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Abstract. Modal transition systems (MTSs) are a well-known formalissed as

an abstraction theory for labeled transition systems (LT®3'S specifications

support compositionality together with a step-wise refiseimethodology, and
thus are useful for component-oriented design and anafdistributed systems.
This paper proposes a state-space reduction techniquadbrsystems that are
modeled as a network of acyclic MTSs. Our technique is basati@notion of

layered transformation. We propose a layered compositpmrator for acyclic

MTSs, and prove the communication closed layer (CCL) lavextNwe define

a partial order (po) equivalence between acyclic MTSs, &odvghat it enables
performing layered transformation within the frameworkG€L laws. We also

show the preservation of existential)(@nd universalY) reachability properties
under this transformation.

Keywords: modal transition system, layering, distributed systenistertial reacha-
bility, universal reachability, CCL laws, partial ordengeplence, refinement.

1 Introduction

Modal transition systems (MTSs) [20, 17] are labeled trgmsisystems (LTSs) [23, 1]
equipped with two types of transitionsiaytransitions that any implementation (LTS)
may (or may not) have andusttransitions that any implementation must have. An LTS
is an MTS where all the transitions are must transitions. BIW@re originally intro-
duced by Larsen and Thomsen almost 25 years ago [20, 17]zmedleen successfully
applied in program analysis [10, 29], model checking [19¢sjuation solving [21],
interface theories [28, 31], component-based softwareldpment [27] and software
product lines [18, 9]. The theory of MTS is equipped with pl@iand conjuction oper-
ators, and allows comparing two MTSs using a refinementioelaf satisfaction rela-
tionis used to check whether an LTS is an implementation ofengTS. MTS specifi-
cations are useful for component-oriented design and aisady distributed systems. In
this setting, a high-level model of the system which abstsricom the implementation
details is constructed and used for the verification of Bg8ng properties. A correct
implementation can be obtained by applying a series of nefame steps. Model con-
struction involves composing several components in paralthere each component
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usually has multiple sub-components that are executedan@emntial manner. Compo-
nents cooperate through their synchronization over comaations and through their
respective action dependencies. Action dependenciegbataub-components can be
either explicitly stated or derived from the operationdpened on data variables that
are updated during an action execution (in case of MTS with [). Some example
systems that have this structure are distributed algostbunch as the distributed mini-
mum weight spanning tree algorithm [7], the two phase corpnaitocol [4], Fischer’s
real-time mutual exclusion protocol, and the randomizetualiexclusion algorithm by
Kushilevitz and Rabin [15]. Composing several componesitsgiparallel composition
naturally leads to the problem efate-space explosidf], where the number of states
grows exponentially in the number of parallel components.

In [30], a layered analysis of Kushilevitz and Rabin’s ramiteed mutual exclusion
algorithm [15] has been carried out. The underlying modelbith layered transfor-
mations have been applied is a probabilistic automaton. \Btefed and analysed this
case study using the PRISM model checker [16]. The obtaiesults for 3 processes
and 5 rounds are summarised in the Table 1. These resultt/dledicate that layered
reasoning can significantly reduce the state space of sysieaels capturing the be-
havior of distributed algorithms. In addition, layeringshaeen successfully applied to
obtain easier correctness proofs for various distribuyestiesns [11, 13,14, 12]. Mo-

Parallel  Layered

Build time (s)  898.70 90.39
# States 198063 71619
# Transitions 351432 128920

Table 1. Parallel vs. layered composition

tivated by this, we propose a state-space reduction tegchriar a network of acyclic
MTSs based on the notion of layering. The main principlelissttated in Fig. 1. Here
two MTS componentd1 and\ are composed in parallel (left), where each component
consists ofr sub-components which are executed in a sequential manneisystem
obtained after performing layered transformation is shawhig. 1 (right). Note that

all the sub-components o¥1 and ' need to be acyclic, but we do allow outermost
level of recursion inM and AV. In other words, every component can have multiple
rounds of execution, where a new round is started only wheratst sub-component
of the previous round has been executed. This is importatasiock states are usu-
ally considered to be undesirable for MTSs modeling digtgd algorithms. Roughly
speaking, layering exploits the independence betweemrsaoiponents to transform the
system under consideration from a distributed represent&d a layered representa-
tion. A layered composition operatos™is used to denote the layered representation
of the system. InformallyM, e M allows synchronization on common actions and
interleaving on disjoint actions, except when some acti@i M- depends on one or
more actions ofM; in this caseq can be executed only after all the actions/df;



on which it depends have been executed. This new composiperator allows formu-
lating Communication Closed Lay¢€CL) laws [11], which are required to carry out
the structural transformations and establish an equicel&etween the two systems.
Since the sub-components within a component are executeetisially, a partial or-
der relation is proposed to relate th@nd; (sequential) operator. The reduced system
obtained as a result of applying layered transformationtmnsed for analysis, pro-
vided it preserves a rich class of properties of interesacRability is one of the most
important properties in the area of model checking. Theegfwe focus on proving that
the reduced system preserves existenfiphfid universalY) reachability properties to
reach its set of final states.
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Fig. 1. Layered reduction

Contributions. The main contributions of this paper are as follows:

— We define the notions @bstract executioandrealisation which are subsequently
used to compare the behaviour of acyclic MTSs.

