract execution in LNF involves the consecutive execution of actions ofM1,
followed by the consecutive execution of actions ofM2. This means that for every finite
abstract executionρ ∈ ExecLNF

fin ((M1 •M2)
\sync) there exists a finite abstract exe-

cutionρ′ in ((M1;M2)
\sync) that ends in the final state and where:∀n ≥ 0 : ρ[n] ≈

ρ′[n]∧ρ[n]
an+1−−−−→⊤ρ[n+1]⇒ ρ′[n]

an+1−−−−→⊤ρ
′[n+1](resp.ρ[n] an+1−−−−→ ?ρ[n+1]⇒

ρ′[n]
an+1−−−−→ ?ρ

′[n + 1]). The relation≈ between states of((M1 • M2)
\sync) and

((M1;M2)
\sync) is defined as follows:S1×S2 is the state space of((M1•M2)

\sync)
and(S1 \ {sf1} ∪ S2) is the state space of((M1;M2)

\sync) then∀s1 ∈ S1 where
s1 6= sf1 : (s1, s02) ≈ s1 and∀s2 ∈ S2 : (sf1, s2) ≈ s2.
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In other words we have related every finite abstract execution of ((M1 •M2)
\sync)

that is in LNF to some finite abstract execution in((M1;M2)
\sync) that ends in the

final state and vice-versa. It is also clear from Lemma 1 that for every finite abstract
executionρ in ((M1•M2)

\sync) that ends in the final state, there exists a finite abstract
executionρ′ in ((M1 •M2)

\sync) that is LNF s.t.ρ ≡∗
po ρ′. ⊓⊔

Proof of Theorem 4.

Proof. (∃ reachability): We provide the proof ofM |=∃
3Sf ⇒ M′ |=∃

3S′
f . The

proof ofM′ |=∃
3S′

f ⇒ M |=∃
3Sf is similar. LetT ∈ JM\syncK be an LTS s.t.

T |= 3Sf . We know that every finite pathπ ∈ Paths
Sf

fin(T ) is a realisation of some

finite abstract executionρ ∈ Exec
Sf

fin(M
\sync), and no finite path can be a realisation

of more than one finite abstract execution inM\sync (sinceM\sync is deterministic).
Let η be the set of all such finite abstract executions whereη ⊆ Exec

Sf

fin(M
\sync).

From the definition of po-equivalence for MTSs (Def. 18) we know that for setη there

exists a setη′ ⊆ Exec
S′

f

fin(M
′\sync) : ∀ρ ∈ η∃ρ′ ∈ η′ : ρ ≡∗

po ρ′ and vice versa.

Since bothM\sync andM′\sync are deterministic, this intuitively means that|η| =
|η′|. Let T ′ ∈ JM′\syncK be an LTS s.t. for every finite abstract executionρ′ ∈ η′

there exists a finite path inT ′ that is a realisation ofρ′ andT ′ does not contain any

pathπ′ ∈ Paths
S′

f

fin(T
′) which is not a realisation of some finite abstract execution

ρ′ ∈ η′. In other words we have constructed an implementationT ′ corresponding toT
s.t.T ′ |= 3S′

f .
(∀ reachability): We provide the proof ofM |=∀

3Sf ⇒ M′ |=∀
3S′

f . The proof of
M′ |=∀

3S′
f ⇒ M |=∀

3Sf is similar. From the definition of∀ reachability (Def.
10) we know thatM reachesSf if and only if all the implementations ofM are able
to reachSf . This intuitively means thatM\sync does not have thosemay transitions
that block any of its implementations from reaching the finalstate. SinceM′ is po-
equivalent toM andM′ involves the consecutive execution of actions ofM1, followed
by the consecutive execution of actions ofM2 before reachingS′

f , suchmay transitions

are also absent inM′\sync. In other words, every implementationT ′ ∈ JM′\syncK
reachesS′

f , i.e.T ′ |= 3S′
f . ⊓⊔

18