— We define the layere(h) and sequentia(; ) composition operator, and formulate
communication closed layer (CCL) laws for acyclic MTSs.

— We define the partial order (po) equivalence between aclytligs, show thaé is
po-equivalent ta, and prove that po-equivalence betweeand; preserves exis-
tential @) and universalY) reachability properties.

— Finally, we show how state space reduction can be achievedfgcinge with ;
within the framework of CCL laws.

Related work

Layering The decomposition of a distributed program into commuicatiosed lay-
ers to simplify its analysis was originally proposed in [8][13], a layered composition
operator and various algebraic transformation rules haem lintroduced to simplify
the analysis of distributed database systems. Some othevsas where layering tech-
niques have been applied for the analysis of distributeterys can be found in [14,
11,12]. An extension of layering operator and CCL laws torim-time setting has
been proposed in [12]. Layered composition for timed autarhas been investigated
in [25]. In the probabilistic context, layering has beenlaapto the consensus problem



to prove the lower bounds [24]. A probabilistic Kleene AlgelipKA), for simplifying
the reasoning of randomized distributed algorithms has beeently proposed in [22].
Most recently, the layered composition operator and pritiséib counterparts of the
CCL laws have been defined for the PA model [30]. The feasjtifi this approach has
been demonstrated on a randomized mutual exclusion diguarit

Organisation of the paper. Section 2 briefly recalls the basic concepts of LTSs and
MTSs. Section 3 presents the satisfaction and refinemeattae$ for MTSs. Section

4 discusses the composition operators for MTSs, and inteslCCL laws. Section 5
defines po-equivalence between MTSs, and proves that poaéence betweem and

; preserves existentiall) and universalY) reachability properties. Finally, Section 6
concludes the paper. All the proofs are contained in theragige

2 Preliminaries

This section recalls the basic concepts of labeled trams$ystems and modal transition
systems with a finite state space.

Definition 1. A labeled transition system (LTS) is a tugle = (5, Act, so, S5, V)
where:

— Sis afinite, non-empty set of states,

— Act is afinite set of actions,

— sg € Sis the initial state,

— Sy C Sisthe set of final states whesg ¢ Sy,

-V :89\ Sy x Act x S — B, is a two-valued transition function.

HereB, = {1, T}, with L < T.V(s,a,s’) identifies the transition of the transition
system:T indicates its presence andindicates its absence. We write-%+ s’ when-
everV(s,a,s’) = T. Labeled transition systems are basically directed gragiese
nodes represent states, and edges model transitionstate.changes. Transitions spec-
ify how the system can evolve from one state to another. la eagtate has more than
one outgoing transition, the next transition is chosen inr@ly non-deterministic fash-
ion. A possible behaviourin an LTS is obtained from the resoh of non-deterministic
choices, described in terms of paths. A pathf LTS 7 is a (possibly infinite) sequence
of the formn = spa;s1a282a3 ... wherevn : s, =" s, ;. Letlast(r) denote the
last state ofr (if = is finite). Let|n| be the length (number of actions) of a finite path
w. For infinite pathr and anyi € N, let«[i] = s;, the (i + 1)-st state ofr. For finite
pathr of lengthn, «[i] is only defined fori < n and defined as for infinite paths. Let
Pathssi, (T) be the set of all finite paths in LTS, and Paths;, ;(T) the set of all
infinite paths of7” that start in statg,. Let Paths?{n(’f) be the set of all finite paths
of 7 that start in state; and end in some statec Sy.

Definition 2. LTST = (S, Act, so, S, V) is deterministic, iffs € S.Va € Act.|{s’ €
S| V(sya,s)# L} <1



Example 1.Consider the LTS in Fig. 2 (right), whereS = {sq, s1, s2, 7}, Act =
{a,b,c,d}, so is the initial state, and'; = {s}. Itis easy to check th&f is determin-
istic. An example finite path is spasics2bs r. We haver| = 3, andr[1] = s;.

Definition 3. A modal transition system (MTS) is a tupdd = (S, Act, so, Sy, V)
where:

— Sis afinite, non-empty set of states,

— Act is afinite set of actions,

— 5o € Sis the initial state,

— Sy C Sisthe set of final states whesg ¢ S/,

-V :S5\ Sy x Act x S — B3 is a three-valued transition function.

HereBs; = { 1,7, T} denotes a complete lattice with the following ordering< ? <

T and meetl and joinLI operatorsV (s, a, s") identifies the transition of the automaton:
T, 7 and_L indicate anust amayand absence of transition respectively. For simplicity
we write s - 1’ instead ofl/ (s, a, s’) = T. Similarly, we writes %> »s" instead of
V(s,a,s") =7. Letact(s) denote the set of enabled actions from statee.,act(s) =

{a € Act | 35’ : V(s,a,s") # L}. By definition, it followsVs € Sy : act(s) = @.

Remark 1.An LTS is an MTS in which every transition is a must-transitid hus,
every LTS isan MTS.

Definition 4. MTSM = (S, Act, s, Sy, V') isdeterministic, i’s € S.Va € Act.|{s’ €
S| V(sya,s)# L} <1

In this paper we only consider deterministic MTSs, as they arfficient for mod-
eling the behavior of typical distributed algorithms. Anstalct executiorp of an
MTS M is a (possibly infinite) sequence of the fopm= spa;siazs2as ..., where
Vn ot sy —S 18,41 OF S, —2 98,41, Let Execyi,, (M) be the set of all finite
abstract executions, arftirec;, r (M) the set of all infinite abstract executions.bt
that start in state,. Let Execf{n (M) be the set of all finite abstract executionsaf
that start in state,, and end in some statec S;. Let |p| be the length (number of
actions) of a finite abstract executipnFor infinite abstract executignand anyi € N,
let p[i] = s;, the (i + 1)-st state ofp. For finite abstract executignof lengthn, pli]
is only defined fori < n and defined as for infinite abstract executions. lugt(p)

denote the last state pf(if p is finite). Similarly, letfirst(p) denote the first state @f

Example 2.Consider the MTSM in Fig. 2 (left), whereS = {so, s1, 2,55}, Act =
{a,b,¢c,d}, so is the initial state, and’; = {s;}. Here, statess has two outgoing
transitions: a mugi-transition moving tosy and a may:-transition moving tos,. Sim-
ilarly, states; has two outgoing transitions: a mustransition moving tos, and a
mayb-transition moving tes; . Note thatM is deterministic. An example finite abstract
executiorp is spasicsebsp With |p| = 3, andp[1] = s;.
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Fig.2. An MTS M (left) and an LTST (right) that satisfies\t

3 Satisfaction and Refinement

This section presents the notionsgztisfactionand refinementriginally introduced

in [20]. A satisfaction relation allows to relate an LTS (ilementation) with an MTS
(specification). A refinement relation is used to compare BIWS.t. their sets of im-
plementations. We also define the notions of realisatioistenxtial @) and universal

(V) reachability properties of reaching the set of final statasputed over the imple-
mentations of MTSM.

Definition 5 (Satisfaction).LetT = (S, Act, s0, S¢, V) beanLTS and = (5, Act,
50, 5%, V') bean MTSR C S x S’ is asatisfaction relatioiff, for any (s, s’) € R, the
following conditions hold:

—Va e Act,Vu' € 8" :V'(s,a,u/) =T = (Fue S:V(s,a,u) =T ANuRu'),
—Va € Act,Vu e S:V(s,a,u) =T = (Fu' €8 :V'(s,a,u") # L ANuRu'),
—SESf@S/GS}.

We say that] satisfiesM, denoted7 = M, iff there exists a satisfaction relation
relating sp andsg. If T = M, T is called animplementatiorof M.

Intuitively, a states satisfies state’ iff any must transition o&’ is matched by a tran-
sition of s, s does not contain any transitions that do not have a correlspgrran-
sition (may or must) irs’, and the final states of two systems are always related. Let
[M] =A{T | T E M},i.e. [M]is the set of allimplementations of MT$1. Let

T € [M], andr = spais1a252 . .. s, be afinite path of, i.e.,m € Pathssin(T). m

is said to be a realisation @f = spa)siasss . .. s, wherep € Execy, (M), denoted
TEpifVi<n:ag =aj,.

Example 3.The LTST in Fig. 2 (right) is an implementation of the MT81 in Fig. 2
(left). It is easy to check that there exists a satisfact@ation relating the initial states
of 7 and M. Note that in this example, for every implementatibrof M, S; # @
(since there exists a finite abstract execution feprnto s with only must transitions).
Finite pathm = spasicsebsy of LTS 7T is a realisation of finite abstract execution
p = soasicsabsy of M.

Note that for a deterministic MT34 and7 = M, if a pathn € Pathsg;,(7T) is
a realisation of some finite abstract executiog Execy,, (M), then it cannot be a
realisation of another finite abstract execution\df



Definition 6 (Refinement).LetM = (S, Act, s, S, V) and M’ = (S, Act, 55, 5%, V")
be MTSsR C S xS’ is astrong refinement relatidff, for all (s, s’) € R, the following
conditions hold:

—Va e Act,Yu' € 8" :V'(s',a,u) =T = (Fue S:V(s,a,u) =T ANuRu'),
—Va € Act,Yu e S:V(s,a,u) # L = (Fu' €8 :V'(s,a,u) # L ANuRu'),
—SESf@S/GS/f.

M strongly refines\’, denotedM < g M/, iff there exists a strong refinement relation
relating sp ands,.

Intuitively, a states strongly refines state' iff any must transition of’ is matched by

a must transition of, s does not contain any transitions (may or must) that do nat hav
a corresponding transition (may or must)sin and the final states of two systems are
always related.

Remark 2.A satisfaction relation is a special type of refinement retatin simple
words, if 7 satisfiesM, then7 also strongly refineg (since every LTS is an MTS
and all the three conditions of refinement are satisfied).

Definition 7 (Refinement equivalence)We say that\ and M’ are refinement equiv-
alent, denoted\t = M/, iff M <g M’ and M’ <5 M.

Since strong refinement implies inclusion of sets of impletatons, it follows that
refinement equivalent MTS$81 and M’ have the same set of implementations, i.e.,
[M] = [M].

AssumptionsFor the rest of the paper we assume the following:

— Every MTS is acyclic.

— Every MTS has a single final state, i.85y| = 1, and all its states (except the final
state) have at least one outgoing transition.

— Dependencies between actions of different componentsanerkin advance.

In this paper we focus on reachability properties, i.e.t oissible to reach the set of
final states from the initial state in an LTS More formally it is defined as follows:

Definition 8 (LTS reachability). Let 7 = (S, Act, 5o, S¢, V) be an LTS. Thery
reachesSy, denoted] = OSy, iff Vr € Pathsg, (T)3n" € Paths?{n(T) S
a prefix ofr’.

In simple words, all the finite paths starting from the ifisiate of7 should be extend-
able s.t. the last state of the new path obtained belong§s.to

Example 4.Consider the LTS in Fig. 2 (right) wheres, is the initial state, and; is
the only final state. Herg[ = .S since every finite path of can be extended s.t. it
reaches;.

Next, we define two reachability properties of reaching #te$final states determined

over the implementations of an MT&(. The first property requires that for an MTS
M there exists at least one implementatiprs.t. 7 = <.Sy. The second property

requires that all the implementations 8fft should be able to reach the set of final
states. Formally, these properties are defined as follows:



Definition 9 (Existential reachability). Let M = (S, Act, 59, Sy, V) be an MTS.
ThenM possiblyreachesS;, denotedM =2 ©Sy, iff 3T € [M] : T = ©S;.

Definition 10 (Universal reachability). Let M = (S, Act, s9, Sf, V) be an MTS.
ThenM inevitablyreachesS;, denotedM =7 Sy, iff VT € [M] : T = ©OS;.

Remark 3.The problem of deciding\t =2 ¢Sy is PSPACE-complete [3]. The same
applies to universal reachability.

4 Composition and CCL Laws

In this section we define composition operators for MTSs. Vé@pse sequential, and
layered composition operators, and recall parallel coitiposfrom [20]. The frame-
work of CCL laws is also formulated, which is required for rgamg out the layered
transformations.

Fig. 3.MTSs M and M-, (left) and their sequential composition (right)

Definition 11 (Sequential composition)Given MTSs\,; = (S;, Act;, soi, {sri}, Vi),
wherei € {1,2} with S; N Sy = @. Thesequential compositioof M; and M5, de-
noted/\/ll; M, is the MT&S, ActyUActs, so1, {SfQ}, V), whereS = S; \ {Sfl} U.Sy
andV = V/ U V;. HereV/ = Vi[so2 < sy1] is defined by

Vi(s,a,s") =Vi(s,a,s")if s’ # sp1, and
Vi(s,a, s02) = Vi(s,a,ss1) otherwise

Intuitively, sequential composition of two MTS&1; and M, requires executing the

actions of M; followed by actions ofM,. Note that all the incoming transitions to
states;; are redirected teg,. Here,sg1, sy» are the new initial and final states in the
resulting MTS, respectively.

Example 5.The sequential composition of two MT34,, M (Fig. 3 (left)) is shown
in Fig. 3 (right).

Definition 12 (Parallel composition).Given MTSsM; = (S;, Acti, soi, {sfi}. Vi),

where: € {1,2} with S; NSy = @. Theparallel compositiomf M; and M-, denoted
M1||M2, is the MTS(Sl X SQ, ACtl U ACtQ, (801, 802), {(Sfl, SfQ)}, V) whereV is

defined by:



— Forall (s,s") € S1 x S2, a € Acty N Acts, if there existau € S7 andu’ € S,
such thatVi(s,a,u) # L andVa(s',a,u’) # L, defineV((s,s'),a, (u,u')) =
Vi(s,a,u)MVa(s' a,u’). If eithervu € Sy, we havd/i (s,a,u) = L, orvu' € Sy,
we haveVs(s', a,u’) = L thenV(u,u’) € S; x S2, V((s,5),a, (u,u')) = L.

— Forall (s,s'), (u,u') € S1 x S, a € Acty \ Acty, defineV ((s, s'), a, (u,u’)) =
Vi(s,a,u)if s =4/, V((s,s"),a, (u,u')) = L otherwise.

— Forall (s,s'), (u,u') € S x Sa,a € Acty \ Acty, defineV ((s, s'), a, (u,u’)) =
Va(s'sa,u')if s =u, V((s,s"),a, (u,u')) = L otherwise.

Parallel composition forces synchronization on commoimastand interleaving on
disjoint actions. Note that the synchronization of two nteesbsitions results in a must
transition, and composing may-must, must-may and may-maagsitions results in a
may transition.

Example 6.The parallel composition of two MTS#&1,, M, (Fig. 3 (left)) is shown in
Fig. 4 (left).

Next, we introduce the notion of action independence whickuibsequently used to
define layered composition. Lets) denote the unique state that can be reached from
states in one step (may or must) by performing actiere act(s) in a deterministic
MTS M. The dependency between two actiarendb is denoted: | b. Two additional
requirements for the dependency relation are that it isxigleand symmetric. Two
distinct actions that are not dependent are said to be imdigme, where independence
is defined as follows:

Definition 13 (Action independence)For an MTSM = (S, Act, so,{ss}, V), ac-
tionsa,b € Act are said to be independent, denotedddy b, iff for all statess € S
with a, b € act(s) we have:

— b e act(a(s)), a € act(b(s)), anda(b(s)) = b(a(s)).

The first two conditions assert thatand b should not disable each other. The last
condition asserts that the same state should be reached:fbgreither performing:
followed by b, or by performing followed by a. This notion of action independence
originates from the partial-order reduction techniqués &.

Definition 14. MTSsM; and M-, are independent, denotéd ; 1 M., iff every action
of M; is independent of every action 8fl5 in M || M.

Let s = s’ denote that stat€ is reachable frons through an arbitrary finite sequence
of transitions in MTSM. In other wordss — s’ means that there exists a finite abstract
executiorp in M that start in state s.t.last(p) = 5.

Definition 15 (Layered composition).Given MTSsM,; = (S;, Acti, soi, {sfi}, Vi),
wherei € {1,2} with .S; NSy = &. Thelayered compositionf M; and M, denoted
My e My, is the MTSSl X Sy, Acty U Acto, (801, 802), {(Sfl, ng)}, V) whereV is
defined by:

— Forall (s,s") € S1 x Sa, a € Acty N Acto, if there exista, € S; andu’ € 5o,
such thatVi(s,a,u) # L andVa(s',a,u’) # L, defineV((s,s'),a, (u,u")) =
Vi(s,a,u)NVa(s',a,u). If eithervVu € Sy, we havé/ (s, a,u) = L, orvVu' € Ss,
we havela(s', a,u’) = L thenV(u,u’) € S x So, V((s,5'),a, (u,u')) = L.



— Forall (s,s'), (u,u') € S1 x S, a € Acty \ Acta, defineV ((s, s'), a, (u,u’))
Vi(s,a,u)if s =4/, V((s,8),a,(u,u')) = L otherwise.

— Forall (s,5), (u,u’) € S1 x Sa,a € Acts \ Acty, defineV((s, s'), a, (u,u’)) =
Va(s'sa,u') if s = u AVs* 1 s25s* : act(s*) T a, V((s,s),a,(u,u)) = L
otherwise.

Note that the first two clauses of Def. 15 are the same as for DefLayered com-
position does not allow an action sdyin M to be executed until all the actions in
M (on which it is dependent) have been executed. In other waitiBnite abstract
executions, in whicld is executed before any action says.t.a 1 d will not be part of
Ezecyin (M1 o My) (this is guaranteed by the last clause of Def. 15).

Example 7.The layered composition of two MTS8!, M (Fig. 3 (left)) is shown in
Fig. 4 (right). Note that actions, d are dependent, and therefafeannot be executed
beforea in M1 e M.

Fig. 4. Parallel composition\ || M. (left) and layered composition; e Mo (right) where
atd

Next, we use the above mentioned composition operator®fardlating the commu-
nication closed layer (CCL) laws as follows:

Theorem 1 (CCL laws).For MTSsN7, Na, My, and M, with N1t Ms and M TN,
the following communication closed layer (CCL) equivaksiold:

—Nl.MQ EN1||M2 (lND)

— (N1 e N3)||[ M2 = Ny o (N2]|[My) (CCL-L)
- (Nl 0N2)||M1£(N1||M1).N2 (CCL-R)
= (N1 o N2)[[(M1 @ M2) = (N1]| M) o (N2][Ma) (CCL)

5 Partial Order Equivalence and Property Preservation

This section defines the notion of partial order equivalgragg) between MTSs which
is used to prove that sequential and layered composition DEdsatisfy the same
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existential @) and universalY) reachability properties. For MTS&1,, and M., let
M = M; e M5. Then we define\\*¥" as the MTS obtained frooM s.t. it does not
have any synchronized transitions (which are preseitlias a result of synchroniza-
tion over common actions). Intuitively, this means thattedet executions in\ with
synchronized transitions can be rewritten/u\*¥"< such that for every synchronized
transition there is a corresponding sequence of transitior\ \*¥"¢ obtained by al-
lowing interleaving on common actions. For example Adthave a may:-transition
which is a result of synchronization of a mustransition (fromM;), and a mayu-
transition (fromM.,). In this caseM \*¥"< will have a correspondirgsequence of tran-
sitions, i.e., a musi-transition (fromM ) followed by a mayu-transition (fromMs).
This transformation is required as we want to establishekalt that layered composi-
tion is po-equivalent to sequential composition. Note fegfential composition of two
MTSs does not have synchronized transitions. This meanh&thany M = M; Mo,
M\sync = M.

M1 oM, (Ml o M)\

a,? a, T

a,?

Fig. 5. MTS without synchronized transitions

Example 8.Consider the MTSg1; and M, shown in Fig. 5 (left). The layered com-
position of My, M, i.e., M; e M5 is shown in the middle, wherd1; and M,
synchronize on common actian A may transition is obtained iM; e M, (since
composing must-may results in a may transition). The ME$; e M>)\*¥"¢ without
synchronized transitions is shown in Fig. 5 (right). Here ¢tommon action ofM; is
executed before the common action/ef;.

Theorem 2. For MTSsM; and M;, let M = M, e Mj, andS; be the set of final
states inM. Then the following holds:

MEOS; & M\me =2 08,
MEY OS; & M\vme =Y 08,

Y n fact, if M would not be deterministic, then two corresponding tramsisequences making
a diamond shape would be obtained\i'\s¥™e,

11



In simple words this theorem says that reasoning aBdit?”< in place of M is not

a restriction, as the behaviour g#f (w.r.t. reachability properties) is mimicked by
M\svne Next, we define the notion of partial order equivalence ketwtwo finite
abstract executions.

Definition 16 (po-equivalence)Let M, and M be two MTSs with transition func-
tionsV;, andV; respectively. Lep; € E:peCfm(M}sy"C) andps € E:peCfm(M;SWc).
Thenp, =, ps iff there exist finite abstract executiop’s p” and3as, by with a; # by
s.t. the following holds:

— p represents the same sequence of transitions ip., andp” represents the same
sequence of transitions jn, ps.

— p1=paisbip” N ps = p'bis’a1p”, wherea 1 b;.

— Villast(p'), a1, s) = Va(s', ay, first(p”)) A Vi(s, by, first(p”)) = Va(last(p'),
bl, S/).

Let calledpo-equivalencedenote the reflexive, transitive closure=ef,,.

=0
Stated in words, if two finite abstract executigns p, are po-equivalent, thepy can
be obtained fromp, by repeated permutation of adjacent independent actiaote. tNat
the first condition of Def. 16 is required to ensure that iféaampley’ = sgcis1d1 52
wherec; is a must transition and; is a may transition irj\/l}sync, thency, dq are also
must and may transitions it}

Definition 17 (Layered normal form). Let S; be the set of final states iM; e
Mo)\svme Thenp € Exec?{n((/\/ll e My)\*¥"¢) is in layered normal forn{LNF)
iff it involves the consecutive execution of actiongvf, followed by the consecutive
execution of actions of15.
Let BExect (M, o My)\*¥ <) denote the set of all finite abstract executions in
Execy], (My @ M2)\*v"¢) that are in LNF.

Next we show that for each finite abstract executioﬂméc?{n((Ml o My)\sune),
a po-equivalent abstract exceution in LNF does exist.
Lemma 1 (LNF existence)Let M, M5 be two MTSs. Then we have € Ezec?{n(
(M @ Ma)\svme)3p’ € ExecyF (M o Ma)\s¥meysitp =5 p.
Definition 18 (po-equivalence for MTSs).Two MTSsM;, M, are said to be po-
equivalent, denotedt; =3, Mo, ifffori € {1,2}:Vp; € Emec?{;(/\/lz\sy"c)ﬂpg_i €
Emec?ﬁ’i(/\/l;sj’im) S.t.pi =3, P3—i-

m

Theorem 3. For every MTSs\, M, we haveM; e My =7, My; Mo.

Example 9.Itis easy to check that MT31,; M5 givenin Fig. 3 (right) is po-equivalent
to MTS M; e M given in Fig. 4 (right).

12



Theorem 4 (Property preservation).For MTSsM 1, Mo, let M = M e My, M’ =
Mai; Mo with set of final states's, and S} respectively. IfM =7, M’ then we have:

M7 08, iff M/ =7 08
MEY 0S8, iff M EY 05

This theorem asserts that po-equivalence between layarkdemjuential composition
operators satisfies the same reachability properties.

Corollary 1. Replacings by ; inthe CCL laws yields the po-equivalence which satisfies
the samed andV reachability properties.

Corollary 1 enable us to replacavith e and vice versa. This replacement along with
CCL laws (Theorem 1) can be used for state space reductiallews:

State space reduction. Let N7, N> and M, be three MTSs, and/ = (N7; Na) || M.
Let us say we want to check whethgt =2 ¢Sy or ' =7 ©S. Here,S; is set of
final states in\/. AssumeM t Ns, andN7, N3, M each consist of 20 states. In this
caseN7; N, has 39 states which combined with the 20 statesfyf gives 780 states.
We can transformV in the following way:

(N1; N2)[| My
E;O

(N1 e N2)|[M;y
= CCL-R

(N1]|M1) e Ny
E;O

(N1[|M1); No

Corollary 1

Corollary 1

Note that the transformed system, i€\;;||M;); N> has 419 states.

6 Conclusion

This paper presented a state-space reduction technigaentwork of acyclic MTSs,
based on the notion of layering. We proposed a layered coitiggoeperator, and for-
mulated communication closed layer (CCL) laws. Next, wergetine partial order (po)
equivalence between acyclic MTSs, show that layered angeseigl compostion oper-
ators are po-equivalent and satisfy the same existea)iahd universalY) reachability
properties. As implementations of distributed systemscslly are in terms of layers,
we believe that enabling transforming system MTS specifinatinto layered form will
substantially ease the proof of correct implementatior fRieory of layering proposed
in this paper can be extended to acyclic MTSs equipped with dariables. An MTS
M can be extended with data variables such that whenever am éstexecuted its
associated data variables are updated according to amatithexpression. These data

13



variables can take values in some finite rafgel he definitions of satisfaction, and re-
finement can be slightly modified by placing an extra conditfaat ensures that related
states have the same valuations. For an MTS with data, twenaare said to be depen-
dent if one of the two writes a variable that is read or writbgrthe other action. More
formally, two actions: andb are dependent, denoted b, if any one of the following
holds:

Write(b) N Read(a) # @,
Write(a) N Read(b) # @,
Write(a) N Write(b) # @.

Here, Write(a) denotes the set of data variables written by the actioSimilarly,
Read(a) denotes the set of data variables read by the actidssing this dependency
relation, our theory can be applied to MTSs with data. We d@nadnto details on these
matters here, however, refer interested reader to [2, 11F8@ure work includes the ap-
plication of this technique to practical case studies winelve modeling distributed
systems using MTSs.
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Appendix

Proof of Theorem 1.

Proof. We provide the proof of the law CCL-L. The proofs of the oth&€lCaws are
similar. LetT = (N7eN2)|| Mo andid = Nje(N2||My). Inorderto prove thaf = U,
we have to show =g U andif <s T. Let((x,y),z) and(z, (y, z)) denote states of
MTSsT andl/, respectively. Here, y, = represent the state componentd\gf N5 and
M, respectively. We only prov@ =g U, the proof of{ <g 7T is very similar. To
show7 =<g U, we have to prove that strongly refineg{/ according to Def. 6. Let™*
andS be the state space @fandl{, respectively. LeR C S* x S be a binary relation

stR={(((z,9),2), (z, (y,2))),(((z, ), 2), (@, (y,2))),(((x,4), ), (, (¥, 2')))

15



...}. Intuitively R relates states &8 * to those states iff that have the same individual
state components frov;, A, and Ms. Let us consider a state= (z, (y, z)) from

U ands* = ((x,y),z) from T. From the definition ofR, we know that(s*, s) € R.

A transition froms in ¢/ or s* in 7 can be performed by 1)/ individually, or 2) >
individually, or 3) M5 individually, or 4)\; and\; simultaneously, or 5V2 and M-
simultaneously. We show that for every catiee conditions of Def. 6 are satisfied, and
thusR is a strong refinement relation betwegnand{. It is easy to check that con-
dition 3 which requires final states to be related is satisflénils is becaus® relates
states that have the same individual state componentsffanV,; and M.

1) N1 individually: Let s % 15’ (resp.s -2 »s’) be a transition of\; taken ini/,
wheres’ = (2/, (y,z)). SinceN; is the left operand of layering it¥ such a tran-
sition is also possible from the related state= ((z,vy), 2), i.e., s* % 15" (resp.
s* -4 95**), wheres** = ((2/,y), z). From the definition oR we know tha{s**, s’) €
R. Similarly, it can be shown that for every transitioh—* +s*** (resp.s* —%» 25***),
there exists a corresponding transitien +s” (resp.s % 2s”’) s.t. (s***, ") € R.

2) N> individually: Similar to case 1 above.

3) M5 individually: Let s %+ 5’ (resp.s %+ »s") be a transition of\M taken ini/,
wheres’ = («, (y, z)). Since this transition is possible after layering operaiay, it

is also possible iy from the state related tg i.e., s* as this action is not waiting for
some action ofV; to be executed, anid induces fewer interleavings due to dominance
of layered composition operator. Next, we consider a ttamsof M taken in7 from
states*. SinceN; 1 My, a similar transition exists it¥ from the state related t¢', i.e.,

s as puttingM . after the layering operator is not a problem as it is indepahttom
M.

4) N7 and N> simultaneously: Let -2 15’ (resp.s - »s’) be a transition i/ as a
result of a synchronization d¥; and\V; on actiona, wheres’ = (2/, (v, 2z)). Again as
U induces fewer interleavings due to dominance of layeredaipr a similar transition
is possible in7 from state related te, i.e., s*. Similarly, for any transition iri/” from
s*, a corresponding transition is enabled4ras || Mz will not block it (due to the
fact that the synchronizing action is not waiting for an actirom M, to be executed
since parallel composition does not respect dependencies)

5) A2 and M- simultaneously: Let - s’ (resp.s % »s’) be a transition i/ as a
result of a synchronization of>, and.Ms on actiona, wheres’ = (z, (v/, 2’)). As this
action is possible ioV> || M3, it means that this action is not waiting for the execution
of some actions fronV;. It is therefore possible to take the same transitiof iffrom

s* asN7 e N will not block it. Similarly, for any transition iri/” from s*, there will
be a corresponding transitiondh This is due to the fact this action is not waiting for
actions ofV\V; to be executed a&7 M. a

Proof of Theorem 2.

Proof. (3 reachability): We provide the proof oMt =2 ©S; = M\svme =3 05,
The proof of M\s¥"¢ =3 O = M =2 ¢Sy is similar. LetT € [M] be an LTS

2 Note that we do not consider the case whifieand M2 move simultaneously. This is due to

the fact that\; 1 M-, and therefore they cannot have common actions (since flendency
relation is reflexive).
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s.t.T = ©Sf. We know that every finite path € Pathsjscifn(T) is a realisation of

some finite abstract executipne Ea:ecf{n(/\/l), and no finite path can be a realisation
of more than one finite abstract execution (since M is deterministic). Let) be
the set of all such finite abstract executions where Exec?{n (M). From the def-
inition of M\s¥"¢ we know that for each finite abstract executjore 7, there exists
a corresponding finite abstract executionEn:ec?{n(M\sy"C) obtained by allowing
interleaving on common actions s.t. the common actioiMbf is executed followed
by execution of the common action @f,. Letr’ C Exec?ifn (M\Sy”") be the set of

all such finite abstract executions. LBt € [M\*¥"¢] be an LTS s.t. for every finite
abstract executiopl € n’ there exists a finite pathf in 7" that is a realisation g’ and
T’ does not contain any pattf € Paths?{n(T’) which is not a realisation of some
finite abstract executiopl € 7. In other words we have constructed an implementation
T’ correspondingtd” s.t. 7" = ©Sy.

(V reachability): We provide the proof o1 =¥ ©.S; = M\svne =¥ &S The proof
of M\svne |I=¥ &8 = M =Y ©S; is similar. From the definition of reachability
(Def. 10) we know thaiM reachesSy if and only if all the implementations oM are
able to reaclfs. This intuitively means that does not have thoseay transitions
that block any of its implementations from reaching the fistate. SinceM \s¥"¢ is
obtained fromM by allowing interleaving on common actions, suelay transitions
(or equivalent transition sequences) are also absen if¢"c. In other words, every
implementatior7” € [M\*¥"“] reachesS;, i.e., T’ & <©S;. m

Proof of Lemma 1.

Proof. From the definition of layered normal form (LNF) we know thdtfanite ab-
stract executions that are in LNF consists of the consez@kecution of actions of
M, followed by the consecutive execution of actions\df,. We know that in((M; e
M) \¥7¢) an action of M, occurs only when all the actions i, on which it is
dependent have been executed. This intuitively means thidteaactions of M, that
occur in a finite abstract execution before any actiom\éf are independent of this
action and thus by repeated permutation of these action$irdteyabstract execution
pE Emec?ifn((/\/l 1 ® M3)\*¥"¢) can be converted to a finite abstract execution that is

in LNF. O
Proof of Theorem 3.

Proof. Let My, My be MTSs. From the definition of LNF (Def. 17), we know that a
finite abstract execution in LNF involves the consecutivecexion of actions of\11,
followed by the consecutive execution of actions\dh. This means that for every finite
abstract executiop € ExecJLt%F ((M; e My)\s¥m°) there exists a finite abstract exe-

cutionp’ in ((My; My)\*¥"¢) that ends in the final state and wheve: > 0 : p[n] ~
p'[n] Apln] =5 1 pln+1] = pf[n] =+ 1/ [n+ 1](resp.p[n] = 2 p[n +1] =
p'[n] 22+ 5 p'[n + 1]). The relation~ between states of(M; e My)\*¥"¢) and
((M1; M) \svme) is defined as followsS; x S is the state space OfM; e My)\5v7¢)
and(S; \ {ss1} U S9) is the state space ¢fM;; My)\*¥") thenVs; € S; where

S1 75 Sf1 (817802) ~ s1 andVsy € S5 : (Sfl,Sg) X So.
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In other words we have related every finite abstract exesatio(M; e My)\5vm¢)
that is in LNF to some finite abstract execution({oVt;; M5)\*¥"¢) that ends in the
final state and vice-versa. It is also clear from Lemma 1 thaefery finite abstract
executiorp in ((M; e M3)\*¥"¢) that ends in the final state, there exists a finite abstract
executiony’ in ((My e My)\*v"¢) thatis LNF s.tp =, p'. 0

Proof of Theorem 4.

Proof. (3 reachability): We provide the proof o1 =7 ©S; = M’ =7 ©S}. The
proof of M’ =7 05} = M =7 OS5y is similar. LetT € [M\*¥"] be an LTS s.t.
T = ©Sy. We know that every finite path € Paths?{n(’f) is a realisation of some
finite abstract execution ¢ Exec?{n(/\/l\sy"c), and no finite path can be a realisation
of more than one finite abstract execution\*¥"¢ (since M \*¥"¢ is deterministic).
Let  be the set of all such finite abstract executions where Exec?{n (M\symey,
From the definition of po-equivalence for MTSs (Def. 18) wewrthat for set) there
exists a set) C E:ceci.fn(/\/l’\sy”c) :Vpendp en :p=;, p and vice versa.
Since bothM\svne and M’ \*¥"™ are deterministic, this intuitively means that =
7. Let T € [M’\*¥"] be an LTS s.t. for every finite abstract executigne 7’

there exists a finite path ifi” that is a realisation of’ and7” does not contain any

pathn’ € Paths,],(T") which is not a realisation of some finite abstract execution

P € 1. In other words we have constructed an implementdfibnorresponding tq~
stT' | OS5}

(¥ reachability): We provide the proof o#1 =7 &Sy = M’ =7 ©.5%. The proof of
M YOS} = M Y ©8; is similar. From the definition of reachability (Def.
10) we know thatM reachesSy if and only if all the implementations o#1 are able
to reachS;. This intuitively means that\*¥"¢ does not have thoseay transitions
that block any of its implementations from reaching the fistaltte. SinceM’ is po-
equivalenttoM and M’ involves the consecutive execution of actions\df, followed
by the consecutive execution of actionstef, before reaching'}, suchmay transitions

are also absent i’ \*V"“_ In other words, every implementatigi € [M’ /"]
reachesS’, i.eT' | ©5%. O

18



